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In this work the theory of variational inequalities with multivalued operators is ex-
tended for the wider of multivalued maps from the reflexive Banach space to its dual
one. In particular, we relax the restriction on boundness of operators and on same
properties of convergence. This operator class contains the bounded pseudomonotone
maps ([6-8]), the maximal monotone maps on interior of domain ([2,5]), the s—weakly
locally bounded generalized pseudomonotone maps ([3,10]) and other.

Let X be a reflexive Banach space, X* be its topological dual space, (-,-) : X x X* —

R be the duality pairing, A : X — 2% be a multivalued mapping (2X = |J V).
VCX*
We define Dom(A) = {y € X : A(y) # @}. We associated with A the lower and
upper support functions [A(y),¢]- = inf (d,&) and [A(y),&]+ = sup (d,&), where
deA(y) deA(y)
y,§ € X, AW+ = sup |dllx-, [A@)I- = inf Jd]x-. If y ¢ Dom(A) then
deA(y) deA(y)
[A(y), €] = +o0, [A(y),{]l+ = —oo for each { € X and [|A(y)]- = [AW)|+ = O,

—00 + 00 = 400.

DEFINITION 1. The mapping A : Dom(A) € X — 2% is s—weakly locally bounded,

if for arbitrary y € Dom(A) and {y,} C Dom(A), where y,, — y weakly in X, there
exist the subsequence {y,, } and N > 0 such that ||A(y,, )|+ < N.

DEFINITION 2. The mapping A : Dom(A) — 2% has the property (9), if for
arbitrary {(yn,wn)} C graph©o A, such that y,, — y weakly in X, w,, — w weakly in
X* and lim (wy,y, —y) <0, we have that w € c6A(y).

DEFINITION 3. The mapping A : Dom(A) — 2% is monotone, if

[A(y1), y1 — yo] - > [A(y2),y1 — y2]+ Yy € Dom(A).
A is maximal monotone if it is monotone and for each monotone operator C'

(graph A C graph C) = (C' = A).

DEFINITION 4. The mapping A : Dom(A) — 2% is + —coercive on K if there exist
Yo € K such that

lyllx' [A®W),y — yol+ — +oo  as|lyl|x — +oo, y € K.

This research is based on properties of multivalued maps which are perturbed by
maximal monotone operators. In particular, we use the properties of maximal monotone
operator ([2,3,5]), of operators with the properties (9) ([6-8] and its References) and
of normal cone as the maximal monotone operator ([4]).



PROPOSITION. Let A : Dom(A) € X — 2% is s—weakly locally bounded and has the

property (M), B : Dom(B) — 2% is mazimal monotone, then A + B has the property
() on Dom(A) N Dom(B).

Proof. Let y, — y weakly in X, (A+B)(y,) 3 w, — w weakly in X* and lim (w,,,y, —

y) < 0. Since operator A is s—weakly locally bounded, there exists the subsequence
{ym} C {yn} such that ||A(ym)||+ < N, i.e. there exist {d,, € ¢6 A(ym)} such that
ldm||x+ < N and w,, = Wy — dy € B(Ym). Without restricting the generality, we
can assume that d,, — d weakly in X*. Thus, B(y,,) > w,, — @ weakly in X* and

W+ d=w. Then or lim (W, Ym —y) < 0or lim (dp,ym —y) < 0 or both estimate
hold. In first case 1w € B(y) and (W, Ym) — (0,y) (see [2]). Thus, Hm (dp,Ym —y) =
m (W, — W,y Yo — ¥) = m (W, ym —y) < 0. Le. d € A(y), w € (A+ B)(y).

m—00 m—00

If lim (d,,yn —y) < 0 and lim (,,y, —y) > 0, then d € A(y) by property (I)

and 3{y,,} such that (W, ym —y) > (W, ym — y). But B is maximal monotone, i.e.
we B(y). A

For proofing of based result we need the auxiliary property of multivalued operator
on some closed convex set D, C B, = {y € X : |ly||x < r}, where 0 € D,, 9D, is
the boundary of D,.. Without restricting the generality the following property will be
proved for convex— closed—valued operators.

THEOREM 1. Let A : D, — 2X7 be a conver— closed—valued s—weakly locally bounded

operator which has the property (M), A = c0A, B : D, — 2X" be mazimal monotone
and [(A+B)(y),y]l+ > 0 for eachy € OD,.. Then the inclusion 0 € c6(A+B)(§), £ € D,
has nonempty weakly compact set of solutions.

Sketch. Let F(X) be a totality of finite-dimensional subspaces F' C X. For arbitrary
F € F(X) we introduce the projector Ip : F — X (|Iryrllx = |yr|lrYyr € F),
Iy « X* — F* is a dual operator, D,p = D, NF, Ap = Ajp : F — 2X" . And we
introduce the auxiliaries operators Vy € D,.p = D, N F

Hiae() = U { S (d). kit

deAr \{h;}

Be) = U { 5 (wl). ko

weBFr \{h;}
A+ B)ely) = U { 5 (w(y) +d<y>,hi>m}

deAr,weBr ({h;}
where {h;} is the basis of F.

Using the properties of maximal monotone operators (see [2,5]) and s—weakly locally
bounded operator with the properties (91) (see [7,8,10]), we can prove that the operator
I+, (A + B)p is closed. Then by Remark 6.4.2 ([1]) for each F' € F(X) there exists
yr € D, such that 0 € I5:(A+ B)r(yr). We can construct the system with the finite

intersection property {G g}, where G is the weak closure of Gp, = |J {yp €D,p:
FDOFy

0e€li(A+ B)F(yp)} Since X is reflexive, then 3y € () {Gg}. And by property
FeF(X)
(M) 0e (A+B)(y). &



For the bounded demiclosed operator with the property «) this theorem had been
considered in [9].

THEOREM 2. The variational inequality (VIMO)

[A(W), E —yly > (f,{—y) V€€ K

has at least one bounded solution if the mapping A is +-coercive, s—weakly locally bounded
and A satisfies the property (9M) on K. Moreover, there exists the solution of VIMO y
which is bounded by constant R (||y||x < R) where [A(£),€ — yo]+ > 0 for each £ € K
such that ||€||x = R.

Sketch. Tt suffices to show that the inclusion ¢0A(y) + 0Ik(y) > f, where Ii is the
characteristic map of K (Ix(y) = 0 as y € K and Ix(y) = +o0 as y ¢ K). the
subdifferentional 0l is normal cone (see [4]), i.e. it is maximal monotone (see [2]). By
the definition oIk (y) = {w € X* : (w,&) <0 V¢ € + U (K —y)}, thus, 0 € 9k (§)

h>0
for each € € K and [0Ik(y),y — yo]+ = +00 as y € 0K (0K is the boundary of K).

Since [A(y) — f +0Ik(y), y — yol+ = [A(y) — [,y — yol+ + [01k (y), y — Yo+, at least one
of summed tends to infinity as ||y||x — oo, i.e. there exists the constant R > 0 such

that [A(y) + 0Ik(y),y — yo]+ > 0 if y € O(K N Bgr(yo)). Thus, by Theorem 1 there
exists g such that 0 € €0 A(9) + 91k (7).

Let {y,} be subset of solution set, y, — y weakly in X, 0 € c0A(yn) + Ok (yn)-
Then lim(0, y,, — y) = 0. By the property (9M) 0 € @A(y) + dlk(y), consequently, the
set of solution is nonempty and weakly compact. B

COLLORARY. Let A be s—weakly locally bounded and satisfies the property (9M) on K,
K be closed convex and bounded. Then VIMO has nonempty weakly compact set of
solutions.

Example. Let 2 be a bounded set from R™, I" be the boundary of 2. We consider
such € that I' is smooth. And we study the free-boundary problem on Sobolev space
W, (), where p > 2, p~' + ¢~ = 1, the track yjr belongs to W;/q(l“). Let v(x) be the
normal in z € I'. Let us consider the free-boundary problem

Aly) = =3 g (0s(a )5 2) + aol )y = .

(3

=1
dy dy
yr = 0, M—i—fy(y)ﬂ[o,oo)%@, y(a +7(y)) 20,
where ;TyA = > ai(x,y)g—gi cos(v;, x), v : Wpl/q(F) oW D) g g s-weakly locally
i=1

bounded operator which has the property (9%). And let a; satisfy to Caratheodori
conditions and following ones:
|ai(z,y)| < g(x) + CulylP,
where g € L(Q), ¢‘ = ]ﬁ, if p>2 and g € C>®(Q), if p = 2;
a;(z,y) > Coly|P~2, for sufficiently large |y| >> R (Cs; > 0).



Then we can consider the integral forms, i.e. we can construct the variational inequality

Z/ai(m,y)g—im%—;y)dx+/a0(x,y)y(§_y)dx+

i=1q Q

+ )€ —yls > / f€—y)dz VEEK,

Q

where [y(y),& —yl4 = sup [v({ —y)dl, K ={y € W, () : yr > 0}. By Theorem 2

vey(y) T

this VIMO has at least one solution for each f & Wq_l(Q), this statement holds if some

values of v are not convex and closed. Also this statement holds if for some (not all)
selector d € v d(y) — —oo as ||y||x — oo.

In [2,8] the problem had been considered for the operator with a;(z,y) = a;(z) and

maximal monotone operator «y. In [10] this problem had been considered for generalized
pseudomonotone operator «y, the proving of the properties is analogous.

10.
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