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STABILITY OF INVARIANT SETS OF FUNCTIONAL
DIFFERENTIAL EQUATIONS WITH DELAY

C. CORDUNEANU AND A. O. IGNATYEV

ABSTRACT. Systems of functional differential equations with delay dz(t)/dt =
Z(t,zt) and dz(t)/dt = Z(t, z¢) + R(t, z¢) are considered where z = (z,y),z €
R™ y € R™, and Z and R are the vector-valued functionals. It is supposed that
these systems have a positive invariant set © = 0. The conditions are given
when the uniform asymptotic stability of the invariant set of the first system
implies the uniform asymptotic stability of the invariant set of the second
system. The asymptotic stability of this invariant set of the first system is
studied separatly when the right-hand side of the system is an almost periodic

in t.
1. INTRODUCTION
Let t € RJr = [0700)7 Tr = (xlv"'axn) S Rn, |x| = E?:l( i)Qa Yy =
2
W™, o= e ()7 2 = () = (2.2 e R

|z| = /|z|?> + |y|>. For a given h > 0, C™ and C™ denote the spaces of
continuous functions mapping [—h, 0] into R™ and R™ respectively. Let ¢ =
((pl’ (7027 tee 7S0n+m) = (’l)[)?)\)? Where dj = (/17/}1? A 717Z}n) 6 Cn’ A = ()\17 MR )\m)
e C™, C =C"™ x C™. Denote

]l = sup(|¢*(0)], under —h <6<0,1<i<n),
Al = sup(]M (0)], under —h <6<0,1<j<m),
Il = max([|¢]], [[Al),
Cu ={peC: ¢ < H, A < +oo}.
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If z is a continuous function of u defined on —h < u < A, A > 0, and if ¢ is
a fixed number satisfying 0 < ¢t < A, then z; denotes the restriction of z to
the segment [t — h, ] so that z; = (2},...,2/™™) = (2¢,y) is an element of C
defined by 2z,(0) = z(t + 6) for —h <6 < 0.
Consider a system of functional differential equations

dz(:) — Z(t, ). (1.1)
In this system dz/dt denotes the right-hand derivative of z at t, ¢ is time, and
Z(t,p) = (X(t,9),Y(t,0)) € R"™™ is defined on R. xCp,; X € R",Y € R™.
Such systems were studied in [1,2,5-11,14-17,19-23,26-32].

According to T.Burton [5], we denote by z(to,¢) = (z(to,¥),y(to,¥)) a
solution of (1.1) with initial condition ¢ € Cp,, where z;,(to, ) = ¢ and we
denote by z(t,to, ) the value of z(tg, ) at t and z(to, ) = z(t + 0, t0, ¥),
—h<60<0.

It is assumed that the vector-valued functional Z(t, ) is continuous on
Ry x Cq, so that a solution will exist for each continuous initial condition.
We suppose that each solution z(tg, ¢) is defined for those ¢ > tg, such that
[z¢(to, p)|| < Hi.

Let V(t,¢) be a continuous functional defined for ¢ > 0, € Cp,. The
upper right-hand derivative of V' along solutions of (1.1) is defined to be
[5,19,26]

V(t, 2 (to, ) = dV(taZ;t(tMO))

= 1 t+ At t —V(t t —.
Atl_)ﬁiro{v( + Atz ae(to, @) — V(L 2e(to, ) At
If V satisfies a Lipschitz condition in the second argument, then this limit is
finite.
In [12,24,25,33-40] the partial stability results were obtained for ordinary

differential equations, and in [10,27,39,40] the partial stability results were
obtained for functional differential equations with delay. Consider the set

M :={peC: || =0,[A] < oo} (1.2)
The necessary and sufficient conditions of the uniform asymptotic stability of
the invariant set M of system (1.1) were obtained in [4]. In that paper, the
method of Lyapunov functionals, founded by N. Krasovskii [28], was used. It
was proved there that for uniform asymptotic stability of M it is necessary and
sufficient the existence of continuous functional V : Ry xCyg — R (H < H;)
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such that
a([[zell) <V (t,2¢) < b(l|lzel]), a,beK, (1.3)
dVv
rr < —c(llze]), cek (1.4)

along solutions of system (1.1). Here K denotes the class of Hahn’s functions
[18,35], that is r € K if r : R4 — R is a continuous monotonically increasing
function such that r(0) = 0. Note that in [6,7,23] these functions are called
wedges.

The purpose of this paper is twofold. First we consider the system

dz(t)

=Z(t,z) + R(t, z¢) (1.5)
for which M is also the invariant set. In section 3 the restrictions on R are
stated under which the uniform asymptotic stability of M of system (1.1)
implies the uniform asymptotic stability of invariant set (1.2) of system (1.5).
In section 4 we also consider the particular case of system (1.1) when Z is an
almost periodic function of ¢. It is shown that for asymptotic stability of M of
system (1.1) it is sufficiently the existence of a functional V' which has more
weak properties than (1.3) and (1.4).

2. THE BASIC DEFINITIONS AND NOTATIONS
We shall consider the set M of form (1.2).

Definition 2.1. A set M C C is called a positive invariant set of system
(1.1) if to € Ry, ¢ € M implies z(to,p) € M for each t > tg.

In the next definitions it is assumed that M is a positive invariant set of
system (1.1).

Definition 2.2. A set M C C' is called a stable set of system (1.1) if for
every € > 0 and ¢y > 0 there exists 6 = d(e,t9) > 0 such that ¢ € C, [|¢)]| < ¢
implies ||z (to, p))|| < € for all t > ¢,.

Definition 2.3. If § does not depend on ty in Definition 2.2 (i.e., § = d(¢)),
then the set M is called uniformly stable.

Definition 2.4. A set M C C is called an attractive set of system (1.1) if
for every tg > 0 there exists n = n(ty) > 0, and for every ¢ > 0 and ¢ € C,
||| < n there exists o = o(e,to,) > 0 such that ||z¢(to, )| < e for any
t > to + o. In this case we say that the domain of attraction of M at tg
contains the set C),. In other words, a set M is called attractive if
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Jim [z (t0. 9)]| = 0. (2.1)

Definition 2.5. A set M C C is called uniformly attractive set of system
(1.1) if for some n > 0 and any € > 0 there exists ¢ = o(¢) > 0 such that
|z (to, ©)|| < € for all tg > 0, ¢ € C,, and t > t( + 0. In other words, a set M
is called uniformly attractive if (2.1) holds uniformly in ¢ty € Ry, ¢ € C,,.

Definition 2.6. A set M is called:

-asymptotically stable if it is stable and attractive;

-uniformly asymptotically stable if it is uniformly stable and uniformly at-
tractive.

3. ON THE UNIFORM ASYMPTOTIC
STABILITY OF M OF PERTURBED SYSTEMS

Along with equations (1.1) consider the system

dw(t
where w(t) = (u(t),v(t)),u € R", v € R™, w;y = (ug,v;) = (wf,...,wp™™);
ug = (up,...,ul), v, = (vi,...,v"). Suppose that functionals Z(t,¢) and

R(t, ) are uniformly bounded in the domain R4 x Cp, and satisfy the con-
ditions §
|Zi(t, 1) = Zi(t, @2)| < L¥[[¢1 — o,
|Ri(t, 1) — Ri(t, p2)| < L7 [¢pr — 42|,

where ¢1 = (1, \1), 02 = (Y1, A2), L* =const, 1 < i < n. We also assume
that

(3.2)

Zi(t,) =0, Ri(t,p)=0 under ¢; =0 (i=1,...,n),

so equations (3.1) have the solution w such that
u(t) =0, (3.3)
and M is a positive invariant set of system (3.1).

Lemma 3.1. Letv: Ry x Cy — R (H < Hy) be a continuous functional
satisfying
[0(t; 1) = v(t,p2)| < Ll = 42ll; (3.4)

where p1 = (Y1, \1), p2 = (2, A2), L =const. Then the inequality

dv(tawt(toﬂo)) < d’l)(t, Zt(t0790)) + L sup ’Ri(tO,@”

dt t:to_ dt peCH
1<i<n

holds in the domain Ry x Cy.
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Proof. From the definition of the derivative of the functional along solutions
of the system of functional differential equations with delay, we have

dw(t, wy(to, ))
dt

t=to

. 1
= Allslifio sup E[U(to + At, wig 1 at(to, @) — v(to, we, (to, ©))]

. 1
< A%I—I}}ro sup K[v(to + At, 2ty 1 ae(to, ©)) — v(tos 21, (to, )]

+ Jim sup K[ v(to + At wiyrar(to, 0)) — vlto + AL, 2y, 4 ac(to, ¢))]
dv(t, 2 (to, 1
< DD g i s s 2) = sl )]
t=to
dvu(t, z(to,
< do(t, z(to, ¢)) +L sup |R;(to, )|
dt t=tg (PECH
1<i<n
This completes the proof. =

Definition 3.1. We shall say that a functional Q : R, xCy — R™™ satisfies
condition (Bjy) if there is a § > 0(8 < H) such that for any £ € (0,0)
there exist a 7z > 0 and a function g¢(t), continuous on [7¢,00) such that
1Qi(t, )| < ge(t) (i=1,...,n) for ¢ € Cg\ C¢,t € [1¢,00), and
lim Ge¢(t) =0 (3.5)
t—oo
where Ge(t) = fttH ge(s)ds.
Definition 3.2. We shall say that a functional Q : R, xCy — R™™ satisfies

condition (By) if there is a § > 0 (6 < H) such that |Q;(t,¢)] < g(t)(i =
1,...,n) for p € Cg,t € Ry, and

t+1
tlim G(t) =0, where G(t) = / g(s)ds.

It is clear that, if a functional @ satisfies condition (Bs), then it satisfies
condition (Bj).
Henceforth we shall suppose that M is a positive invariant set for systems

(1.1) and (3.1).

Theorem 3.1. Let M be a uniformly asymptotic stable set of system (1.1),
and its domain of attraction contains Cy. If R(t, ) satisfies condition (By),
then M is also a uniformly asymptotic stable set of system (3.1), and there
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exists a positive n(n < H) such that the domain of attraction of M of system
(3.1) contains C,,.

Proof. According to [4], there exists a functional v : Ry x C'y — R satisfying
inequalities (3.4) and

a([[9l) <o(t, @) <b([9l),  a,bek, (3.6)

du(t, z
(dt )< (), cek

Pick any ¢ > 0(e < 3). Denote £ := b~*(3a(¢)). Then inequalities (3.6) imply

nf o(ti) 2 a(®), sup ultip) <bE) = Se) (3.7)
=€ lplI<g

Let us show that each trajectory w(ty,®) = w(ti,1,\) of equations (3.1)
satisfies ||u;|| < € for ¢t > t; > t.(e) where ¢, is so large that

te >1, t, >, (3.8)
and ||| = £. Suppose not: there is a system of functional differential equa-
tions (3.1), satisfying the above conditions, which has a solution

w(t1, D), (3.9)
satisfying conditions wy, = @, |lug, || = &, ||us,| = €. We also assume that
trajectory (3.9) satisfies

€< uil < (3.10)

for ¢ € [t1,t2]. Using Lemma 3.1 and inequalities (3.10) we estimate the de-
rivative of functional v along solution (3.9) of system (3.1):

dv(t, wi(tr, ) < —c(§)+ L sup |Ri(t, )| (3.11)
dt 1(,0<€'gs

From (3.11) we get
Av = v(tz, wy, (t1,9)) — v tlawtl(th@))

< —c(&)(ta—t1)+ L sup |R;(t,¢)|dt

t1 4@60
1<i<n
< —c(§)(t2 — t1) +L/ g(§
t1
< - (5 t2—t1 —|—L/ G§ ds.
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Consider the function
Ec(t)= sup Ge(s)ds.
sE[t—1,00)
In view of (3.5), this function is monotonically nonincreasing and satisfies the
condition
lim Fe(t) = 0.

t—oo

From this limit relation we obtain
Av < —e(€)(ta—tr)+ LEe(t)(ta—t1+1) = (—e(€)+ LEe(t.))(ta— 1) + LE(t.).

Functionals Z; and R; (i = 1,...,n) are uniformly bounded in the set R X
C, hence there exists AT > 0, depending only on €, such that to —t; > AT.
We shall assume that ¢, is so large that

LE(t.) < %c({), LE(t,) < ic({)AT. (3.12)

The values of £ and AT in inequalities (3.8), (3.12) depend only on ¢, therefore
t, may be chosen depending only on e. Then Av < —1c(§)(t2 — 1) in view
of (3.8) and (3.12). This contradicts (3.7) and implies that there do not exist
t1, ta(ta > t1 > t.(e€)) such that ||u || = &(e), ||ue, || = € for (3.1).

Each solution w(tp, ) of functional differential equations (3.1) depends
continuously on initial conditions. Consequently, in view of inequality (3.2) of
[4] and (3.2), there exists a 6 > 0 such that for all ¢y € [0,t.], ¢ € Cs we have
lue, (to, ©)|| < &. Since € and ¢, depend only on ¢, then § also depends only
on e. This proves that M is uniformly stable for (3.1). Now let us show that
M is uniformly asymptotically stable. Let ¢ be any fixed positive number
(¢ < H). We have proved there exists n(q) > 0 such that each trajectory
w(to, ) of system (3.1) satisfying the initial condition |ju,| < 7, satisfies
inequality |lu¢|| < ¢ for all t > ¢y > 0. Let us show that for every p > 0 (p < q)
there is a ¢ = o(p) > 0 such that the inequality ||u.(to, )| < p holds for
arbitrary to € Ry, p € Cp, t > to + 0.

Let 0 < p < g; we have proved there exists 6 = §(p) > 0 such that ur, € Cs
implies u; € C, for every ¢t > Ty > 0. Let us estimate the time for which the
element of the trajectory w; will lie in the domain Cj \ Cs.

Similarly to the above, one can show that

AV = V(t,wy) — V(T1, wn,) < —ic(é)(t —7) (3.13)
for t > Ty, where T7 depends only on §(p), i.e. T3 = T1(p). Then for t > Ty
inequality (3.13) implies
AV (Twn) = Viw)] _ V(Twn) _b6(0)

c(9) c(9) c(d(p))

t—Tl < :TQ(p)
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Setting o(p) = T1(p) + T2(p), we obtain that the inequality ||u:(to, ¢)|| < p is
valid for all £ € Ry, ¢ € (), t > to+ 0. Hence the positive invariant set M of
system (3.1) is uniformly asymptotically stable, and its domain of attraction
contains (). This completes the proof of Theorem 3.1. O

Side by side with system (1.1), consider the next system of functional dif-
ferential equations with delay
dw(t
12) = Z(t, U)t) + R(t, wt) + Q(t, wt), (314)
where w(t) = (u(t),v(t)), u € R", v € R™ wy = (ug,vt), ug = (uf,...,up),
vy = (vi,...,v"). Suppose that functionals Z(t,¢), R(t,) and Q(t, ) are
uniformly bounded in R} x Cp, and satisfy the conditions

|Zi(t, 1) — Zi(t, p2)| < L*||[Y1 — 12|,
|Ri(t, 1) — Ri(t, p2)| < L¥||p1 — 92,
|Qi(t, 1) — Qi(t, p2)| < L*||t1 — 2|,

where 1 = (Y1, A1), g2 = (2, A2), L* =const, 1 <i <n and
Zi(t,p) =0,R;i(t, ) =0,Q;(t,o) =0 under ¢, =00 =1,...,n),

so equations (3.14) have the solution w such that (3.3) holds, and M is an
invariant set of system (3.1).
Theorem 3.1 and [4] imply the following corollary.

Corollary 3.1. Let M be a uniformly asymptotic stable set of system (1.1),
and its domain of attraction contains Cy. If R(t, @) satisfies

t+7
tlim Ri(t,o)dt =0, 1<i<n
— 00 t
uniformly in T > 0, ¢ € Cg, and Q(t,¢) satisfies condition (By), then M
is also a uniformly asymptotic stable set of system (3.14), and there exists a
positive n(n < H) such that the domain of attraction of M of system (3.14)
contains C,,.

4. ON THE STABILITY OF THE POSITIVE
INVARIANT SET IN ALMOST PERIODIC SYSTEMS

Consider system (1.1), and suppose that Z(t, ) is bounded in the domain
Ry x Cg. We also assume that
Zi(t,0,\) =0, i=1,...,n,
so M is an invariant set of system (1.1).
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Definition 4.1. [13,26] A continuous function F' : R — R"*"™ is called almost
periodic if for every € > 0 there exists [ = [(¢) > 0 such that any segment
[a, a+1], € R, contains at least one number 7 such that |F(t+7)—F(t)| < e
for every ¢t € R. A number 7 is called an e-almost period of F.

Let A > 0,B > 0. We denote

Cap:={peCa:|N <B}
Car) ={p € Canp:|pth) —p(02)| < L|01 — 02
for each 61,60, € [—h,0]}.

Definition 4.2. A continuous functional F : R x C — R™™™ is called uni-
formly almost periodic in ¢ with respect to ¢ € Cy4 p(r) if for every e > 0
there exists [ = l(e, A, B,L) > 0 such that any segment [, + 1], a € R,
contains at least one number 7 such that |F(t + 7,¢) — F(t,¢)| < € for all
teR,pe CA,B(L)-

Lemma 4.1. [26] Let Fi(t),..., Fnx(t) : R — R™™™ be almost periodic func-
tions. Then for every € > 0 there exists | = () > 0 such that any segment
[, + 1], a € R, contains a number T such that

‘Fz(t+7)—Fz(t)’<€, 1=1,2,...,N;t eR.

Lemma 4.2. If the functional F(t,¢) : R x C — R"™ 4s Lipschitzian in
@ and almost periodic in t for every fired ¢ € Cy p(ry, then it is uniformly
almost periodic in t with respect to ¢ € Cy p(r)-

Proof. Since the functional F(t, ) satisfies Lipschitz conditions in ¢, then
F(t, 1) — Flt,02)| < Lillgr — ol (4.1)
where L, is the Lipschitz constant.
Let € > 0 be any real number. C4 p(r) is the set of uniformly bounded
equicontinuous functions, therefore Cy B(r) is a compact set. Hence there is
a finite set of functions ¢, ..., on such that p; € Cy gy (j = 1,...,N) and

for each ¢ € C4 (1) there exists such number i (1 <7 < N) that
€

ol < 5 42

o =il < 5 “2)

From Lemma 4.1 it follows that there exists [ > 0 such that in any segment
[, o + ] there exists a number 7 such that

[B(t i) = Flt+ 70| < (4.3)

foreacht € R,i=1,...,N.
Now we will show that for every ¢ € C4 p(r), each number 7, which satisfies
inequality (4.3), is an e-almost period of the functional F'(¢,¢). Let ¢ be the
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same element of the set o1, ..., o for which ||¢ — pi| < e/(3L1). Then from
(4.1)-(4.3) we obtain

[F(t+7,9) = F(t,9)| < |F(t+7,0) = F(t+7,04)]

+ ’F(t—i_’r?@k) _F(t7¢k)‘ =+ ’F(ta(pk) —F(t,tp)‘
e

€
< —+2L1 - — = 4.4
g et T E (44)
The inequality (4.4) proves Lemma 4.2. O

We consider the system of functional differential equations under the as-
sumptions above. We also assume that the functional Z(t, ) is bounded,
Lipschitzian in ¢, and almost periodic in t for every fixed ¢ € Cy p(1)(0 <
A< H,B>0).

Lemma 4.3. [26] Consider the solution z(to, po) of system (1.1). We suppose
that z:(to, po) belongs to Cap (0 < A < H,B > 0) fort > 0. Let {e} be
a monotonically approaching zero sequence of positive numbers and {11} a
sequence of ep-almost periods of Z(t,p) (for every ey there corresponds an
ei-almost period 1i). Then

T [2-(t0, @) = 24, (f0, 90)]| = 0 (4.5)
holds, where ¢, = zty4r, (to, v0) and t* is a fized moment of time which is
more than to(t* > to).

Definition 4.3. The solution z(t, ) of system (1.1) is called z-finally nonzero
if for every t > to there exists ¢, > t such that |x(t.,to, ¢)| # 0.

Theorem 4.1. Let functional differential equations (1.1) satisfy the above
conditions; let any solution z(tg,p) such that z(to,p) € Cu be y-bounded,
and there exists a continuous functional V(t,p) : R x Cyg — R, which is
locally Lipschitz in o, such that the following conditions are fulfilled on the set
R x CH :

(i) V(t,0,A) =0, a(|(0)]) < V(t, @) < b(||¢]]), where a,b € K,

(ii) V(t,¢) is almost periodic int for each fivred p € Cy p(0<A<H, B>0);

(iii) dV/dt<0, dV/dt#0 on each x-finally nonzero solution of system (1.1).

Then M is asymptotically stable set of system (1.1).
Proof. Pick any €1 > 0 (g1 < H), and choose § = b~*(a(e1)), where b~ is

the inverse of the function b. If ||¢|| < §, then from conditions (i) and (iii) we
have

alz(t,to, ©)|) < V(t, z) < V(to,) < b([[¥]]) < (b~ (ale1))) = aler),
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whence if follows |z(t)| < &1 for ¢ >ty. This proves the uniform stability of M.
Now we shall prove that M is attractive. Let € € (0, H) be any positive
number. Denote by ¢y € R the initial moment of time. The uniform stability
of M implies that there exists a § > 0 such that if ¢ € Cy, then z:(tg, ¢) € C-
for every t > ty. Choose such a § > 0 and show that z;(tg, p) with ¢ € Cs
tends to M as t tends to infinity.
The function V(t) = V (¢, 2:(to, ¢)) is monotonically nonincreasing because
dV/dt < 0. Hence there exists the limit
lim V(t) = lim V (¢, z¢(to, ) = Vo,
t—oo t—oo
and it is easy to see that V (¢, z:(to, p)) > Vo > 0 for t € [tg,00). Let us show
that Vo = 0. Suppose that this is not true; i.e. assume that Vg > 0.
The solution z(tp, ) is y-bounded, and z(to, ¢) € C.. Hence this solution
is bounded, i.e. z(to,p) € Ca p for some positive A, B. Therefore there is a
L > 0 such that | Z(¢, z:(to, ¢))| < L for t > to+ h. This means that z;(tp, ) €
Cy,B(1) for t > to+h. Consider some monotonically approaching zero sequence
{ex} of positive numbers, where 1 is sufficiently small. By Lemma 4.2, for
every ¢; there exists a sequence of €;-almost periods 751,72, ..., Tin, ... — 00
for functionals Z(t, ) and V (¢, ¢) that inequalities

[Vt +Tin, o) = V(t, @) <ei, |Z({t+ Tin, ) — Z(t, @) <&
hold for each t € R, € Cy p(r). Without loss of generality we suppose
Tion < Tit1,n for every i,n. Designate 7, = 7y 1.

Consider the sequence of functions @i = 247, (to, ) (F = 1,2,...). It
is a bounded sequence of equicontinuous functions; therefore there is a limit
function ¢* of this sequence. Without loss of generality we can assume the se-
quence @y itself converges to *. Because of continuity and almost periodicity
of the functional V (¢, ) we obtain

V@va*) = nlggo V(tO»SDn)
= lim lim V(to + 7%, n) = lim V(tg + 7, ©n)

k— oo n—00

= lim V(to + 7, 2t04r, (0, ) = Vo

Now consider the solution z(tg, ¢*). From condition (iii) of the theorem, the
existence of such moment of time t*(t* > ¢() follows when the inequality
V(t*,zt* (to,(p*)) =Vi<VW
holds.
Solutions of functional differential equations (1.1) are continuous in initial
data, so one can write
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klfﬂo |z (to, px) — 2e= (to, ™) = 0
because
Jm (g — ™[] = 0.
—00
Hence it follows
kli)ngo V(t*, ze« (to, pr)) = V1. (4.6)

Using the uniform almost periodicity property of Z(t,¢) and limit relation
(4.5), we obtain the inequality

126 (o, r) = 2= 47, (0, 2| < Wi, (4.7)

where 7, — 0 as k — oo. Because of uniform almost periodicity property of
V (t,¢) we have
[V(t*, @) = V(" 4+ i, 0)| < ek (4.8)

for every ¢ € Cy and from conditions (4.6) and (4.7) it follows that

V(" 2t 4r, (o, ) — Vi| < i, (4.9)

where 1 — 0 as kK — oo.
From (4.8) we obtain

|V(t*a Rt* 41y, (to, (10)) - V(t* + Ty 2t 47, (to, (;0))| < Ek- (410)
From (4.9),(4.10) we have
V(" + T, 2004m, (t0, ) — Vil < + ek, (4.11)

where n; + € — 0 as kK — oo.
On the other hand

klim V(t* + 7k, 2tx 41, (to, ) = Vo. (4.12)
The relations (4.11), (4.12) are in contradiction to the inequality V3 < V. The
obtained contradiction proves that Vo = 0. This completes the proof. (]
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