GENERALIZED SOLUTIONS OF ELLIPTIC BOUNDARY VALUE
PROBLEMS WITH STRONG POWER SINGULARITIES
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The existence of a generalized solution of elliptic boundary value problems and its
character of singularities depending on power of data singularities are established.

In [1-3] and other articles the behavior of the generalized solutions to the elliptic
boundary value problems with power singularities on the right-side was studied. It was
established that the generalized solutions in the sense [4] exist if the power growth of
the problem data has the order A > —n inside the domain and A > maz{l — n,—n +
2m—1—m/'} on its boundary (m' denotes the maximum order of the normal derivatives
in the boundary conditions) and that these data require a regularization if their power
growth is more strong [1,2].

We trace the behavior of generalized solutions (in specific sense) for any power sin-
gularities on the right-side without any using of the data regularization. We start from
a representation of the solution.

Consider the following problem

A(va):FOax€Q7B](an)u|S:Fj7 j:]-vm? (1)
where (2 denotes a bounded domain in R", with a closed boundary S of class C'*°,

A(z, D) is an elliptic operator of order 2m, {B;(z, D)}L; are some normal system of

boundary differential expressions satisfying Lopatinsky’s condition. We assume that the
coefficients of operators are infinitely differentiable.

Let Ej, T;, Tj be such boundary differential operators with the infinitely differentiable
coefficients that Green’s formula

/(Auv — uA*v)dr = Z /(Bjuij — Tjquv)dS
S

Q j=1
holds.

We define now the following function spaces: D(Q) = C>®(Q), D(S) = C>=(S),
X(Q)={peD(S): Bjp | = 0,5 =1,m} and D'(Q), D'(S), X'(2) as spaces of linear
continious functionals defined respectively on D(Q), D(S), X(Q). Let (o, F) denote
the action of FF € D'(Q)(X'(Q)) onto ¢ € D(Q)(X(2)) and < ¢, F >—the action of
F € D'(S) onto ¢ € D(S5).

For the case Fy € X'(Q), Fj € D'(S),j = 1,m, we define the solution of the problem
(1) as such generalized function u € D'(Q) that the equality

(A*p,u) = (¢, Fy) Z<T¢F> (2)

7j=1



is fulfilled for any ¢ € X (Q).
In [4,6] there is established the existence and is studied the properties of Green’s
vector-function (Go(x,y),G1(x,y),...,Gn(x,y)) of the problem (1) on the class of the

functions u(x) which are orthogonal to the kernel NV of the problem (1) (i.e. Pu = 0).
If

(¥, Fo) + > <Tjh, F; >=0 (3)
j=1

for any » € N* (N* is the kernel of the adjoint problem), the solution of the problem
(1) in the sense (2) exists in D'(Q)/N. It is defined by the formula

(p,u) = (| ¢(@)Go(x,y)dz, Fo) + Y < [ ¢(x)Gj(x,y), Fj >,
/ ></ ’

Q
0 € D(Q).

The function with strong power singularities doesn’t belong to D’(€) or X’(Q2) but
(4) can be extend to this case also. We consider special function spaces for it.

Let 2o denote a given point in Q, o(z,7¢) = 0o(z — o) be nonnegative compactly
supported infinitely differentiable function in Q, wich has order d(z,x¢) = |z — z¢| in
neighborhood of the point o € Q, o(zg, zg) = 0.

For k € R! we define spaces Zy(Q,2¢) = {p € C®(Q\ z¢) : 01z, 20)D%p(x) =
0" (2, 20)pa (), po(z) € C(Q) for arbitrary multi-index a}.

We shall say that the sequence ¢, — 0 in the space Zj (£, ), if for all multi-index

o the sequence o, (z) = o~ F*t1el(x, 20) D%, (z) uniformly tends to zero in Q under
v — 0.
We now notice the following main properties of the functions of these spaces:

1) Zo(Q,z0) C C(Q), C=(Q) C Z(Q, z0) for all k < 0;
2) if p € Z1(Q, z0), than, for all A € R, |2 — 29| ¢ € Zp 12 (Q, 20);
3) if ¢ € Zk(Q, x), than DV € Zj_1,(Q, z) for any multi-index v;
4) if ¢ € Zk(Q,m0), ¥ € Z,(Q, 1), than v € Zk1,(Q, x0);
5) Zk2 (ﬁ xo) Zk1 (Q xo) for k1 < ko;
6) Zr(Q,z0) € CH(Q) for k > 0 ( here [k] denotes the integral part of the number

k).

We denote the spaces of linear continuous functionals defined on Zj (2, z0) by Z},(Q, z¢).
Then

1) Z; (Q,20) C Z;,(Q,xo) for ky < ky; if k > 0, than (CH(Q))" € Z1.(Q, z0); since

C>(Q) = D(Q) C Z_(Q,z0) for k>0, Z" . (Q,x9) C D'(Q) for k > 0.

2) If F' € Z,(Q,z0), than DI®IF € Z,’H'a'(ﬁ, xo) for any multi-index a.

3) Z-1(Q,z0) C Z,(Q, w0).

Indeed, f,(x) = oFtleIDlelf € C(Q) ¢ Ly(Q), if f € Z_1(Q, ), and then the fol-
lowing linear continuous functionals f, on Z;(Q, o) are defined: (¢, f,) = [ afadz =

Q
[o7*HelDopf dx = [ o~*HelDapoktlel D fdx = [ DYpe?I D fdx, o € Zk(Q, x0),
Q Q Q



for any multi-index «, in particular (p, f) = [@ofodz = [0 Fpo*fdx = [ofdz,p €
Q Q Q

Z(Q, z0). Henceif f € Z_(Q, z0), f will be a regular generalized function of Zj (2, zo).
4) Let g, € L1(Q) for any multi-index «, then for any ¢ € Z;(Q, z¢) the expressions
[ o7*+elDYpg,dx exist and for any natural number N we have that the function

glxz) = > D¥((-1)lelg, o~ el (derivatives are regarded in generalized sense) is
lo| <N
a linear continuous functional on Zi(Q,z¢): (p,9) = 3. [o **tlelg,D%dz. In
la| <N Q

particular g(z) = go(z)(z — 20) ™" € Z/_(Q, z0).

x|
5) For any multi-index o, ¢ € Zp(Q,10), bounded functions g,(x) in Q and any

numbers p, > —n, the expression fgagpaﬂo"_kDo‘godx exists. Then g(z) =
Q
Y. D*(gagPt1oTR) € Z,(9, xo).
la|<N
In particular,

g(l‘) - go(x)(x - xo)—n € Z(ﬁ\—n—l—s(ﬁa $0)

for bounded function go(z) in 2 and any € > 0.

Notice, that g(z) € D'(Q) for |k| < n and g(z) ¢ D’(ﬁ) for |k| > n.

Let fo(x) be a bounded function in Q, Fy(z) = fo(x)(z — z¢)", |k| > 0,F} = -+ =
F,, =0, N* = {0}. We shall obtaine that the solution u(z) of the problem (1), such

as Pu = 0, belongs to Z| = 2m— n+6(Q, xg) for any € > 0. It follows from the following
theorem. B
Theorem 1 Let Iy € Z,(Q,z0),p >2m —n, Fy =--- = F,, =0, N* = {0}, u(x) be

such solution of the problem (1) that Pu(z) = 0. Then u(z) € Z),_,,,(Q, xo).

This conclusion is exact in the sense that there exists Fy(z) = Au(z) € Z)(Q,x0),
for the solution u(x) € Z,_,,, .(,20) C Z,_5,,(€,70),e > 0, of the problem, and it
is possibly, that doesn’t exist such Fy = Au(z) € Z,(Q2,20), for the solution u(z) €

Z} omie(Q,20). Really, for u(z) € Z)_,,, . (Q, x0), we have Au(z) € Z, .(Q,20), and
ZIS(Q,CE()) C ZerE(Q,xO), for e > 0. B B
Proof. It is shown in [5] that ¥ (y) = (G§e)(y f(p G(z,y)dr € X(2) C D(Q)

for any ¢ € D(Q). Let us study its properties for ¢ € Zk(Q, 7o), o € §2.
Let h(z) € D(R).0 < h(z) < Lh(z) = { DTS ) = @) =
. e —x0] > 2n
J h@)p(@)Gzy)de + [(1 = M2)p(@)G(z y)de = 1 (y) + ¥a(y)

The function (1 — h(y))Y(y) = 0, if |y — xo| < n, therefore (1 — h(y))(y) €
Ziyom(Q,30) for any k € RY, ¢ € Z,(Q, x).
The function (1 — h(x))p(z) = 0, if |x — x9] < 7, therefore also h(y)ya(y) €
Zrrom(Q, z0) for any ¢ € Zp(Q,z9), k € RL.
The function h(y)y1(y) = O(0*™*(y,z0)), if ¢ € Z(Q, 20), k > —n. We shall ob-
taine that, for any multi-index «, the function v, (y) = 0/*(y, 20) D [ h(x)p(z)Go(z,y)
Q



h(y)dz = wa(y)0*™*(y, z0), where w, € C(Q).
Indeed, we assume the function v, (y) in the form of the sum v14(y) +v20 (y) + v34(¥)
of three items respectively to the partition of the domaine Q into ; = {z € Q :

|z — x| < w}, QD={re:|jz—yl < W}, Q3 = Q\ (2; UQy). Later the
estimates of the derivatives of Go(z,y) are using.

As a result, (Gie)(y) E_ZkJrgm(ﬁ, 7o), if ¢ € Z1(Q,20) and k > —n, or (Gip)(y) €
Zp(2, ), for ¢ € Zp_9:,(Q, 29) and p > 2m — n.

Then the map Fy — u, defined by (p,u) = (Gge, Fo), determines u € Z,_,,, (2, zo)
for any Fy € Z,(Q,%0), if p > 2m — n. Since Gi(A™)) = 1, defined by that map
function u satisfies the condition (2) for any ¢ € Z,_9,,(2,20), and, therefor, any
VY € Zp—am(Q,20) N X(Q).

The spaces Zy(S,x0),zo € S, are defined similarly and we obtaine that ;(y) =
(G;‘go)(y) S Zk+mj+1(s, l‘o),j = L_m, if p € Zk(ﬁ, xo),k > —n.

Therefore, the map F; — uj, defined by (¢,u;) =< [¢(2)G;(z,y)dz, F; >, deter-

Q

mines u; € Z;/)—mj—1(§> xo) for any F; € Z,(S, %), if p>m; +1 —n.

Let F() € le)(ﬁ, xo),Fj € Z;j (S, a:j), xTo € ﬁ, T S S,j = 1,m, D= (p,pl, .. ,pm),XT, =
Xﬁ(§7 Lo, L1y - - ~7xm) = {SD(SC) € Zp<ﬁa xO) n (m;'nzlzpj (Sa x])) : BJQD ’S = 0} (1f Ti = Ty,
the space Z,, N Z,, remaines by Zy(S,x;), k = max{p;,p;}).

It can be shown that, in the case N* = {0}, the function (4) satisfies the equality (2)
for any ¢ € X5(Q, 70, 21,...,7m), if p > 2m —n(xe € Q),p > maz{2m — n,m"}(z¢ €
S),p; > max{l —n+mj,m; +1—2m+m"},j =1,m, m"” denotes the maximum of

the degrees of El,l =1,m.
So, we obtaine that, in the case N* = {0},

Fo = fo(z)(@ — o)™, Fj = fi(x)(x —2;)"",

fo(®) € Leo(Q), f(x) € Loo(S) (5)

(then Fy € Zj, .\ (Q20), Fj € Z[ 414, (S25),6,65 > 0), 5 = Im, |s| >
2m — e(zo € N), || > maz{2m,n +m"} —e(xo € 9), |kj| > max{m;,n —2m + m; +

m'"} —e5,5 = 1,m, the formula (4) determines the solution of the problem (1)

m

u(@) = uo(@) + 3 uy(a),

J=1

UO($) < Z\/n|—n+a—2m(§7 xo)’uj(x) S Z|/nj|—n—mj+aj (Q’xj)’

in the sense of fulfilment (2) for any ¢ € X3, where p = |k|—n+e,p; = |k;j|—n+1+e;,j =
1, m. The existence of such function 1) may be proved.

This solution can have the power singularities of the order |k| — 2m + € inside €2,
|k;j| —mj + 1+ ¢ on its boundary S,j = 1,m.

We obtaine the similar results in the case of the power singularities of the right-hand
side data on any smooth closed manifold S inside 2.



There are similar properties of the solutions of some boundary value problems for
the elliptic operators in fractional derivatives

1
(2m) "

Au(z) = / a(, &) Fu(€)ei@9de,

R~
where Fu denotes Fourier transform of the function u(z),

xfzz Z )a,

a = (ai,...,an), ®;,8;,s are nonnegative numbers, fractional in general, a,(x) €
C>°(R™).

We assume the existence of the normal fundamental solution w(z, y) € C*°(z # y)
satisfying the following estimate

Cle —y|*™", nisodd
w(z, y)| < _ . :
Clz —y|* " (In|z| + 1), niseven

In the case of constant coeflicients such fundamental solution exists.
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