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Abstract. The leading terms of the asymptotic expansion for the
solution to a mixed boundary value problem for the Poisson equation in
a thick multi-structure, which is the union of some domain and a large
number N of e-periodically situated thin annular disks with variable
thickness of order ¢ = O(N '), are constructed and the corresponding
estimates in the Sobolev space H' are proved as € — 0.
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1. Introduction and Statement of the Problem

It is an interesting problem to study the behaviour of solutions to
boundary-value problems when the domain is perturbed. There are many
kinds of the domain perturbations and we need different asymptotic meth-
ods to study boundary-value problems in perturbed domains. Numerous
monographs and papers (see, e.g., [3,5,9,10,12,16,17,19,31-33| and ref-
erences there) are devoted to asymptotic methods for the investigation of
boundary-value problems in domains with complex dependence on a pa-
rameter of perturbation (perforated domains, partly perforated domains,
lattice frames, junctions of domains with different limit dimensions, etc.).

Boundary-value problems in thick multi-structures (components of
such junctions infinitely increases as the perturbation parameter ¢ — 0)
have own specific difficulties and such problems deserve special attention.
As it was shown in E. Sanchez-Palencia’s papers [13,32], such problems
lose the coercitivity as € — 0 and this creates special difficulties in the
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asymptotic investigation. In [21]-[28], a classification of such thick multi-
structures was given and basic results were obtained for boundary-value
problems in thick junctions of different types. It was shown that qual-
itative properties of solutions essentially depend on the junction type
and on the conditions given on the boundaries of the attached thin do-
mains. There and in [11] a survey of results obtained in this direction
is presented. Here we mention only the pioneer papers [15,34], where
the asymptotic behaviour of Green’s function of the Neumann problem
for the Helmholtz equation in an unbounded junction body of type 3:2:1
was studied, and the papers [6,7], where the homogenization of nonlinear
problems in thick junctions of types 3:2:1, 2:2:1 was made.

Such thick junctions are prototypes of widely used engineering con-
structions, industrial installations, spaceship grids as well as many other
physical and biological systems with very different characteristic scales.

Despite the enormous growth in computational power, it is often im-
possible to represent a complete system at the finest scale for which the
various constitutive elements may suitably be represented. Increase in
the size of computational domains for thick multi-structures naturally
leads to longer computing times and makes it very difficult to maintain
an acceptable level of accuracy.

Thus, asymptotic analysis of boundary value problems in such do-
mains is an important task for applied mathematics. The aim of the
analysis is to develop rigorous asymptotic methods for boundary value
problems in thick junctions of different types as ¢ — 0, i.e., when the
number of attached thin domains increases and their thickness decreases.

In this paper we consider a model thick multi-structure (thick junc-
tion) Q. of type 3:2:2. It consists of a junction’s body

Qoz{xE]R3: 0<xo <, r::\/x%+$§<a0}

and a large number N of thin annular disks G(e) = U;V;Ol Gj(e),
Gie)={z eR®: —eh_(r) <wa—e(j+1/2) <ehy(r), ao<r<a},

ie.,
Q. =0 U G(e).

Here h_ and hy are piecewise smooth functions on [ag, a1], 0 < hi(r) <
1 for r € [ap, a1], and the functions h_ and h, are locally constant and
equal at an enough small neighborhood of the point ag; the number of the
thin disks is equal to a large even integer N, therefore, ¢ = [/N is a small
parameter, which characterizes the distance between the neighboring thin
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disks and their thickness. The type 3:2:2 of the junction refers to the limit
dimensions of the junction’s body, the joint zone (the lateral surface of
Qp), and each attached thin disk.

In Q. we consider the mixed boundary value problem

—Ague(x) = fe(ax), x € (),
us(z) = 0, zeSOysy, (1.1)
Oyus(z) = 0, z € 0Q\ (SO usWO),

where 0, = §/dv is the outward normal derivative; S©) = {z € 99 :
z9 =0}, SO = {2 € 90 : 29 = I} and the right-hand side f. € L?(Q).

The aim of the paper is to construct the leading terms of the asymp-
totic expansion for the solution to problem (1.1) and to prove the cor-
responding asymptotic estimates as € — 0, i.e., when the number of
attached thin disks increases and their thickness decreases.

There are two ways of investigation of boundary-value problems in
perturbed domains. The first one lies in the proofs of convergence theo-
rems with the help of special extension operators. The second one consists
in the construction the leading terms of the asymptotic expansions for
the solutions and proving the corresponding asymptotic estimates. For
these two ways we need different assumptions for the right-hand sides
and the geometrical structure of the perturbed domains.

To construct the leading terms of asymptotics of solutions to
boundary-value problems in thick junctions, the method of matched
asymptotic expansions and asymptotic methods for thin domains were
used in [21]- [28]. It is turned out that the corresponding limit problem
is derived from limit problems for each domain forming the thick junc-
tion with the help of the solutions to junction-layer problems around the
joint zone. However, the junction-layer solutions behave as powers (or
logarithm) at infinity and do not decrease exponentially. Therefore, they
influence directly the leading terms of the asymptotics.

Regarding the approximations of the solutions it should be mentioned
that in [1,2| the correctors for the solutions to the Laplace equation in a
plane thick junction of type 2:1:1 with the Dirichlet condition were con-
structed outside a layer of width 2¢ in a neighborhood of the joint zone.
But for applied problems, it is very important to construct the asymp-
totic expansion for the solution and to prove the asymptotic estimates in
all thick junction, especially in a neighborhood of the joint zone, since
the solution has singularities in the joint zone.

It should be emphasized new moments in the investigation of problem
(1.1). The first one is type 3:2:2; only spectral problems were considered
in such multi-structures (see [4,27]). Secondly, only boundary value prob-
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lems in thick junctions with attached thin domains whose thickness are
unvarying or problems in domains with rapidly oscillating smooth bound-
aries (see [8]) were considered till now. Our thick junction €. has the
Lipschitz boundary and the thickness of each thin rings is equal to the
value eho(r), r € [ag,a1]. Because of this, the coefficients of the corre-
sponding limit problem depend on the function hg = h_ + h,. Finally,
we require for the right-hand side f. of problem (1.1) only the minimal
condition, namely, f. € L?(f).). For comparison, in [8] the authors as-
sumed that the right-hand side f does not depend on ¢ and f € H'(Q,.)
to prove only the convergence theorem for the solution of the Neumann
problem in a plane thick junction of type 2:1:1; in [2]| to construct the
leading terms of asymptotics for the solution to the Dirichlet problem in
a plane thick junction of type 2:1:1, the right-hand side f must vanish on
the thin rods and f € H* in the junction’s body, in [23] f- has special
form like in Corollary 2.

The convergence theorem for the solution to the Neumann problem
for the Ukawa equation in €2, when h_ = h,, was proved by authors
in [11].

2. Formal Asymptotic Representation for the Solution

In this section, we construct the leading terms of outer expansions
both in the junction’s body and in each thin disks as well as the leading
terms of an inner expansion in neighborhood of the joint zone. Then
using the method of matched asymptotic expansions, the corresponding
limit problem is derived. Also we assume in this section that the right-
hand side in (1.1) is independent of ¢, i.e., fo = fo and fj is smooth in
Q1, where € is the interior of Qg U D. The domain D = {x: 0 < 29 < [,
ag < r < ay} is filled up by the thin disks in the limit passage.

2.1. Outer Expansions

We seek the leading terms of the asymptotics for the solution wu.,
restricted to €, in the form

ue(z) = of (x) + > v (x,e), (2.1)
k=1

and, restricted to G(e), in the form

us(x) = vy (z) + Zakvk_(at,gg —J), fo =y, (2.2)
k=1
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The expansions (2.1) and (2.2) are usually called outer expansions.
Substituting the series (2.1) in the equation of problem (1.1) and in

the boundary conditions on the bases S, S® of the cylinder Qo and

collecting the coeflicients of the same powers of €, we get the following

relations for the function ’Ua' :

—Agvgf (z) = fo(x), z € Qo, vg(z) =0, z¢€ SO NsW  (23)

Now we find limit relations in the domain D. Assuming for the mo-
ment that the functions v, in (2.2) are smooth, we write their Taylor
series with respect to the xg at the point zo = (5 + %) and pass to the
"fast" variable & = e~ 1x. Then (2.2) takes the form

+o0

us(z) = vy (21,e(j +1/2), 23) —i—ZEkaj(xl,fg,.%g), z e Gje), (24)
k=1

where

Vi = v (21,6(j +1/2), 23, &)

k - .
Lo—j—3)" Iy, .
+mz::1(2 1,;! 2) am]jgl (21,6( +1/2),23,&). (2.5)

Let us substitute (2.4) into (1.1) instead of w.. Since the Laplace
_2(5—; + Az, where T = (1, z3), and the
outward normal to the lateral surface of the thin disk Gj(e) (beside some
set of zero measure) has the form

operator takes the form A, = ¢

3,e) 1
V. {L" =
- NEEDAGE

the collection of coefficients of the same power of € gives us one dimen-
sional Neumann problems with respect to £&. Write the first two ones:

el () 1, —eb ()22
(—ent(Zh, 1, —en(n)22),

08,6, Vi (3,&) =0, & € I;(r), 06, Vi (%, 427 +ha(r)) = 0; (2.6)

— 2.6, V3(T,&) = Azvg (T,e(j +1/2))
+ fo(Z,e(i +1/2)), &€ Ii(r), (2.7)
O, V3 (7,7 + 27 £ ha(r)) = £Vzha(r) - Vavy (T,e( +1/2)), (2.8)

where I;(r) := (j + % —h_(r),j+ % + h+(7"))= Je, = 0/0&, 862252 =
9?/0¢3.
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From (2.6), it follows that the function Vlj does not depend on &s.
We restrict ourselves to the leading term of the asymptotics, and thus set
V{ = 0. Then, by virtue of (2.5), we have

vy (w1, e(j+1/2), 23, &) = —0pyvg (21,6(j+1/2), 23) (£2—5—1/2), (2.9)
where 0, = 0/0z3.

The solvability condition for the problem (2.7)-(2.8) is given by the
differential equation

—divg (ho(r) Vs 5 (3,2 +1/2)) = fol@ (i +1/2)), 7 € (a0, ar),
(2.10)
where ho(r) = h_(r) + hy(r), r € [ap,a1]. Since these planes xzp =
e(7+1/2), j=0,1,...,N — 1, make up the e-net in D, we can spread
this equation in all domain D. Due to the Neumann conditions for the
solution to problem (1.1) we must require from v to satisfy the condition

vy (x) =0,  r=a1, x2€(0,1), (2.11)

where 0, = 0/0r is the derivative with respect to polar radius r which
coincides with the outward normal derivative in this case.

So, it remains to provide the continuity of the asymptotic approxima-
tion and their gradients in the joint zone Iy := 9 \ (S(O) U S(l)). It is
doubtless the condition

vg (z) = vy (), x € To. (2.12)

To get the second transmission condition we should use the method of
matched asymptotic expansions for the outer expansions (2.1), (2.2) and
an inner expansion which we will construct in the following section.

2.2. Inner Expansion

In a neighborhood of I'g we consider the Laplace operator in the
cylindrical coordinates 7, ¢, x9, where r = /2% + x3 and tan(p) = z3/z1,
and then pass to the “rapid” coordinates £ = (£1, &), where & = —e = (r—
ap) and & = e 1zy. Then Laplace’s operator in the coordinates & =
(&1,&2), ¢ has the following form

—2(0_2+0_2) RS S
& &3 ap —e&1 061 (ap — 1) Dp?

We seek the leading terms of the inner expansion in a neighborhood
of 'y in the form

(2.13)

ue (1) = Ug(m)|r=ao + S(Zl(g)(azzv(—)i—(x)”r:ao
+ Zg({)(@rvar(x)ﬂr:ao) +.... (2.14)
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Substituting (2.14) in (2.13) and in the Neumann condition, collecting the
coefficients of the same power of €, we arrive at junction-layer problems
for the functions Z; and Z :

_A§1€2 Zz(g) 0, § ell,
aflzi(()an) = 0, (0’52) € oIt \Iha (2 15)
06, 7Zi(§) = —6u, § €Ol \ I, '
8?221‘(51,0) = 8§2Zi(§1,1), fl >0, k=0,1.

Here II is the union of semi-infinite strips IIt = (0, 4o00) x (0,1) and
II" = (—00,0] x I, where I, = ((1 — h)/2, (1 + h)/2), the constant
h is equal to ho(ag). The last periodic condition in (2.15) due to the
periodicity of the thin disks {G;(e) : j =0,...,N —1}.

The same junction-layer problems were investigated in [22]. The main
asymptotic relations for the functions {Z;} can be obtained from general
results about the asymptotic behaviour of solutions to elliptic problems
in domains with different exits to infinity [14,29]|. However, using the
symmetry of the domain II, we can define more exactly the asymptotic
relations and detect other properties of the junction-layer solutions Z1, Z»
similarly as in the papers [22,23|.

Statement 2.1 ([22]). There exist solutions Z; € H\. D), =12,

of problems (2.15), which have the following differentiable asymptotics

O(exp(—27&1)), £ — +o0,
VA = 2.16
e {_52 + 5 + O(exp(rh™1€1)), &1 — —oo; (2.16)
—&1 4 cp + Oexp(—27&1)), & — +oo,
7. = 2.17
A {—hla L Oep(ha)), & -0 O

In addition, the function Z1 is odd in & and Zs is even in & with respect
to 1/2.

Now we verify the matching conditions for the outer expansions (2.1),
(2.2) and the inner expansion (2.14), namely, the leading terms of the
asymptotics of the outer expansions as r — ag £ 0 must coincide with
the leading terms of the inner expansion as & — Foo respectively. Near
the point z € I'y the function var has the following asymptotics

vy (2) = vg (€)lr=ao = € &1 (807 (2))lr=ao + O(e%€7), 7 — ag — 0.

Taking into account the asymptotics of Z1 and Z5 as £ — +00, we see
that the matching conditions are satisfied for the expansion (2.1) and
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(2.14). The asymptotics of (2.2) as r — ag + 0 and the asymptotics of
(2.14) as £ — —oo are the following

Vg (T)|r=ao + z—:(Y(ﬁg)(@vaa (@))lr=ao — &1 (Orvg (55))‘7“:%) +
r — ag+ 0;

U(—)'—(xﬂrzao + E(Y(@)(axzva_(w))‘r:ao -hG (arva_(x))’r:ao) o
§1 — —0O0.

Comparing the main terms of these asymptotics, we get the first trans-
mission condition (2.12) and the second one

orvg (x) = h vy (), x € To. (2.18)

So, the function

’U+ X xr
vo(z) = {U(]_Ex;’ . E go, (2.19)
0 Y 9

must satisfy the relations (2.3), (2.10)—(2.12), (2.18), which form the limit
problem

—Axvsr(@ = fo(x), z € Q,
—dng(ho(?‘)Vg vy (x)) = ho(r) fo(x), z €D,
Oy (z) =0, r=ay, x2 € (0,1),
(2.20)
v (z) =0, zeSOush,
v (z) = vy (@), x €Iy,
orvg () = ho(ao) Orvy (x),  x € To,

for problem (1.1).
Let us show that there exist a unique weak solution v € Hg to problem
(2.20) if fo € L?(£). Here

Ho:={p e L*(): p e H' (D), =0 on SOuUSD,
8901@ € LQ(D)v 8903@ € LQ(D)v 90|7’=a0—0 = ¢!r:a0+0 on I‘0}

is an anisotropic Sobolev space with the scalar product

(60, = [ Vot Vowrdo+ [ o) Voo - Vo
Qo D
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A function v € Hy is called a weak solution to problem (2.20) if it
satisfies the following integral identity

(00)3, = [ fo@(@)d+ [ ho(r) folw)i(@)de, Vo € Ho. (221)
Qo

D

Next using standard Hilbert space methods and the Lax—Milgram
lemma, it is easy to prove the existence and uniqueness of the weak
solution to problem (2.20).

3. Corrector and Asymptotic Estimates

Let fo be a function in H3(£;). Assume that fy and O, fo vanish
on SO U SW. Let vy € Hy be the unique weak solution to problem
(2.20) with the right-hand side fy. With the help of vy and the junction-
layer solutions Z7, Z5 (see Statement 2.1), we define the leading terms in
(2.1), (2.2) and (2.14). Then matching these expansions, we construct an
asymptotic approximation R. belonging to the Hilbert space

He:={ue HY(Q): u=0on SV ushy.

It is equal to

r—ap x
RE(2) =i (@) +exom) N (<=2, 2 o), w0 (31)

and to
R_ (x) := vy (z) + 6(Y<%)5I21)a(1‘)
+ xo(r) N~ (—r — ao’ %,cpwg)), xeD, (3.2)

where Y (&) = —& + 2 + [&]; x0 € CF(R) is a cut-off function such

that
1, |r—ap| <0/2,
)=
xo(r) {0, |r — ao| > o,

€

where ¢ is an enough small fixed positive number such that the functions
hy are constant and equal on the segment [ag, ag + o];

N+(§a @, 12) = Z1(§) (81’27)3_(37))‘7‘:% + (ZQ(f) + 51) (8Tvé~_(x))‘riao7

N7(& ¢, 22) = (Z1(8) = Y (&2)) (Oravg (2))lr=aq
+ (Z2(8) + h7'61) (Orvg (2))|r=ao

_ _ 1/2
El=—cYr—ay), &=ctzy, r= (SL‘%—{-IE%) /, tan(p) = z3/x1.
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3.1. Discrepancies in the Domain ()

Taking into account the properties of the functions Z; and Z,, we
conclude that

RF(z)=0, zeS®ust,
0, RY (z) = —0¢,Z1(0, z2/) (6m2v6~_($))’r:ao
— 0, Z5(0, z2/€) (Orvg (2))|r=ay = 0

for any = € 0Q. N {r = ap}.
Observing that

[Az, xo(M)]Y (z) = Vi - (Y(2)Vz x0(r) + VzY (x) - Vi xo(r),

where [A,B] = AB — BA is the commutator of two operators A and
B, and taking into account form (2.13) of Laplace’s operator, we get

— ApRI(2) = fe(2) = fol2) = fo(@)
— X0(r) (02,6, N7 (& 0, 22) — 17 0, N (€, 0, 22))
— VeNT (& p,22) - Vi xo(r)
—e(Vz (M Vzx0(r) + x0(r)92,.,N T (&, ¢, 22)
+ 172 x0(r) 2N (€, ¢, 22)),
£ = _T;ao, = % r= m tan(ep) = i—‘j z € Q.

(3.3)

Further, the arguments of functions involved in calculations are in-
dicated only if their absence may cause confusion. We multiply identity
(3.3) by a test function 1) € H. and integrate by parts in  :

- [om: vas.+ [Vort Vopde - [ fpda
Qe Qo Qo

=1 (e,0) + ... + I (,9), (3.4)
where Q. = Q. N {r = ap},
1) = [ (ola) = f@)wda,

Qo

I (,7) = /XQ(T’) (r*18§1N+ — 8§2§2N+)1/J dx,

Qo
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If(e,0) = / N*Vixo(r) - Vadde — | VNt - Vs volr) de,
Qo
Qo

If (1) = E/X()(T) (O Op, N+ + r_28m2¢ ONT) d.

3.2. Discrepancies in the Thin Disks

Denote by S;r(a) and S; (¢) the right and left lateral surfaces of the
thin disk Gj(¢) respectively;

N-—1 N-—1
ST = S, S ()= J S (e
j=0 7=0

It is easy to calculate that ((9ng) lr=a; =0,

OpR_ (z) = Y (x2/€) 0r(0pyvg () + ORI (z), z€Q., (3.5)

and
- e 1 —_ ~ . ~ - -
a,/RE (l‘) = 7 52|h/:|:(7')‘2 ( va(hi) Vx(vo + 5Y(52)8x27)0 )

+e(Y(£2)82,0,00 (2) + X010 N7 (6, 9,72))), @ € 55(e). (3.6)
Putting R_ in the differential equation of problem (1.1), we obtain
= AR () — fe(2) = fo(x) — fe(x) + Vz(Inho) - Vavy
+ x0(r) (r O N™ — 9, N7) — VeN™ - Vi xo(r)
€2 — _
— 661'2 <Y<?)a§2$2v0 + XO(T) (aﬂ?QN )|§2:z2/5)

— (Y () 25(0u05) + Vi - (N Vaxo(r) + 17 2x0(r) 92,0 7).
xe€G(e). (3.7)

Next we will use the following identity

ehy(r) _ - s
=TT _G/‘Z’df” 5/Y<g )ortpdz V9 € He.

(3.8)
To prove (3.8) it is enough to integrate by part the last integral.
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Using (3.8) and taking into account the boundary values of 0, R, (see
(3.5), (3.6)), we multiply (3.7) by a test function ¢ € H. and integrate
by parts in G. This yields

/8TR;F1/1de+/VxRE~Vx¢ do— | fapde =I7(e,0)+. .. +I5 (2,0),
Ge
Qe Ge

(3.9)

where

I (e.0) = / (fole) — fo(@))e da,
Ge
e 0) = [0l 06N~ 0N o
Ge

I; (e,9) = e—:/N— Vi xo(r) - Va b d — /ng— Vs xolr) da,

Ge Ge
I (600) =2 [ X0l0) (s 00N~ +720,0 0,47 )
Ge
I3 (,0) = e/Y(%) (Ve (Bayvy) - Vst + By (10 Vi (n hg) - Vg ) ) .
Ge

3.3. Asymptotic Estimates
Summing (3.4) and (3.9), we see that the function R. constructed by
formulas (3.1) and (3.2) satisfies the following integral identity

/VIR8 Ve dr — /fgw dx = F.(¢), Vi € He,
Qe Qe

where FL(1) = I (e,) + ... + I (e,9) + I (e,0); I = IF + 17,
i=1,...,4.

Since the weak solution u. € H, to problem (1.1) satisfies the integral
identity

/vmug Vadbda — /fewdx —0, Ve,
Qe Qe

we have

/Vx(RE —u) - Vyde = F.(v), Vo € He. (3.10)
Qa

Now we are going to estimate the value F.(v)).
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The sum [ fc(a, 1) is a linear bounded functional on H.. Thus,

I (&, )| = [1f= = folls 19 ),
where
Ife = foll« = Sup |(fe = fo, V)20l
191 1 (g, ) =1
Obviously, || f- — foll« < C1l|fe = follz2(q.)- Here and in what follows, all
constants in asymptotic inequalities are independent of the parameter e.

In order to estimate the terms I (e,v), I, (g,9), we will use the
following lemma.

Lemma 3.1. Let N be an 1-periodic in & function belonging to the space
L2(II) and exponentially decreasing at infinity, i.e., there exist positive
constants ¢, R,~y such that for any |&1| > R

V(&) < cexp(—l&l).

Then for any § > 0 there exist positive constants c1,eq such that for all
values € € (0,e9) the following inequality is valid

/N — a0 x2)¢($) dx
Proof. Set B.s = Q. N {z: |r—ag| < &'729} for any § > 0. Then

RGeS T
Be,é
[ (0 )

Qs\Bs,é

< e elmgy, VY EH..

ao i)

=)o

—+

The properties of the function N lead us to the conclusion that the
second summand in this inequality decreases exponentially as ¢ — 0.
Using Lemma 1.5 ([18]), we estimate the first summand:

o 2
BE,(S
1/2
r—ay x
(/N2 — 2)d$> 19l 22 (8. 5)

< ca e ?|\N | 2 myese 2] -

The lemma is proved. O
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Since the functions 9, N'E, 82252./\/' =, O, N exponentially decrease

T

as |€1] — 400, we deduce from Lemma 3.1 that for any fixed § > 0
|15 (e,9) + 15 (2, 9)] < &7 Coll¢ i) (3.11)
Integrals in I3 (g,v), I3 (g,%) are, in fact, over
supp(Vg Xo(r)) NQ={x: d/2<|r—ap|<o}nNQ,

where, by virtue of Statement 2.1, the functions N, Vg/\/'jE are expo-
nentially small and the function N is uniformly bounded with respect
to €. Thus,

157 (e,9) + I3 (e, 9)| < e Csllvllan o)

Integrals in I (,1), I, (¢,%) are over {x: |r —ag| < o} N Q. and
they can be estimated with extracting, if necessary, the exponentially
decreasing part in the corresponding integrand and then with the help of
the Cauchy—Bunyakovsky inequality. Consider for example the integral

/ X0(7) Opyt Op, N dr

Qo

/ X0(r) By (Z1 (82,00 (5)) oo

Qo

(22— 7'~ 1)) (0,000 (1)) a0 d

< / ¥o(1) 1023 | 211102,y (@), da
Qo

+ [ 0000112 = 74 = a0) = el 01000 21,
Qo

+ Lo 102200 (@), o) o < el ) (1 Sy X0 12112

oy X0 122 = €71 — a0) — e d + enl /[0 )

< cllv i (y/2macle fye Z2(6) dé

+ \f2maole e Z3(6+ €0 — ) dé + |enlv/ ] )
< cllllm oy (VE I Z1ll2qe) + VE 1 Ze+& el aqeey + lenl /901 ).

where || is the measure of the domain Q. On the basis of (2.16) and
(2.17) the value || Z1|2(rr+y and || Z2 + &1 — cpl|p2(rr+) are bounded. As a
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result, we have

15 (e,9) + I, (e, 9)] < e Cullvllmo.)- (3.12)

Remark 3.1. The constants Co and C3 in (3.11) and (3.12) respectively
depend on the following quantities

sup |D(vg ()], la] = a1 +ag + ag < 2. (3.13)
xze€ly

Applying the odd extension to the limit problem (2.20) with respect to
the planes o = 0, 2 = [ and taking into account the conditions for the
function fy, we conclude that the function var and its second derivatives
have no singularities at the points on S(© NTy and on S NTy. Thus,
by virtue of classical results on the smoothness of solutions to boundary

value problems, the quantities (3.13) are bounded.

Since fo € H3(Q4), the function 0,05 € H*(Q1 \ Qo). Therefore,

115 (e,¥)] < eCs ||axzva‘|H1(Ql\ﬁo) ||¢||H1(Ql\g70)~

So, with regard to the inequalities obtained, we conclude that for the
right-hand side in (3.10) the following inequality holds

[Eo(9)] < () e 19l (3.14)

where ¢ is an arbitrary fixed positive number. From (3.10) and (3.14) it
follows the following results.

Theorem 3.1. Suppose f- € L?(2.), fo € H3(Q) and fo, O, fo vanish
on SO U SO,

Then for any 6 > 0 there exist positive constants cy,eo such that
for all values € € (0,e9) the difference between the solution u. to prob-

lem (1.1) and the approzimation function R. defined by (3.1) and (3.2)
satisfies the following estimate

lue = Rellrrian) < e (170 + I1fe = foll.). (3.15)
Corollary 3.1. From (3.15) it follows that

|ue —vollr2(0.) < c2 (5176 + |1f = foll+),
where vy is the weak solution to the limit problem (2.20).

Corollary 3.2. Assume f.(z) = fo(x) + efi(z,e), © € Q., where the
norm || fi(+,€)llz2(.) = O(1) as € — 0. Then for any § > 0 there exist
positive constants cs,eq such that for all values € € (0,eq)

lue = Rellmgay < ese'™® Jlue — voll 2o,y < s’
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Example. If the right-hand side fj of the limit problem (2.20) depends
only on the variable r and 3, then we can find the explicit solution in
the domain D = {x : r € (ap,a1), z2 € (0,])} and reduce problem
(2.20) to a problem in the junction’s body €.

In this case the solution to the limit problem (2.20) depends only on
the variable r and xo as well. So, we can rewrite the limit problem in
the following form

8 (r@ Yo )+ Tagzxgvo = T’fo(?’ -752) €T € QQ,
—0; (rho(r)0rvy ) = rho(r) fo(r, 2), z €D,
Orvg (a1, z2) =0, x5 € (0,1),
(3.16)
vg (r,0) = vy (r,1) =0, zesOysh,
vy (a0, x2) = vy (ao, x2), x2 € (0,1),
0, () (CLO,.T}Q) hO(a()) a’I‘UO_ (G/(), x2)7 To € (07 l)v

By solving the ordinary equation of problem (3.16) in the domain D with
regard to the Neumann condition at r = a1 and to the first transmission
condition at r = ag in the joint zone I'g, we find that

vg (1, 22) = Sr(ao,w2)+/p%(p)/tho(t) fo(t,z2) dt dp.
ao P

Now, according to the second transmission condition in problem (3.16),
we obtain the classical mixed boundary-value problem

-0, (r&«var) + r@imvo = rfo(r,x2), x € Qo,
vg (r,0) = vy () =0, 2eSOush  (3.17)

~

drvg (ag, x) = Fo(w2), z9 € (0,1),

to find var . Here

ai

Fy(xs) = agl/tho(t)fo(t,xg)dt, x5 € (0,1).

ag

Problem (3.17) is called resulting problem for problem (1.1).
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Conclusion

We assumed that the functions h_ and h are locally constant and
equal in an enough small neighborhood of the point ag. This is a technical
condition which allows to avoid additional bulky calculations. Because
of this, the junction-layer solutions are odd or even with respect to 1/2
(see Statement 2.1). As a result, the approximation function R. sat-
isfies exactly some boundary conditions and we do not need additional
boundary-layer asymptotics.

If the right-hand side has the following form f. = >.3%,&" fi(z),
we can define the other terms in the asymptotic expansions (2.1), (2.2),
(2.14) and construct an asymptotic approximation to any degree of ac-
curacy.

From results proved in the present paper it follows that for applied
problems in thick junctions we can use the corresponding limit problem
or resulting problem in the junction’s body, which are simpler, instead of
the initial problem with the sufficient plausibility.
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