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1. Introduction

Last years some interesting works were published on solvability of nonlinear elliptic
second order equations with data which are not kept within usual scheme of the theory
of monotone operators [1]. First of all it concerns equations with L!-right-hand sides
[2]-[5], equations with measures [6]-[8] and problems leading in weakened statement to
so-called renormalized solutions [9]-[11]. Among the mentioned works the paper [4] is
especially distinguished. In that paper a theory of existence and uniqueness of entropy
solutions of Dirichlet problem for nonlinear elliptic second order equations with L'-data
was constructed. Note that the proof of solvability of the problem considered in [4] was
based on special estimates of solutions of Dirichlet problem for approximating equations
with bounded right-hand sides. The main tool to obtain those estimates consisted in
the use of test functions which are superpositions of solutions of the approximating
problems and of standard truncated functions Tj(s) = max{min{s, k}, -k}, k > 0,
s € R. Moreover superpositions of entropy solutions and of the standard truncated
functions played a significant part in the proof of uniqueness of an entropy solution. On
the whole the use of the functions T}, was in the base of the definition of new functional
classes which are wider than Sobolev spaces. Namely in these classes single-valued
entropy solvability of the problem under consideration was established.

All above-stated concerns second order equations and as far as the author knows
any results were not before now obtained on solvability of higher order equations with
L'-data, although the development of corresponding theory has a great interests. This
circumstance was an inducement for the author to carry out some research. The main
its results are given in this paper.

We consider the question on solvability and uniqueness of entropy solutions of Dirich-
let problem for a class of nonlinear elliptic fourth order equations with L!-right-hand
sides. We restrict ourselves with equations of the fourth order, but it is not so signifi-
cant. As a matter of fact, the passage from second order equations to higher order ones
is more principal for us. We follow the approach of [4], however its realization meets a
series of difficulties. First of all it is connected with the fact that in the case of higher
order equations to obtain needful estimates for solutions of the approximating problems,
the functions T} can not be used in the same way as it holds for second order equations.
In particular, in our case arises necessity to construct some functions substituting the
truncations T} and to choose an energy space for the approximating problems. In so
doing the following requirements should be satisfied:

1) superpositions of new functions with solutions of the approximating problems are
twice differentiable and belong to chosen energy space;



2) the use of these superpositions as test functions in corresponding integral iden-
tities allows to estimate in a suitable way the terms connected with the second order
derivatives of the superpositions.

Some appropriate substitutions of the standard truncations and an energy space
for the approximating problems are established in the paper. By their means needful
estimates for solutions of the approximating problems are obtained and theorems on
existence and uniqueness of the solutions of the problem under consideration are proved.

Now we pass to the statement of initial assumptions of the paper.

Let n € N, n > 2, and let 2 be a bounded open set of R™.

We denote by A the set of all n-dimensional multiindices a such that |a] = 1 or
la| = 2. We shall also use the following notations: R™? is the space of all mappings
€: A — R;ifu e WHQ), then Vou : Q@ — R™?2 and for every z € Q and o € A,
(Vau(z))a = DY(x).

Let p, g be real numbers such that

1<p<g, (1.1)
2p<qg<n. (1.2)

Let c1,co > 0, let g1, g2 be non-negative functions in €, g1, g2 € L*(2), and let for
every a € A, A, : QO x R™? — R be a Carathéodory function. We shall assume that for
almost every x € Q and every & € R™?2,

Z |Aa(m,§)|Q/(q71) + Z |Aa<m’€)|p/(p—1)

|a|=1 |a|=2
<a{ Y '+ Yl o) (13)
|a]=1 || =2
> Aa(@, 60 = { 3 lal’+ Y Jal?} - () (1.4)
acl la]=1 |a]=2

Moreover we shall assume that for almost every z € Q and every &, & € R™2, € # ¢/,

S [ Aa(@,8) — Aa(@,€)] (60 =€) > 0. (1.5)

aEN

Let FF: Q x R — R be a Carathéodory function. We shall study the following
problem:

> () D*Ay (2, Vou) = F(z,u) in Q, (1.6)
a€EA
D =0,|la] =0,1, on 0. (1.7)

Precise definitions of solutions of this problem will be given in the main content of the
paper. Some additional conditions on the function F' (such as in [4]) will be formulated
in theorems of existence and uniqueness of the solutions.



Let us give some remarks in connection with the conditions on the numbers p and
g. The condition (1.1) is one of possible for p. Introduction of the number ¢ with
the restriction (1.2) is explained with the fact that under the condition (1.1) the space

V(E/%Z(Q) is a suitable energy space for problems approximating the problem (1.6), (1.7).
By this circumstance the conditions (1.3), (1.4) is also dictated.

In the case where p > % solvability of the problem (1.6), (1.7) under corresponding
conditions on the coefficients A, and under the same conditions on F' as in given paper

can be established in the space WO/Q’p(Q) on the base of known results of the theory of

monotone operators [1]. It follows from boundedness of the embedding of W27 () into
C(92), if n < 2p. The case where p = & requires a separate consideration (a paper with
corresponding results is in preparation now).

Note that a class of nonlinear elliptic higher order equations under conditions on
coefficients of type (1.3), (1.4), but with right-hand sides which are kept within usual
framework of the theory of monotone operators, was introduced in the paper [12] devoted
to the study of regularity of solutions.

The author thanks the Editor for the opportunity to publish in the Proceedings this
paper. The main its results were obtained in the summer of 1998.

2. Functional class H;Z(Q)

We denote by W;g(ﬂ) the set of all functions of W14(Q) having weak derivatives of
the second order from LP((2). Wzlg(ﬂ) is a Banach space with the norm

a P
Z /Q]D u| d:v)

Jull = llwsooy + (
|a|=2
We denote by W;g(Q) the closure in W;g(Q) of the set C§°(Q).
We shall also use the following notations: if ¢t € [1,+o0], then |- |; is the norm in
LY(Q); if ¢ € [1,n), then t* = 2L

o
It is well known that W14(Q) c L7 (Q) and there exists a positive constant ¢/

depending only on n, ¢ and such that for every u € Wh4(Q)

Julg- < Z [ D%ulg - (2.1)

Let for everyk € N, ¢; be the function on R such that

k+1
+ Gt

ceR.
k+3° 0 °

Yr(s) = s — shH2 4



We define for every k € N the function hy : R — R by

s, if |s| <k,
SLZRY L) ks if & 2k
hi(s) = [¢k< )+ } sign s , i < |s| <2k,
k+2
. . S o
2kk+381gns, if |s| > 2k

For every k € N we have hy € C%(R), |hi| < 2k, 0 < b}, <1, |h]| < 3 on R. Moreover,
if k,7 € Nand j > 2k, then for every s € R,

hi(hj(s)) = hi(s) - (2.2)

We denote by H %g(ﬂ) the set of all functions u : Q — R satisfying the condition:
Vk €N, hy,(u) € WyI(Q).
The following properties hold:
Wy(Q) € Hyp(Q) ,
Hy () \ Lie(Q) # 0 .

Definition 2.1. If u € ﬁ;g(Q) and a € A, then 0%u is the function in {2 such that
0% = D% (u) in {|u| <1}
and Vk € N,
6% = D%gn(u) in {2871 < |u| < 2F}.
Lemma 2.2. Let u € ﬁég(ﬂ) Then for every a € A and k € N,
0% = D%y (u) ae. in {|lu| <k} .

The proof of the lemma is based on the use of the relation (2.2).

Due to Lemma 2.2 for every u € W%g(Q) and a € A, §%u = D%u a.e. in Q.
We set

.o nla—1)
n—1
" =2179(dn)T 4 207 .

Y

Lemma 2.3. Let u € H%:g(ﬂ), M > 1 and let for every k € N,

O%ul? + 0%ulP vdx < Mk .
/{|u|<k}{21 uf + Y j5oule e

|a|=1 |a|=2



Then for every k € N,

meas{|u| >k} < ' MmO

meas{ Z |0%u| > k} <MD

meas{ Z |0%u| > k} < ' M/ (=1 p—pr/a

This result is proved by means of (2.1).



3. Entropy solutions

Introduce the notation: if u € H;:g(@), then du : Q@ — R™?2 and for every z € Q
and a € A, (6ou(x))o = 0%u(z).

Definition 3.1. An entropy solution of the problem (1.6), (1.7) is a function u €
H ég(Q) satisfying the following conditions:

1) F(z,u) € L'(Q);
2) there exist ¢ > 0, b € (1,7) and v > 0 such that for every ¢ € C3°(Q2) and k € N,

/{Iu <p|<2k}{z Aa (@, 02u)(0%u — 5a90)}h;g(u —p)dx

acN
b, _
< [ Fawhutu= oo e[t + [olwse]5 (3.1)
Q
In the further considerations we shall denote by ¢;, ¢ = 3,4,..., positive constants

which depend only on n,p,q,c1,c2, 911, |g92|1 and on meas €.

Lemma 3.2. Let u be an entropy solution of the problem (1.6), (1.7). Then there
exists ¢ > 0 such that for every k € N,

|0%ul? + |0%ulP pdx < e3[|F(z,u)|l1 +c+ 1]k .
a2 et 32 o}

|al=1 |a|=2

This result is proved with the use of (1.4) and of the properties of the functions hy.
From Lemmas 3.2, 2.3 and (1.3) we deduce the following result.

Lemma 3.3. Let u be an entropy solution of the problem (1.6), (1.7). Then
1) for every A € (0,7%), wu € LNQ);
2) for every a, |a| =1, and A € (0,7), 6%u € L ();
3) for every «, |a] =2, and X € (O 2y gy € LANQ);
4) for every a, || =1, and X € (0 ), (z,50u) € LMQ);
) (0,3
)

5) for every a, |a| =2, and A € (0, ), oz, 09u) € LMNQ);
6) for every a € A, An(x,d0u) € Ll(Q)

Proposition 3.4. Let u be an entropy solution of the problem (1.6), (1.7). Then
for every function ¢ € C§°(Q2),

k—o0

lim sup [/{| | }{Z Aq(z, 02u) (0% — 5ag0)}dx - /Q F(z,u)h(u— gp)d:z:] <0.
u—gp|<k 2

This result is proved by means of (1.4), Lemmas 3.2, 2.3, and of the assertion 6) of
Lemma 3.3.



Lemma 3.5. Let u be an entropy solution of the problem (1.6), (1.7). Then there
exist ¢ > 0, b € (1,7) and v > 0 such that for every ¢ € W%g(Q) NL>®(2) and k € N
the inequality (3.1) holds.

The proof of this fact is based on the use of an approximation of a function ¢ €
W;Z(Q) N L*>(2) by an uniformly bounded sequence of functions of the class C5°(€2).

Lemma 3.6. Let u be an entropy solution of the problem (1.6), (1.7). Then there

exist ¢ > 0, b € (1,7) and v > 0 such that for every k € N, £k > 2, and m € N the
following inequality holds:

- /{k<|u|<k+m}{ D 0%l Y |‘5a“|p}dx

la|=1 || =2
S m/ {|F(z,u)| + g1 + g2 }dz + [|[F(z,w)|y + e+ 1] Vp1
{lul>k/4}

+e[1 + [uly + Z léaulb}bm_W :
|a]=1

The proof of this lemma takes into account the special behaviour of the functions hy
in (—oo, k) U (k,+00) and the equality

-1 2 q¢-2
p=1_ 2 a2 _
P a

1

which allows to use in a suitable way Holder and Young inequalities in estimates.
4. H-solutions

Definition 4.1. An H-solution of the problem (1.6), (1.7) is a function u € Hé:g(Q)
satisfying the following conditions:

1) F(x,u) € L*();

2) for every a € A, Ay (z,0u) € LY(Q);

3) for every function ¢ € C§°(£2),

/Q{Z Aa($,52u>5a§0}d$ = /QF(:(;,U)@dx .

acl
Theorem 4.2. Let u be an entropy solution of the problem (1.6), (1.7). Then u is
an H-solution of the same problem.

As far as the proof of this theorem is concerned we emphasize the importance of the
same things which are mentioned after Lemma 3.6.



5. Uniqueness and existence

Theorem 5.1. Let for almost every x € §2 the function F'(z,-) be nonincreasing on
R. Let u,v be entropy solutions of the problem (1.6), (1.7). Then u = v a.e. in .

The proof of this result is based on the use of the inequalities (1.5), (2.1), of the
properties of the functions hy and of Lemmas 3.5, 3.6.

Theorem 5.2. Let the following conditions be satisfied:

1) for almost every = € €2 the function F'(z,-) is nonincreasing on R;
2) for every s € R the function F(-,s) belongs to L'(Q).

Then there exists an H-solution of the problem (1.6), (1.7).

We set
3n—2

T

D .
In virtue of (1.1) we have p; € (2p,n).

Theorem 5.3. Let the conditions 1), 2) of Theorem 5.2 be satisfied and let ¢ > p;.
Then there exists an entropy solution of the problem (1.6), (1.7).

A common part of the proof of these theorems is connected with obtaining of some
estimates for solutions of problems approximating the problem (1.6), (1.7). We state
below only first two of them. We shall assume that the conditions 1), 2) of Theorem
5.2 are satisfied.

We set f = F(-,0) and define for every [ € N the function F; : 2 x R — R by

Fi(z,s) = h(f(x) — F(z,s)), (x,5)€QxR.
By the condition 1) of Theorem 5.2 we have: if [ € N, then
for almost every x € Q the function Fj(z,-) is nondecreasing on R . (5.1)
In virtue of the condition 2) of the same theorem f € L!(Q). Therefore there exists

{fi} € C§°(2) such that |f; — fl1 = 0and VI € N, |fi]s <|fl1 + 1.
From (1.3)—(1.5), (5.1) and from results of the theory of monotone operators we

o o
obtain: if | € N, then there exists a function u; € W;Z(Q) such that Vv € W%:g(Q),

/Q{Z Aoz, Vouy) D% + Fl(:)s,ul)v}dx = /Qflvdx ) (5.2)
aeA

Lemma 5.4. For every k,l € N the following inequalities hold:

/ IS Dol + 3 (D%l Y < esf|fly + 10k (5.3)
{ur| <k}

la|=1 |a|=2

o  R@uwlde< [ |flde+ Ut A S (5.)
{lui| =2k} {lui| =k}



To prove (5.3) we first define a sequence of functions y, € C?(R) which have the
properties: xx(s) = s if |s| < k; [xx| < 3k, 0 < x). <1 and |x}| < (8/k)x), on R. Then
we put the function y(u;) in (5.2) instead of v, and using (1.3), (1.4), (3.2), Young
inequality, (5.1) and the properties of the functions xx, we obtain the required estimate.
To prove (5.4) we utilize some other test function in (5.2).

Remark 5.5. Some modifications in the definition of entropy solution allow to prove
the result of existence of (modified) entropy solution without the condition g > p;.

6. W-solutions

Definition 6.1. A W-solution of the problem (1.6), (1.7) is a function u € W21(Q)
satisfying the following conditions:

1) F(z,u) € L*(Q);

2) for every o € A, A (z,Vau) € L1(Q);

3) for every ¢ € C§°(Q),

/Q{Z Aa(x,%u)pa@}d@«:/F(I’u)(pdx'

aEA Q

We set

pr=———
nip—1)+1
In virtue of (1.1) we have ps € (1,n).

Theorem 6.2. Let the conditions 1), 2) of Theorem 5.2 be satisfied and let g > po.
Then there exists a W-solution of the problem (1.6), (1.7).

This result is established simultaneously with the proof of Theorem 5.2. We only note
that under the condition ¢ > p, a limit function of the solutions wu; of the approximating
problems belongs to W21(Q).

Remark 6.3. We have ps > 2p if and only if p < % — % Therefore if p > % — %,
due to (1.2) we obtain g > pa.

From Theorem 6.2 and Remark 6.3 we get the following result.

Corollary 6.4. Let the conditions 1), 2) of Theorem 5.2 be satisfied and let p > 3 —1.
Then there exists a W-solution of the problem (1.6), (1.7).
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