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Fundamental solutions of boundary problems
and resolvents of differential operators

VADIM MOGILEVSKII

(Presented by M. M. Malamud)

Abstract. The main objects of our considerations are differential op-
erators generated by a formally selfadjoint differential expression of an
even order. The coefficients of this expression are operator valued func-
tions defined on the interval [0,b) (b < co) with values in the set of all
linear bounded operators in a separable Hilbert space H. Our approach
is based on the concept of a decomposing D-boundary triplet, which
enables to describe various properties of (regular and singular) differen-
tial operators immediately in terms of boundary conditions. First we
complement and generalize known results on fundamental solutions of
boundary problems with the boundary condition at the singular end b.
Next by using Krein type formula for resolvents we obtain the represen-
tation of the resolvent (A— X)~' (A is a proper extension of the minimal
operator Lo) in a form of the integral operator

b
(A=X)"~ /GxtA tydt f=f()e€

with the operator valued Green function G(z,t,\). Unlike classical
methods our approach enables to characterize spectrum of the extension
A and represent the Green function immediately in terms of boundary
conditions for A and fundamental solutions of the corresponding bound-
ary problems. The above results are proved for differential operators with
arbitrary (possibly unequal) deficiency indices in the case dim H < co.
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1. Introduction

Let H be a separable Hilbert space, let [Hy, Ho]([H]) be the set of all
bounded linear operators from H; to Hy (in H) and let
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Iyl = laly) = D (~1F((pa—iy™)® — £[(g;_py™)*Y
k=1

+ (Gaoky™ B 4 pry  (11)

be a formally selfadjoint differential expression of an even order 2n with
operator-valued coefficients pg(-), gx(-) : A — [H] defined on an interval
A =[0,b) (b < 0o0). Denote by Ly and L minimal and maximal operators
respectively, induced by the expression (1.1) in the Hilbert space $) :=
Lo (A; H) and let D be the domain of L. As is known Ly is a closed densely
defined symmetric operator with not necessarily equal deficiency indices
n+(Lo) and L§ = L. Moreover functions y,z € D obey the Lagrange’s
identity

(Ly, 2)o = (4, L2)s = [y, 2](0) = [y, 2](0),  y,2€D

where
v, 21(t) = (@), 22 () — (P (2), 2 (£)) arm,

ly, 2](b) = ltiﬁl[y’ 2| (¢).

and yM(t), y@(t) (€ H™) are vectors of the quasi-derivatives (see (3.2)).

Next recall that a closed operator A with the domain D(Z) is called a
proper extension of Ly (and is referred to the class Extr,) if Lo C AcC L.
As is known an important problem in the spectral theory of differential
operators is a description of all selfadjoint boundary conditions or, equiv-
alently, all selfadjoint extensions Ac Ext Lo- For a regular expression [[y]
(i.e., in the case A = [0,b], b < 00) this problem was solved in a compact
form by F. S. Rofe-Beketov in [18|. In particular, it was shown in this
paper that the set of all selfadjoint decomposing boundary conditions is
described by the relation

cos B y™M (0) +sin By y®(0) = 0, cos By y™V(b) + sin By y? (b) = 0,
(1.2)
where By, By € [H"] is a pair of selfadjoint operators obeying —51 <
Bi, By < §1. Afterwards in [9] this result was extended to the case of a
quasi-regular expression [y].

Next, in [19,20] for an arbitrary expression [[y| the concept of a selfad-
joint boundary condition at the singular end b was introduced as follows.
Let U : D — K be a linear map with values in a Hilbert space K and let
Ly, Lj € Extr, be extensions with domains

D(Ly) ={y € D: yM(0) =y (0) =0, Uy =0},

(1.3)
D(Ly)={yeD: Uy=0}.
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Then the equality
Uy=0 (1.4)

is called a selfadjoint boundary condition at the point b if: (i) (1.4) holds
for each function y € D finite at the point b; (ii) L is a symmetric
operator and L} = Lj.

In the scalar case (dim H = 1) for the operator Ly with equal defi-
ciency indices m = ny(Lg) each selfadjoint boundary condition (1.4) can
be represented as

Uy := ([y7 Zl](b)v [y, 22](b)7 R [yv ZP](b)) =0, (1'5)

where p = m —n and 2z; € D, j = 1+ p are linearly independent
modulo D(Lg) functions obeying zj(-l)(O) = ZJ(»Q)(O) =0, j=1+pand
[z, 2](b) = 0, j # k (cf. [17, §18], [3, ch13.2]). In this connection note
that formulas (1.4) and (1.5) are not convenient for applications, because
unlike (1.2) they do not define explicit parametrization of all selfadjoint
boundary conditions. This statement is especially evident in the case
dim H = oo, when the finite representation (1.5) becomes impossible.

An attempt to extend the results of [18] to singular differential op-
erators with arbitrary (possibly unequal) deficiency indices was carried
out in our paper [16]. The method of [16] is based on the concept of a
decomposing D-triplet for L, which is defined as follows. Let H) be a
subspace in a Hilbert space H; and let I'; : D — M}, j € {0,1} be linear
maps such that I” = (I'y I'}) " is a surjective linear map onto H} ® H}
and the following identity holds

[y, 2)(b) = (T, Toz) — (Toy, D 2) +i(Pyoy, PaTGz), y,z € D.

(here P; is the orthoprojector in H(, onto H{&H}). Then a decomposing
D-triplet for L is a collection II = {Ho & H1,T'0,T'1}, in which H; =
H"®H; and I'; : D — H;, j € {0,1} are linear maps given by

Loy = {y?(0), Ty} (€ H" @ M),

1) , . , e D. (1.6)
Ply = {_y (0)7 1y} (6 H @Hl)a

In the case Hy = H} =t H' ( <= ™Ho = Hi =: H) a decomposing
D-triplet II = {H,T'¢,T"1} is called a decomposing boundary triplet for
L.

Associated with the decomposing D-triplet II for L is the Weyl func-
tion M4 (-) defined by

Lifa =My (MNTofx,  fo € Ma(Lo) :=Ker(L* =), AeC,.
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It turns out that a decomposing boundary triplet is a boundary triplet
(boundary value space) in the sense of 8], while the function M () =
M (X\) coincides with the Weyl function introduced by V. A. Derkach
and M. M. Malamud [4] (see also 5] and references there in).

In the paper [16] we also defined defect numbers n4 of the expression
(1.1) at the point b. In the case dim H < oo this numbers obey the
equalities

npy = n4(Lo) —n dim H, np— =n_(Lg) —n dim H.

Moreover, a decomposing D-triplet (boundary triplet) for L satisfies the
relation dimH} = np— < npy = dimH{ (respectively, n,— = nyp =
dimH’).

A decomposing D-triplet enables to describe various properties of
differential operators in terms of boundary conditions. In particular it
was shown in [16] that selfadjoint decomposing boundary conditions exist
if and only if nyy = mp_. Moreover if this criterium is satisfied and
II={H"®H Ty} is a decomposing boundary triplet (1.6), then the
set of all selfadjoint decomposing conditions is described by the relations

cos By y™M(0) + sin By y?(0) = 0, (1.7)
cos Bo Ty + sin Bo Ty = 0, (1.8)

where By € [H"], By € [H'] is a pair of selfadjoint operators. This
implies that a selfadjoint boundary condition at the point b is defined
by formula (1.8), which gives a parametrization of all such conditions by
means of the selfadjoint parameter By (cf. (1.4)). In this connection note
that for the regular expression one can put Tjyy =y (b), Thy = y(I(b),
in which case (1.7) and (1.8) turn into the boundary conditions (1.2).
Moreover, for a singular expression [[y] the boundary operators I';, and
I} can be explicitly defined in terms of limits of some regularizations
of quasi-derivatives y*!(¢) at the point b (see Proposition 3.10 in [16]).
Hence (1.8) defines a boundary condition in terms of boundary values
I'ly and Iy of the function y € D at the singular end b.

Observe also that a decomposing boundary triplet (1.6) enables to
define in a compact form boundary conditions of other classes. For ex-
ample, an accumulative boundary condition at the point b is defined by
the relation

Nol“{)y + NlF/ly =0 (1.9)

with operators Ny, N1 € [H'] generating an accumulative operator pair
(linear relation) 0 = {(Ny, N1); H'} or, equivalently, obeying I'm N1 Nj <
0 and 0 € p(No + ¢N1). This observation can be useful in the theory of
generalized resolvents of differential operators.
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The present paper contains further investigations of differential op-
erators by means of decomposing D-triplets. Here we first comple-
ment and generalize known results on fundamental solutions of bound-
ary problems [19,20] and then obtain the representation of the resolvent
(A—X)"! (A€ Exty,) in a form of the integral operator

b
(A=XN)"1f) (= /me tydt f=f()e9. (1.10)
0

Moreover we show that the operator valued kernel G(x,t,\)(€ [H]) in
(1.10) can be explicitly defined in terms of boundary conditions for A
and fundamental solutions of the corresponding boundary problems.

Recall that in [19,20] a selfadjoint boundary problem is given by the
equation

ly —Ay=0 (1.11)

and the selfadjoint boundary condition (1.4). Moreover, an n-component
operator function v(-,\) : A — [H", H] is called a fundamental solution
of this problem if: (i) the equality

y=yt,\) :=v(t,\)h, heH"

gives all vector solutions of (1.11) obeying the boundary condition (1.4);
(ii) the operator

2(0,A) := (0M(0,A) o@D, : H* - H" ¢ H"

is an injection, that is Ker v(0,A) = {0}; (iii) the range v(0,\)H" is a
closed subspace in H" @ H". A fundamental solution v(t, \) is said to
be holomorphic on the set £ C C if there is an open set A D E such
that v(¢, A) id defined for all A € A and the operator function v(0, A) is
holomorphic on A. It was proved in [19] that there exists a fundamental
solution of the selfadjoint problem (1.11), (1.4) holomorphic on the set
pr(Ly) of all real regular type points of of the operator L; (see (1.3)).

In the present paper by using a decomposing D-triplet we comple-
ment this result and extend it to other classes of boundary problems.
In particular, we show that the condition (iii) in the above definition is
implied by (i) and (ii), so that it can be omitted. Moreover, the following
statements are proved in the paper: 1) there exists a fundamental so-
lution of the selfadjoint boundary problem (1.11), (1.8) holomorphic on
pr(Ly) UC4. Moreover, for every A\g € p,(Lp) there exists a fundamental
solution of the same problem holomorphic on (Ag — 6, g +0) NCL NC_
with some 0 > 0; 2) the accumulative boundary problem (1.11), (1.9)
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has a fundamental solution holomorphic on C4; 3) the “free” boundary
problem (1.11), (1.9) with Ny = N; = 0 has fundamental solutions with
the same properties as in the statement 1), but with p,(Lo) instead of
Pr (Lb)-

By using a decomposing D-triplet (1.6) one can characterize various
classes of proper extensions [16]. In particular, the extension A€ Ext Lo
is defined by decomposing boundary conditions (see definition in [7]) if
and only if its domain is given by

D(A) = {y € D: Niy™M(0) + Noy®(0) = 0, NoI'py + NIy = 0}
(1.12)
with operators Ny, Ny € [H"] and N; € [H;,K], j € {0,1}.

Let v(-, \) be a fundamental solution of the boundary problem (1.11),
(1.9) with Ny and N; taken from (1.12). We show in the paper that
the extension (1.12) has the same spectral properties as the operator
NioM (0, ) + Nov@ (0, \) (in the particular case of selfadjoint boundary
conditions (1.7), (1.8) this result was obtained in [19,20]). Next by using
the Krein type formula for resolvents [15] we obtain the representation
(1.10) with the operator-valued Green function G(-,-,A) : A x A — [H]
given by

A) o*(t, A >t .
Gz, t,\) = vz, A) (¢, & v . Aep(A). (1.13)
(Px(.’L',A)’U*(t,)\), x <t
Here o(t, ) is the operator solution of the equation I[y] — Ay = 0 with
the initial data

(D03 20,07 = (N5 87T (WM (0, 3) + Kz (0, 1)~

(1.14)
and v(t,\), @« (x,\) are similar operator solutions for the adjoint bound-
ary problem.

In the scalar case the representation (1.10) is a well known classical re-
sult [1,3,17]. Moreover, in |2,13] formula (1.10) were partially extended
to the case dim H = oo. In this connection note that unlike classical
methods our approach enables to characterize spectrum of the extension
A € Extr, and represent its resolvents immediately in terms of boundary
conditions (1.12) and the fundamental solutions v (¢, \), v(¢, \) of the cor-
responding boundary problems (see (1.10), (1.13) and (1.14)). Moreover,
similar results are obtained in the paper for extensions A € Extr,, defined
by general (not necessarily decomposing) boundary conditions. Empha-
size also that the above statements are proved for a differential expression
(1.1) with dim H < oo and arbitrary deficiency indices n4 (Ly).
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In conclusion note that in the forthcoming paper the mentioned re-
sults will be applied to the theory of generalized resolvents and spectral
functions of differential operators.

The author is grateful to M. M. Malamud for his attention to this

paper.

2. Preliminaries

2.1. Notations

The following notations will be used throughout the paper: $, H
denote Hilbert spaces; [H1, Hz| is the set of all bounded linear operators
defined on H; with values in Ho; [H] := [H, H]; A | L is the restriction of
an operator A onto the linear manifold £; P is the orthogonal projector
in ) onto the subspace £ C $; C; (C_) is the upper (lower) half-plain
of the complex plain.

Recall that a closed linear relation from Hg to H; is a closed subspace
in Hog @ H1. The set of all Elosed lineal; relations from Hy to H; (from H
to ) will be denoted by C(Ho, H1) (C(H)). A closed linear operator T
from Ho to H; is identified with its graph grT" € C(Ho, H1).

For a relation T' € C(Hg, H1) we denote by D(T), R(T) and KerT the
domain, range and the kernel respectively. The inverse 7! and adjoint

T* are relations defined by

T ={{f. f}:{f. fY €T}, T 'eC(H Ho)
T*={{g.g} eH1i®Ho: (f,9) = (f.g), {f.f'} €T},

T* € C(H1, Ho).

In the case T' € C(Ho, H1) we write:

0 € p(T) if Ker T = {0} and R(T) = H;, or equivalently if T-1 €
[H1, Hol;

0€ p(T) if KerT = {0} and R(T) is a closed subspace in H;
0 € o0.(T) if Ker T = {0} and R(T) = H1 # R(T);

0 € op(T) if KerT # {0}; 0 € 0(T) if Ker T = {0} and R(T) #
H;.

For a linear relation 7' € C(H) we denote by p(T) = {A € C: 0 €
p(T—=N)}and p(T) ={\ € C: 0 € p(T—\)} the resolvent set and the set
of regular type points of T respectively. Next, o(T) = C\p(T') stands for
the spectrum of T'. The spectrum o(7") admits the following classification:



V. MOGILEVSKII 499

0e(T) ={A € C:0 € o.(T — N} is the continuous spectrum; o,(7T") =
{Ae C:0 € 0,(T —N)} is the point spectrum; o,.(T") = o(T) \ (op(T) U
0.(T)) ={A € C:0 € 0,(T — A\)} is the residual spectrum.

Let T' € C(H) be a densely defined operator. For any A € C we put

MA(T) :=Ker(T* — \) (= HOR(T — \)).

If X € p(T), then M, (T) is a defect subspace of the operator 7.

2.2. Operator pairs and linear relations

Let /C, Ho, H1 be Hilbert spaces and let C; € [H;,K], j € {0,1} be a
pair of operators. In what follows we identify such a pair with an operator

C=(Co C1):HodMi — K. (2.1)

A pair (2.1) will be called admissible if R(C') = K. In the sequel all pairs
(2.1) are admissible unless otherwise stated.

Definition 2.1. Two operator pairs
ch) =Y Py HyoHy — K, je{1,2}

are said to be equivalent if C? = XCW) with an isomorphism X &
(K1, KCa).

It is clear that the set of all operator pairs (2.1) falls into nonintersect-
ing classes of equivalent pairs. Moreover each operator pair (2.1) generate
a linear relation 6 € C(Ho, H1) by

0 = {(Co, 01); ]C} = {{hg, hl} € Ho® Hq: Cohg+ Cih = 0} (2.2)
Formula (2.2) gives a bijective correspondence between all § € C(Ho, H1)
and all equivalence classes of operator pairs (2.1). Therefore we will
denote by C (Ho, H1) both the set of all closed linear relations from Hy to
H1 and the set of all equivalence classes of operator pairs (2.1) identifying
them by means of (2.2).

The following lemma is immediate from Lemma 2.1 in [12].

Lemma 2.1. Let 0 = {(Co,C1); K} € C(Ho, H1), let 0% = {(C1x, Cox);
K.} € C(H1,Ho) be the adjoint operator pair (linear relation) and let
B € [H1,Ho]. Then 0 € p(Crx + CoxB) <= 0 € p(C; + BCY) and the

following equality holds

CH(C; + BCY) ™ = (Cre + CouB) ' Cou(= —=(7* = B) ™).
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Next recall some results and definitions from our paper [14].

Let H; be a subspace in a Hilbert space Hg, let Hy := Hg © Hi
and let P; be the orthoprojector in Hg onto H;, j € {1,2}. With every
linear relation 6 € 5(7'[0,7'[1) we associate a Xx-adjoint linear relation
0* € 5(H0, H1), which is defined as the set of all vectors k= {ko,k1} €

Ho ® H; such that
(k1,ho) — (ko, h1) + i(Pako, Poho) =0, {ho,h1} €6

Using this definition and the correspondence (2.2) we introduce the
notion of a x-adjoint operator pair (or more precisely a class of x-adjoint
operator pairs) 6% = {(Cox, Cix); Kx} € C(Ho, H1) corresponding to an
operator pair 6 = {(Co,C1); K} € C(Ho,H1). As was shown in [14]
(0*)* = 6. Moreover Proposition 3.1 in [14] implies that the adjoint
operator pair #* admits the representation 6* = {(C1., Co.); K« } with

Crx = Cox | Hu, Cox = C1x P1 — iCox Ps. (2.3)

It follows from (2.3) that * = 6* in the case Hy = H; := H.

Definition 2.2 ([14]). A linear relation 6 € C(Ho,H1) belongs to the
class Dis(Ho, H1) (Ac(Ho,H1)) if wo(h) := 2Im(hy, ko) + || Pahol|> > 0
(resp. p(h) < 0) for all h = {ho,hi} € 0 and there are no extensions
6> 0, 57& 0 with the same property.

A linear relation 6 € C(Ho, H1) belongs to the class Self(Ho, H1) if
0 = 6~

Note that in the case Hy = Hy1 =: H the classes Dis(H, H), Ac(H, H)
and Sel f(H,H) coincide with the sets of all maximal dissipative, maximal
accumulative and selfadjoint linear relations in H respectively. Moreover
a description of above classes immediately in terms of the corresponding
operator pairs (2.2) is contained in [14].

2.3. Dual pairs if linear operators

Definition 2.3 ([11,12]). Closed densely defined operators A and B in
a Hilbert space $ form a dual pair {A, B} if A C B*.

A closed operator Ain 9 is called a proper extension of a dual pair
{A, B} and it is put in the class Ext{A, B} if A C Ac B

For a dual pair { A, B} we write A € p{A, B} if A\ € p(A) and X € p(B).

Definition 2.4 ([11]). Let Ho and Hy be Hilbert spaces and let TP =
T T8YT :D(B*) = Ho@Hy and TA = (T4 T : D(A*) — H1DHo



V. MOGILEVSKII 501

be linear maps. A collection 11 = {Ho ® H1, B, FA} 1s called a boundary
triplet for a dual pair {A, B} if

I®B* =Hy®H), TAA"=H,&Ho (2.4)
and the following Green identity holds

(B*f.9)—(f, A*g) = T £, T09)—(T¢ £, T1g), feD(B), ge D((A*»
2.5)

Proposition 2.1 ([12]). Let IT = {Ho ® H1,T5, T4} be a boundary
triplet for a dual pair {A, B} and let D(B*)1 be a Hilbert of all elements
f € D(B*) with the inner product

(fag)Jr: (fag)ﬁ+(B*va*g)ﬁa f,gGD(B*)
Then T'B € [D(B*), Ho ® H].
The following lemma will be useful in the sequel.

Lemma 2.2. Assume that I = {Ho ® H1,T5 T4} is a boundary

triplet for a dual pair {A,B}, 0 = {(Co,C1);K} € C(Ho,H1) and
A € Ext{A, B} is an extension given by
D(A) = {f e D(B*): CoLEf+CiTEf =0}. (2.6)

Moreover let X € p{A, B}, let F € [K',M\(B)] be an isomorphism of a
Hilbert space K' onto My\(B) and let T € [K', K] be an operator given by

T = (CoTE + O.TPYF = Co(TEF) + C1(TBF). (2.7)

Then the following relations hold

e p(A) <= 0ep(T), Aeo;(A) < 0eo;(T), j=pecr

Aep(A) < 0€p(T), RA-N)=R(A-)) < R(T)=R(T).
(2.9)

Proof. As was shown in [12] (see [12, Proposition 3.17] and the proof
of [12, Proposition 5.2]) the following equalities are valid

R(A—A) =R(A—)) < D(A)+M\(B) = D(A) + M\(B), (2.10)
R(A—\) =§ < D(B*) =D(A) + N\(B), (2.11)
Ker(A—)\) = {0} < D(A) NN\ (B) = {0} (2.12)
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where D(A) + N, (B) denotes the closure of the set D(A) + M\(B) in
D(B*)+. Next, in view of Proposition 2.1 the equality

S =Co'f 4+ 018

defines a bounded operator S € [D(B*)4,K]. Moreover the equalities
(2.6) and (2.4) imply that Ker S = D(A) and R(S) = K. Therefore the
following relations hold

D(A) + M\(B) = D(A) + N\(B) < STM\(B) :S‘)”(,\(B), (2.13)
D(B*) = D(A) + N\ (B) < S‘ﬁ,\(B) (2.14)
D(A) N9M\(B) = {0} <= Ker(S | M(B)) = {0 } (2.15)

Observe also that in view of (2.7) one has
T=SF=8|N(B) F (2.16)

where F' is an isomorphism of X' onto 91\(B). Now combining (2.10)-
(2.12) with (2.13)- (2.15) one obtains (2.8) and (2.9) with S | 9\ (B)
in place of 7. This and the equality (2.16) give the relations (2.8) and
(2.9). O

Remark 2.1. Lemma 2.2 generalizes [12, Proposition 5.2]. Namely, let
Ay € Ext{A, B} be an extension with the domain D(Ag) = Ker Ty, let
y11(A) := (D8 [ MA(B))~! be the y-field and let Mp(\) :=TPyn(N) (A €
p(Ap)) be the Weyl function for the triplet II (see [12] for the precise
definitions). Then letting in Lemma 2.2 F' := ~7()), one obtains that
the relations (2.8) and (2.9) hold with T'= T'(\) := Cp + C1 M (\). This
statement was established by another way in [12] (see also [5] for the case
of a symmetric operator A, that is for the dual pair {A, A}).

2.4. Boundary triplets for symmetric operators

Let A be a closed densely defined symmetric operator in § with de-
ficiency indices n4(A) := dim 9\ (A) (A € C4). Denote by Exty4 the set
of all proper extensions of A, i.e., the set of all closed operators Ain §
such that A C A C A*.

Let Ho be a Hilbert space, let H1 be a subspace in Hg and let Hy :=
Ho © H1. Assume also that P; is the orthoprojector in Hp onto H;, j €

{1,2}.

Definition 2.5 ([15]). A collection 11 = {Ho@®H1,T0,I'1}, where T'; are
linear mappings from D(A*) to H; (j € {0,1}), is called a D-boundary
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triplet (or briefly D-triplet) for A*, if T = (I'g T'1)T : D(A*) — Ho D H;
s a surjective linear mapping onto Ho ® Hi and the following Green’s
identity holds

(A*fv g) - (fv A*g) = (F1f7 Fog) - (F0f7rlg) + i(PQFOfa P2F09)7
fig € D(A™). (2.17)

Proposition 2.2 ([15]). Let IT = {Ho & H1,T0,I'1} be a D-triplet for
A*. Then:

1) the operators T4 = (I T T - A* - Ho @ Hy, TA = (T T
A* — Hy ® Ho with

=0y, =Ty, =P, T{=I+iPl, (2.18)

form a boundary triplet I = {Ho ® ’Hl,fA,I‘A} for the dual pair
{A, A}. Therefore by Proposition 2.1 T'; € [D(A*)y+,H;], j €
{0,1};

2) the relation dimH; = n_(A) < n4(A) = dimHy is valid;
3) the equalities

D(A()) =Kerl'g = {f € D(A*) : Fof = 0}, Ay = (

II\_/

0)

(2.19

define a mazimal symmetric extension Ay € Exty with n_(Ap)
0.

It turns out that for every A € C; (2 € C_) the map Iy |
Mr(A) (PiTo [ 9M.(A)) is an isomorphism. This makes it possible to
introduce the operator functions (v-fields) v4(:) : C4+ — [Ho, 9], 7-(*) :
C- — [H1, 9] and the Weyl functions My () : C+ — [Ho, H1], M_(-) :
C_ — [H1, Ho] by

+(A) = (To 1 M(A) ™", A€ Cy;

B (2.20)
Y-(2) = (Pl [ 9M.(4))"", zeC_,
L1 [9(A) = M (Mo [ 9 (4), AeCy, (2.21)
(T1 +iPoT) | Ma(A) = M_(2)PiTy [ M(A), 2€C_.  (2.22)

According to [15] all functions v+ and My are holomorphic on their
domains and M} (A\) = M_(X), X € Cy.
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Lemma 2.3. Assume that {Ho @ H1,Lo, 1} is a D-triplet for A%,
0 = {(Co,C1);K} € C(Ho,H1) is an operator pair (2.1), 6* =
{(Cox,Cix); Kx} € C(Ho, H1) is the x-adjoint pair and Ci.,Cop. are
operators (2.3). Then

(Col'o + C1I')v+(A) = Co + C1M1(A), AeCy (2.23)
(CoxTo+ CixT1)v-(2) = Crs + CouM_(2), ze€C_. (2.24)

Proof. 1t follows from (2.20)—(2.22) that
FO’Y-‘:—()\) = IHov F17+()\) = M+()‘)> A€ (C—i- (225)

Plr()"y_ (Z) = IHU PQFQ’}/_(Z) = —iPQM_ (Z),
I'y_(2) =PIM_(z), zeC_.

The equality (2.23) is immediate from (2.25). Moreover (2.26) yields

(2.26)

(CoxT'o + C1xT1)v-(2)
= Cox Pil'oy-(2) + Cox Poloy—(2) + C1x iy (2)
= Cox | H1 + (C1xP1 —iCox Po)M_(2)
=Cu+CoM_(2), zeC_.

O

Combining [15, Proposition 4.1] with [15, Theorem 4.2] we arrive at
the following theorem.

Theorem 2.1. Suppose that II = {Hy @ H1,T0,T1} is a D-triplet for
A*, 0 = {(Co,C1); K} € C(Ho, Ha) is an operator pair and A € Ext, is
an extension defined by the abstract boundary condition

D(A) = {f € D(A*): CoLof + Cil1f =0}, A= A" | D(A) (2.27)

Then A € p(A)NCy < 0 € p(Co+C1 M4 (X)) and the following Krein
type formula for canonical resolvents holds

(A=N""= (Ao — AN = (W)(Co+ LML (V) 'O (),
Aep(A)NCy. (2.28)

Remark 2.2. 1) If a D-triplet IT = {Ho®H1, o, I'1 } satisfies the relation
Ho = Hi := H (& Ap = Af), then it is a boundary triplet. More
precisely this means that the collection IT = {H,Ty,T";} is a boundary
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triplet (boundary value space) for A* in the sense of [8]. In this case the
relations

(A = (To [ M(A) ™!, Ti I M(A) = M(AN)To [ M(A), A€ p(Ao)

(2.29)
define the operator function (y-field) v(:) : p(Ap) — [H,$] and the
Weyl function M(-) : p(Ao) — [H] introduced by V. A. Derkach and
M. M. Malamud [4] (see also [5] and the references therein). It is
clear that () and M(-) are connected with the operator functions
(2.20)—(2.22) by means of the following relations vy(A) = ~y+(\) and
M) = ML(N), A e Cy.

2) In the case of a symmetric operator A with n4(A) = ny(A4) and
an ordinary boundary triplet IT = {,Tg,I'1} for A* formula (2.28) co-
incides with [5, Proposition 2.2]. In turn, if A = A* (hence the corre-
sponding linear relation 8 = {(Cy, C1); K} € C(H) is selfadjoint), then
(2.28) coincides with the known Krein—Naimark formula for canonical
resolvents of the operator A (see for instance [10]). Note also that a
simple proof of the Krein—-Naimark formula as well as its connection
with a boundary triplet IT = {H,'y,I'; } for A* (and, in particular, with
boundary conditions (2.27)) has been discovered in [5] (for other proofs of
the Krein-Naimark formula see also recent publication [6] and references
there in).

3. Differential operators and
decomposing boundary triplets

3.1. Differential operators

Let A = [0,b) (b < o0) be an interval on the real axis (in the case
b < oo the point b may or may not belong to A), let H be a separable
Hilbert space with dim H < oo and let

Uyl = lalyl = D> (=D ((pnsy™)®
k=1

S @™+ (Gary ™)) + oy, (3.1)

be a differential expression of an even order 2n with smooth enough
operator-valued coefficients py(-), gx(-) : A — [H] such that py(t) = pj(t)
and 0 € p(po(t)) for all t € A and k = 0+n. Denote by yl¥I(), k = 0+2n
the quasi-derivatives of a vector-function y(-) : A — H, corresponding to
the expression (3.1). Moreover for every operator function Y (:) : A —
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K, H] (K is a Hilbert space) introduce quasi-derivatives Y¥(-) by the
same formulas as y¥ (see [17,18]).

Let D(1) be the set of all functions y(-) such that y*(.), k = 0+ (2n—
2) has a continuous derivative on A and y27=1) i absolutely continuous
on A. Furthermore for a given Hilbert space K denote by D (1) the set
of all operator-functions Y (-) with values in [k, H] such that Y (.), k& =
0+ (2n —1) has a continuous derivative on A. Clearly for every y € D(I)
and Y € Dx(l) the functions y¥/(:) : A — H, k = 0+ (2n — 1) and
YH() : A = [K,H], k = 0+ 2n are continuous on A, the function
yrl(t)(e H) is defined almost everywhere on A and

Iyl =y2(@), yeDl); IY]=YEI), YeD).

This makes it possible to introduce the vector functions yU)(-) : A —
H" je{l,2}and y(-): A — H"® H",

y () == O o (€ B,y (1) = {yP M@)o (e HY),
(3.2)
g(t) = V(0PN H" @ H"), teA, (33)
which correspond to every y € D(l). Similarly with each Y € Dx(l) we
associate the operator-functions YU (-) : A — [K,H"] and Y(-) : A —
[IC, H" & H"| given by
YO = (v(e) YW@yt
YO = (v v v )T,
Y(t)=(De) yYOu)T K- H'"@& H*, teA.

Next for a given A € C consider the equation
lly] — Ay = 0. (3.4)

As is known this equation has the unique vector solution y € D(I) (op-
erator solution Y € Di(l)) with the given initial data yjo = y¥)(0)
(respectively, Yo = Y9)(0)), j € {1,2}. We distinguish the two "canon-
ical" operator solutions c(-, A) and s(-,\) : A — [H", H], X\ € C of the

equation (3.4) with the initial data

W0, \) = Ign, P(0,\) =0
e )(f’ CON=0 e (3.5)

$2(0,\) = Ign,

The following lemma is well known (see for instance [9,17]).
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Lemma 3.1. Let f € Ljoc(A;H) and let Y(-) : A — [K, H] be an
operator solution of (3.4). Next assume that an absolutely continuous

function C(-) : A — K satisfies

Y(2)C'(z) = f(z) (mod p), (3.6)

where the vector function f() : A — H"™ @ H" is given by f(x) =
{0,...,0,—f(2),0,...,0} and u is the Lebesgue measure on A. Then the
————’ ———

n n—1
vector function y(zx) :=

Iyl =Xy =f,  §x)=Y(@)C(x). (3.7)

In what follows we denote by H(= Lo(A; H)) the Hilbert space of
all measurable functions f(-) : A — H such that fé)Hf(t)\Pdt < 0.
Moreover, L,)[K, H] stands for the set of all operator-functions Y(-) :
A — [IC, H] such that Y (t)h € $ for all h € K.

It is known [17, 18] that the expression (3.1) generate the maximal
operator L in §), defined on the domain D = D(L) := {y € D) N H :
lly] € H} by the equality Ly = l[y], y € D. Moreover the Lagrange’s
identity

Y (x)C(z) belongs to D(I) and obeys the relations

(Ly, 2)o = (y, L2)s = [y, 2](b) = [y, 21(0), y,z€D  (3.8)

holds with

[y, 2](t) = (O (2), 2P () — (¥ 2 (1), 2V (1)) n,
ly, 2](b) = ltiTrlr)l[% 2| (t).

The minimal operator Lg is defined as a restriction of L onto the domain
Dy = D(Ly) of all functions y € D such that y(0) = 0 and [y, z](b) = 0 for
all z € D. As is known [17,18] Ly is a closed densely defined symmetric
operator in §) and L = L. Moreover the subspace My (Lg) (= Ker(L—\))
is the set of all solutions of (3.4) belonging to $).

Definition 3.1 ([7,20]). An extension A € Extr, is said to be defined
by decomposing boundary conditions if for every y € D(A) there exists
z € D(A) such that Z(0) = 0 and 2(t) = y(t) on some interval (n,b) € A.

3.2. Decomposing boundary triplets
Assume that H) is a subspace in a Hilbert space Hj,, Hb = Hy ©

1T :D — Hyand I' : D — Hj are linear maps and P} is the
orthoprojector in Hy onto Hj, j € {1,2}. Moreover let Hy = H" @
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0, Hi=H"®H| andlet T'; : D — H;, j € {0,1} be linear maps given
by
Loy = {y'*(0), Ty} (€ H" & Hy),

y e D. (3.9)
Ty = {—y"(0), Ty} (€ H" ®HY),

Definition 3.2 ([16]). A collection T = {Ho ® H1,T0,T'1}, where Ty
and Ty are linear maps (3.9), is said to be a decomposing D-triplet for L
if the map I" = (L T)) T : D — H{, & H} is surjective and the following
identity holds

ly, 2](b) = Ty, Toz) — (Doy, Ty 2) +i(Pelgy, PaTgz),  y,z € D. (3.10)

In the case H{, = H} =: H' ( <= Ho = Hi =: H) a decomposing
D-triplet II = {H,T'¢,T'1} is called a decomposing boundary triplet for
L. For such a triplet the identity (3.10) takes the form

[y, 2](b) = (Ty,Toz) — (Toy, T12), y,z€D. (3.11)

As was shown in [16, Lemma 3.4] a decomposing D-triplet (a decomposing
boundary triplet) for L is a D-triplet (a boundary triplet) in the sense
of Definition 2.5 and Remark 2.2. Moreover a decomposing D-triplet
(boundary triplet) for L exists if and only if ny— < myy (respectively,
np— = npy), where nyp are deficiency indices of the expression (3.1) at
the point b [16]. Therefore in the sequel we suppose (without loss of
generality) that ny_ < npy and, consequently, n_(Lg) < ny(Lo).

Theorem 3.1 ([16]). Let IT = {Ho ® Hi,T0,I'1} be a decomposing
D-triplet (3.9) and let

m(\) M2+()\)) n / n /
Mo(\) = H"®Hy,— H"®H;, AeC,,
+( <M3+(>\) My (M) 0 ! -
(3.12)

_ m(z) Mz (2) . n / n / .
M_(z) = <M3(Z) M4(z)> cH" ®H] — H" ® Hy, e C_,
(3.13)

be the block-matriz representations of the Weyl functions (2.21), (2.22)
for II. Then:

1) the mazimal symmetric extension Ay € Extr, (see (2.19)) has the
domain

D(Ag) = {y € D:y*(0) =0, Tjy = 0}; (3.14)
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2) for every A € CL U C_ there exists the unique operator function
vo(+, A) € LL[H™, H], satisfying the equation (3.4)and the boundary
conditions

v@(0,0) = Iy, AeCpUC_ (3.15)
Th(vo(t,A\)h) =0, XeCy; (316)
P/Th(vo(t,2)h) =0, zeC_, he H" '

Moreover, for every A € C (z € C_) there exists the unique opera-
tor function uy (-, \) € Ly[H{, H] (u—(-, z) € LL[H}, H]), satisfying
(3.4) and the boundary conditions
u(0,0) =0, Tflur(t, Vhy) =hy, A€ Cy, hy € Hy; (3.17)
u?(0,2) =0, P{T(u—(t,2)h}) = hi, = € C_, Wy € Hj. (3.18)

3) let Zi(,\) € Ly[Ho, H] and Z_(-, z) € Ly[H1, H] be operator solu-
tions of (3.4) defined by the block-matrix representations

Zi(t,A) = (vo(t,\) ug(t,N): H*®H, — H, XeCy, (3.19)

Z_(t,2) = (vo(t,2) u_(t,2)): H*®H} — H, zeC_. (3.20)

Then
(1) (1)
Z.(0,0) = U(()Z) 0,\) ua)(O,)\)
vy (0,A) ui”’(0,N)
_ (T MDYy c el 1)
Ign 0
_ (1) 1
Z.(0,2) = ’U((]Q) 0,2) u(_Q)(O, 2)
Yo (O7Z u_ (0’ Z)
_ () —Ma-(z) , zeC_. (3.22)
Iyn 0

and the vy-fields (2.20) for II obey the relations

(v+(MNho)(t) = Z4 (¢, A\)ho, A€ Cy, ho € Ho (3.23)
(v ()h)() = Z_(t, 2)h1, 2€C_, hycHa (3.24)

This implies that Z4(-,\) and Z_(-,\) are holomorphic fundamen-
tal solutions of (3.4) (see Definition 4.3 below).
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4. Fundamental solutions and spectra
of proper extensions

4.1. Boundary conditions

Let TI = {Ho ® H1,T'0,I'1} be a decomposing D-triplet (3.9) for L,
let & = {(Co,C1); K} € C(Ho,H1) be an operator pair and let 0% =
{(Cox,C1x); Kx} € C(Hp, H1) be a x-adjoint operator pair (this means
that IC and K are Hilbert spaces and C; € [H;, K], Cjx € [H;,K«], j €
{0,1}). Since H; = H" © Hj, the operators C; and Cjx admit the
block-matrix representations

Co=(Cy Ch) : H* & H) — K,

: 4.1
Cy=(-C, C)):H"®H, — K, (1)

Cox = (Cox Chy) : H* @ Hj) — Ky, 42)
CIX:(_OlX C{X)HnGEHII—)’CX ‘

The description of all proper extensions of the minimal operator Lg in
terms of boundary conditions is contained in the following theorem.

Theorem 4.1 ([16]). Let IT = {Ho & Hi,T0,I'1} be a decomposing
D-triplet (3.9) for L. Then:

1) the equalities (the boundary conditions)

D(A) = {y e D: CryV(0) + CoyP(0) + CiThy + C1Thy = 0},

A=1L|DA)

(4.3)
establish a bijective correspondence between all proper extensions
A € Extr, and all operator pairs 0 = {(Co,C1); K} € C(Ho, Ha)
defined by (4.1). Moreover the adjoint A* to the extension (4.3)
has the domain

D(A*) = {y € D : Cruy/™ (0)+Ciry® (0) +Ch Ty +C4 Ty = 0}
(4.4)
where the operators Cx, Cax, Cl, and C, are defined by (4.2)

2) the equalities

D(A) = {y € D : Niy™M(0) + Noy®(0) = 0,
NoTpy + NiTyy =0}, A=L|D(A) (4.5)
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give a bijective correspondence between all extensions A€ Extr,
defined by decomposing boundary conditions (see Definition 3.1)
and all all collections of two operator pairs 0y = {(N2, —N1); Ko} €

C(H™) and 0 = {(No, N1); K1} € C(H{, HY).

Remark 4.1. It is clear that the boundary conditions (4.3) can be writ-
ten as _

D(A)={y € D: Col'oy + C:I'1y = 0}, (4.6)
while the decomposing boundary conditions (4.5) are equivalent to (4.6)
with .

Co = Ny 0 :Hn@HE)H’Co@]Cl,

0 N

(4.7)

—-N; 0
01:( 01 N1>:H”€BH’1—>ICO@IC1.

4.2. Fundamental solutions
The following proposition will be systematically used in the sequel.

Proposition 4.1. Let I1 = {Hy®H1,T0,T1} be a decomposing D-triplet
(3.9) for L,

0 = {(N(),N1);’C1} S C(HE),H/l) (4.8)
be an operator pair with N; € [H;,K1] (j € {0,1}), 0" = {(Nox, N1x);

Kix} € C(Hy, Hy) be a x-adjoint operator pair with Njx € [H},Kix]
(7 € {0,1}) and let Ly, Lyx € Extr, be extensions with the domains
D(Lyx) ={y € D:5(0) =0, Nol'{y + NI}y = 0}, (4.9)
D(Ly) = {y € D: §(0) = 0, NoxThy + Nix Iy = 0}. (4.10)
Then:

1) the adjoint extensions Lj and Ly, have the domains

D(L{) ={y € D: NoI'tyy + N1y = 0},

4.11
D(Li) = {y € D+ NouThy + NpuTiy =0} 1V

2) the subspace My (Ly)(= Ker(L; — X)), A € C is defined by
M (Ls) = {y € MA(Lo) : Nolgy + NIy = 0}; (4.12)

3) {Lex, Ly} is a dual pair and (4.5) give a bijective correspondence
between all extensions A € Ext{Lyx, Ly} and all operator pairs
90 = {(N27 _Nl);ICO} € C(Hn);
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4) the operators Ttv = (Tf T1)T . D(L;) — H" & H" and Ttox =
(Ch T T i D(L;,) — H™ @ H™ given by
rp'y=y®(0), Ii'y=—yM0), yeDLy)  (413)
i =2000), Ti7z=—2000), 2eDIi,) (4.14)
form a boundary triplet I = {H @ H™ Tt TLox} for the dual pair
{be ) Lb};

5) if A € p{Lux, Ly}, then there exists an extension A € Ext{Lyy, Ly}
with A € p(A).

Proof. The statement 1) is implied by Theorem 4.1, 1), while the state-
ments 2) and 3) are obvious.

4) For every y € D(L;) and z € D(Lj, ) one has {T{y, Iy} € ¢ and
{T(z, Tz} € 0", which in view of (3.10) yields [y, z](b) = 0. This and
(3.8) give the identity (2.5) for operators (4.13) and (4.14).

Next for every hi,hy € H" there is y € D such that M (0) =
h1, ¥y (0) = hy and Thy = I}y = 0 (see formula (3.16) in [16]). Since by
(4.11) y € D(L;) N D(L;,, ), this proves the equality (2.4) for the triplet

I1.
Finally, the statement 5) follows from Corollary 3.16 in [12] O

For a given operator pair (4.8) consider a boundary problem

ly — Ay =0 (4.15)
Nolpy + NiTjy =0 (4.16)

with a boundary condition (4.16) at the right end b of the interval A.

Definition 4.1. A function y(-) : A — H will be called a (vector) solu-
tion of the boundary problem (4.15), (4.16) if it belongs to D and obeys
the equalities (4.15), (4.16).

It follows from (4.12) that the set of all solutions of the problem (4.15),
(4.16) coincides with 9ty (Ly).

Definition 4.2. Let A € C and let K|, be a Hilbert space. An operator
function

V(N P A = [, H] (4.17)

will be called a fundamental solution of the boundary problem (4.15),
(4.16) if v(-,\) is an operator solution of the equation (4.15) and the
equality

y(=y(t)) = v(t, \hg (4.18)
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gives a bijective correspondence between all vector solutions y(-) of the
problem (4.15), (4.16) and all hyy € K.
In the case Ng = N1 = 0( <= Ly = Lo) a fundamental solution

Z(A) A — K H] (4.19)
of the problem (4.15), (4.16) will be called a fundamental solution of the
equation (4.15).

It follows from Definition 4.2 that a fundamental solution of the prob-
lem (4.15), (4.16) belongs to L4[K’, H]. Moreover, an operator function
(4.19) is a fundamental solution of the equation (4.15) if and only if it
is an operator solution of this equation and the equality y = Z(t, \)h/
gives a bijective correspondence between all functions y € 9\ (Ly) and
all b’ € K.

Let D4 be a Hilbert space of all functions y € D with the inner
product

(yv Z)+ = (yv Z)fj + (Ly7LZ)fJa y,z € Dy
and let 0 : D — H™ @ H" be a linear map given by

dy =9(0), yeD. (4.20)
It follows from (3.9) and Proposition 2.2, 1) that 6 € [D, H" & H"|.

Lemma 4.1. Let assumptions be as in Proposition 4.1 and let X € C.
Then:

1) for every operator Z € [K',Mx(Lo)] the relation
Z(t, W = (ZW)(t), KW ek (4.21)
defines an operator solution Z(-,\) € LLIK', H] of the equation

(4.15). Conwversely, for each such a solution there exists an operator
Z € [K', 9\ (Lo)] obeying (4.21).
2) the equality
olt Nl = () (1), hp € K (4.22)
establishes a bijective correspondence between all fundamental so-

lutions (4.17) of the problem (4.15), (4.16) and all isomorphisms
v € [Kh, M (Ly)]-

3) let Z(-,\) € L4yIK', H]| be an operator solution of (4.15) and let
Z € [K',M\(Lo)] be the corresponding operator (4.21) considered
as acting to the Hilbert space $. Then

b n
Z*f:/Z*(t,)\)f(t)dt —tim [ 2N f()dt,  f= f() € 5.
0

nTd
0

(4.23)
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Proof. 1) For a given Z € [K',My(Lg)] consider the operator solu-
tion Z(-,\) : A — [K', H] of the equation (4.15) with the initial data
Z(0,\) = 0xZ, where 0y =0 | Mx(Lo) € [Mr(Lo), H" ® H"] . Tt is clear
that for every fixed b’ € K’ the vector function

y=uy(t,h') = (Zh)(t) (4.24)

is a solution of (4.15) with (0) = 6xZK = Z(0,A\)k’. Therefore y =
Z(t,\)h' and by (4.24) the introduced operator function Z(-, \) satisfies
(4.21). Hence Z(-,\) € LLIK', H].

Conversely, let Z(-,\) € LL[K', H] be an operator solution of (4.15).
Then the equality (4.21) defines a linear map Z : K" — 9\ (Lo) obeying
0zZ = Z(0,\) with bounded operators d) and Z(0,A). This and the
equality Ker §y = {0} imply that the operator Z is closed and, conse-
quently, bounded.

The statement 2) is immediate from 1).

3) The proof of (4.23) is similar to that of the formula (3.70) in
[16] O

The following theorem is immediate from Lemma 4.1, 2).

Theorem 4.2. 1) Let the assumptions of Proposition 4.1 be satisfied
and let X € C. Then for every Hilbert space K{, with

dim ]C6 = dim ‘J‘(,\(Lb) (4.25)

there exists a fundamental solution (4.17) of the boundary problem
(4.15), (4.16). Conversely, for every fundamental solution (4.17)
the equality (4.25) holds.

2) Let vo(-,\) : A — [K{, H| be a fundamental solution of the bound-
ary problem (4.15), (4.16). Then the equality

v(t, ) = vo(t, \) X

gives a bijective correspondence between all fundamental solutions
(4.17) of the same problem and all bounded isomorphisms X € [Kf].

Definition 4.3. Let A be an open set in C and let K, be a Hilbert
space. An operator function v(-,-) : A x A — [K{, H] will be called a
holomorphic (on the set A) fundamental solution of the boundary problem

(4.15), (4.16) if:

(i) for every X\ € A the operator function v(-,\) is a fundamental so-
lution of the problem (4.15), (4.16);
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(ii) for some (and, hence, for each) fized t € A all quasi-derivatives
olfl(t,), k=0= (2n —1) are holomorphic on A.

In the following theorem we specify conditions, which guarantee ex-
istence of holomorphic fundamental solutions.

Theorem 4.3. 1)~Let A be a proper extension of Lo with nonempty
resolvent set p(A). Then there exists a fundamental solution (4.19)

of the equation (4.15) holomorphic on p(A).

2) Let 0’ be an operator pair (4.8), let (4.15), (4.16) be the correspond-
ing boundary problem and let Ae Extr, be an extension defined
by decomposing boundary conditions (4.5) with some operator pair
0o = {(No, —N1); Ko)} € C(H™). If p(A) # 0, then there exists a
fundamental solution (4.17) of the problem (4.15), (4.16) holomor-
phic on p(A).

Proof. 1) Let Ao € p(A) and let Zy be an isomorphism of a Hilbert
space K’ onto 9y, (Lo). Since the resolvent (A — X)~! (X € p(A)) is a
holomorphic operator function with values in [$), D], the equality

ZN) = Z04+ A =X)(A = N2, Xep(A) (4.26)

defines a holomorphic operator function Z(-) : p(A) — [K',D4]. More-
over one can easily verify that Z(A\)K' = M\ (Lo) and Ker Z(\) = {0}.
Therefore by Lemma 4.1, 2) the relation

Z(t, N = (ZW)KW) (), ek, teA (4.27)

defines a family of fundamental solutions of the equation (4.15) with
Z(0,A) = 0Z(A). Hence the operator function Z(0, ) is holomorphic on

p(A), so that Z(t,\) is a holomorphic fundamental solution.
2) Let L} € Extr, be the extension (4.11), let vg be an isomorphism

of a Hilbert space K onto My, (Ly) (Ao € p(A)) and let v(-) : p(A) —
(K4, D] be a holomorphic operator function given by

v(A) = vo+ (A — Xo) (A= N)"lvg, A€ p(A).
Using the inclusion A C L} one can easily prove that v(\)K{ = 9\ (Ls)
and Ker v(A\) = {0}. Now applying Lemma 4.1, 2) one obtains the
required statement in the same way as the previous one. ]

Combining this theorem with statements 3) and 5) of Proposition 4.1
we arrive at the following corollary.

Corollary 4.1. Let 0" be an operator pair (4.8) and let {Lyx, Ly} be the
corresponding dual pair of operators (4.9), (4.10). If Mo € p{Lpx, Ls},
then there exists a fundamental solution of the boundary problem (4.15),
(4.16) holomorphic in some neighborhood of the point Xo.
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4.3. Spectra of proper extensions

In this subsection we describe spectrum of a proper extension A€
Extr, in terms of boundary conditions and fundamental solutions of the
boundary problem (4.15), (4.16).

Let IT = {Ho © H1,To, 1} be a decomposing D-triplet (3.9) for L,
let 0 = {(Cp,C1); K} € C(Ho,’H1) be an operator pair with operators
C; € [Hj,K], j € {0,1} and let Z(-,\) : A — [K',H] (A € C) be
a fundamental solution of the equation (4.15). Introduce the operator
T € [K',K] by

T = (Coro + Cll“l)Z, (4.28)

where Z € [K',M\(Lo)] is the corresponding isomorphism (4.21) (see
Lemma 4.1, 2)). Using the block-matrix representation (4.1) one rewrites
(4.28) as

Th = (C1ZM (0, ) + C2Z2@ (0, )
+ (CyTy + O T (Z(t, MR, B e K.

Theorem 4.4. Let under the above suppositions Ae Extr, be an exten-
sion (4.3) corresponding to the operator pair 6. Then for every A € p(Lo)
the relations (2.8) and (2.9) hold with the operator T given by (4.28).

Proof. Let I = {Hy & H1,I'lo, L0} be a boundary triplet (2.18) for
the dual pair {Lg, Lo} corresponding to the decomposing D-triplet IT
for L (see Proposition 2.2, 1)). Applying Lemma 2.2 to the triplet II
(with F' := Z) and taking (4.6) into account we arrive at the desired
statement. U

Next assume that 6y = {(No, —N1); Ko} € C(H™) is an operator pair
with operators Ny, Ny € [H™, Ko| and #' is an operator pair (4.8). Con-
sider the boundary problem (4.15), (4.16) corresponding to the given 6’
and let v(-,\) : A — [K{, H] (A € C) be a fundamental solution of this
problem. Introduce the operator 1" € [KCh, KCo] by setting

T = NioM(0,A) + Nov® (0, ). (4.29)

Theorem 4.5. Let under the above assumptions A € Eaxtr, be an exten-
sion (4.5) corresponding to the operator pairs 0y and 0" and let { Ly, Ly}
be a dual pair of operators (4.9), (4.10). Then for every A € p{Lpx, Ly}
the relations (2.8) and (2.9) hold with the operator T instead of T.

Proof. Let Il = {H™ @ H",I'ls TLtx} be the boundary triplet (4.13),
(4.14) for the dual pair {Lyx, Ly}. Then in view of Proposition 4.1, 3)
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the domain D(A) is given by
D(A) = {y € D(L}) : Nol'5ty — NyTvy = 0}, (4.30)

Next assume that v € [KCf, 9y (Lp)] is the isomorphism (4.22) correspond-
ing to the fundamental solution v(-, ). Then the operator (4.29) can be
written as

T = No(Tirv) — Ny (DEvw). (4.31)

Now applying Lemma 2.2 to the triplet II and taking (4.30), (4.31) into
account one obtains the required statement. O

Corollary 4.2. Assume that 0" is an operator pair (4.8), {Lpx, Ly} is
the dual pair (4.9), (4.10) and Ag € Eutr, is the extension with the
domain

D(Ag) ={y € D: y@(0) =0, NoI'lyy + N1y = 0}. (4.32)

If X € p{Lpx, Ly} and v(-, ) : A — [Ky, H] is a fundamental solution of
the problem (4.15), (4.16) (corresponding to the given 6'), then the set

(0, A)Kh
= {y(0) : y(-) is a vector solution of the problem (4.15), (4.16)}

s a closed subspace in H" & H".

If in addition A € p(Ay ), then dim K, = dim H™ and, therefore, there
exists a fundamental n-component solution v(-,\) : A — [H", H] of the
problem (4.15), (4.16).

Proof. If X € p{LbX,Lb} then according to Proposition 4.1 there is an
operator pair 0y = {(Ny, —N1): Ko} € C(H™) such that the extension
Ac Ext{Lpx, Ly} with the domain (4.5) obeys the inclusion A € p(A)
Let 7' be the corresponding operator (4.29) and let N = (N, Ny) €
[H" & H",Ko]. Then T = No(0,\) and by Theorem 4.5 0 € p(T).
Hence (0, \)K|, is a closed subspace in H" @& H™ and dim K{, = dim K.
If in addition A € p(Ag), then p(Ag) N p(A) # 0. Moreover, Ay €
Ext{Lyx, Ly} and the boundary triplet (4.13), (4.14) for {Lyx, Ly} obeys
the equality D(Ay) = Ker Fg b, Therefore by Corollary 5.3, ii) in [12] one
can put o = H", which implies that dim K = dim H™ O

In what follows we denote by Sol(H™) the set of all fundamental n-
component solutions v(-,A) : A — [H", H] of the problem (4.15), (4.16)
obeying v(0, \)H™ = v(0, \)H™.
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Definition 4.4. A boundary condition (4.16) will be called dissipative,
accumulative or selfadjoint if the corresponding operator pair (linear re-
lation) 0’ given by (4.8) belongs to the class Dis(Hy, HY), Ac(Hf, Hy) or
Sel f(H{, Hy) respectively.

Corollary 4.3. 1) Every boundary problem (4.15), (4.16) with a dis-
sipative (accumulative) boundary condition has a fundamental so-
lution v(-, \) € Sol(H™) holomorphic on C_ (respectively, C,.).

2) Let under assumptions of Theorem 4.5 0' € Dis(H{, Hy) (0 €
Ac(Hy, Hy)). Then the statement of this theorem holds for all X €
C_ (e Cy).

Proof. 1) If ¢ € Dis(H{, H}), then 6% € Ac(H(, H}) and by (3.10)
Lyx (Lyp) is a closed dissipative (accumulative) operator in §). Therefore
the operator pair {Lpx, Ly} admits a maximal dissipative proper exten-
sion j, which in view of Proposition 4.1, 3) is given by (4.5). Moreover,
by Theorem 4.1, 3) from [16] the equality (4.32) defines a maximal dis-
sipative extension Ag/. Hence C_ C p(A) N p(Ag) and Theorem 4.3, 2)
together with Corollary 4.2 give the required statement.

The statement 2) is implied by Theorem 4.5 and the obvious inclusion
C_ C p{Lpx, Lo} O

For an operator T' € C($)) denote by p,.(T) := p(T) N R the set of all
real regular type points of T'.

Corollary 4.4. 1) Let (4.15), (4.16) be a boundary problem with a
selfadjoint boundary condition (4.16) and let L, € Extr, be the
corresponding extension (4.10). Then:

(i) the operator Ly(= Lpx ) is symmetric;

(i) for every point Ao € py(Ly) there exists a fundamental solu-
tion v(-,\) € Sol(H™) holomorphic on U(X\g)UCLUC_ (here
U(Xo) C R is a real neighborhood of \g);

(iii) there exists a fundamental solution v(-,\) € Sol(H™) holo-
morphic on C1 U p-(Ly) (i.e., on some domain A containing
the set C4 U pp(Lyp)).

2) The following statements are valid:

(1) for every point g € pr(Lo) there exists a fundamental solution
of the equation (4.15) holomorphic on U(Ag) UCL UC_;

(ii) there exists a fundamental solution of (4.15) holomorphic on
Cy U pr(Lo)-



V. MOGILEVSKII 519

Proof. 1) If Xg € p,(Ly), then there is a selfadjoint extension A € Ext Ly
with Ao € p(A). Moreover, there exists a maximal accumulative exten-
sion A’ € Extr, with (Cy U p,(Lp)) C p(A") (for example, so is the
extension A’ with the domain D(A’) = D(Ly) + M_;(Ly)). Observe also
that the extensions A and A’ are defined by decomposing boundary con-
ditions (4.5) and the operator (4.32) is selfadjoint, so that p(Ag) = C.
Now applying Theorem 4.3, 2) and Corollary 4.2 we obtain the state-
ment 1).

The statement 2) can be proved similarly. O

The following corollary is immediate from Theorem 4.5.

Corollary 4.5. Let under suppositions of Theorem 4.5 0" € Sel f(Hy,
H) and let Ly be the corresponding (symmetric) extension (4.10). Then
the statement of the mentioned theorem holds for all A € p,(Ly)UCLUC_.

5. Resolvents of proper extensions

Let IT = {Ho @ H1,1:0,F1} be a decomposing D-triplet (3.9) for L,
let 0 = {(Co,C1); K} € C(Ho,H1) be an operator pair (4.1) and let A €
Extr, be the corresponding extension (4.3). Assume that A € p(A) and
let Z(-,A\) : A — [K/, H] be a fundamental solution of the equation (4.15)
(such a solution exists in view of Theorem 4.2). It follows from Theorem
4.4 that the corresponding operator T' € [K', K] (see (4.28)) is invertible.

This allows us to introduce the operator function Yo(-, A) : A — [K/, H]
as the operator solution of the equation I[y] — Ay = 0 with the initial data

030 ==, vPoN=cr (51
Next assume that 6% = {(Cox,Cix);Kx} € 5(7'{9,7'{1) is a x-adjoint
operator pair (4.2). Then the adjoint extension A is defined by (4.4)
and A € p(A*). Let Z(-,\) : A — [K/,, H] be a fundamental solution of
the equation I[y] — Ay = 0 and let T« € [K’,,Kx] be the operator given
by

Tih! = (C1x ZM(0,X) + Cox Z2) (0, X)) 1
+ (CLTH + Cr TD(Z(t, M), K ekl (5.2)

Then in view of Theorem 4.4 0 € p(Tx ), which makes it possible to define
the operator function Yy« (-, \) : A — [K/,, H] as the operator solution of
(3.4) with the initial data

Y00 = =Co, T, Y200 = LT (53)
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One can easily verify that for a given fundamental solution Z(-,\)
(Z(-,A)) the operator function Yp(-,\) (Y= (-, A)) is uniquely defined by
0, i.e., it does not depend on the choice of the equivalent representation

0 = {(Cp, C1); K} (respectively, 0 = {(Cox,Cix); Kx}).

Definition 5.1. The operator function Gg(-,-,\) : A x A — [H], given
by
Z(x, N Yy (t,N), x>t

Yo (2, ) Z5(t,N), z <t rep(d)  (54)

Go(z,t,\) = {

will be called the Green function, corresponding to an operator pair 6 €

C(Ho, Ha1).

It is easily seen that for a given operator pair 6 the Green function
(5.4) does not depend on the choice of fundamental solutions Z(-, ) and
Z(, ). N

Next assume that 0y = {(Na, —N1); Ko} € C(H™) is an operator pair
with Ny, Ny € [H™, Ko], 0 is an operator pair (4.8) and A € Euxtr, is
the corresponding extension defined by the decomposing boundary con-
ditions (4.5). Suppose that A € p(A4) and let v(-,A) : A — [K{, H]
be a fundamental solution of the boundary problem (4.15), (4.16) with
the given operator pair 6. It follows from Theorem 4.5 that 0 € p(T)
where T € [K}, Ko] is the corresponding operator (4.29). This enables to

introduce the operator solution @g(-,A) : A — [K{, H] of the equation

[[y] = Ay = 0 with the initial data
1 Y (ki — 1% 2 Y Crxr— 1%
P08 = —NzT v, G (0,8 = NyT (5.5)

Furthermore, let 65 = {(Nox, —Ni.); Kos} € C(H™) be the adjoint op-
erator pair (linear relation) to 6y and let 6% = {(Nox, N1x);K1x} €
C( 0, H}) be a x-adjoint operator pair to ¢’. Then the adjoint A* s
defined by the decomposing boundary conditions

D(A*) = {y € D 1, Niuy™M(0) + Nawy® (0) = 0, NoxThy + N1y = 0}

~ (5.6)
and A € p(A*). Let v(-,\) : A — [K{,, H] be a fundamental solution of
the x-adjoint boundary problem

y] = Ay =0 (5.7)
NOXF6y + N1><F/1?J =0

and let Ty € [ 0> Kos] be the operator given by

Ty = Ni, v (0, X) + Nawv@ (0, X). (5.9)
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Then according to Theorem 4.5 0 € p(TX) which makes it possible to
define the operator solution @gx(,A) : A — [K{, H] of (3.4) with the
initial data

0x>»

1 rk — 1k \r* —1x
(0,0 = —N3 T, oP0,0) = N (5.10)

In the following proposition we show that in the case of decomposing
boundary conditions the Green function can be represented in a rather
simpler form.

Proposition 5.1. Let the extension Ae Extr, be defined by decompos-
ing boundary conditions (4.5) and let v(-,\) (v(-,A\)) be a fundamental
solution of the boundary problem (4.15)-(4.16) (respectively,(5.7)-(5.8)).
Then the corresponding Green function (5.4) admits the representation

v(z N ep(tA), T >t

ox (T, \) v* (¢ 7}) r<t’ A€ p(A). (5.11)

Go(z,t,\) = {

Proof. First observe that formula (5.11) defines the same function
Gp(z,t, ) independently on the choice of fundamental solutions v(-, \)
and v(-, ). Therefore it is sufficient to prove (5.11) only for a certain
pair of such solutions.

According to Remark 4.1 the extension A is defined by (4.6) and
(4.7). This and Theorem 4.4 imply that for each A € p(A) there exists a
fundamental solution

Zo(t,\) = (vo(t,N) ue(t,\) : Ko ® K1 — H (5.12)

of the equation (4.15) such that T" = Ix, ek, (here T is the operator
(4.28)). Therefore by (4.7) one has

va( )(0 A) —I—NQU (2) ( A) = Ix,,

/ (5.13)
(N()FO + le‘l)(vc(t, )\)h) 0, heky.

Similarly by using (5.6) one proves the existence of a fundamental solu-
tion

Ze(t, A) = (ve(t, A) ue(t,N)) : Kow @ K1 — H (5.14)
of the equation I[y] — Ay = 0 such that the operator (5.2) obeys Ty =
Iy ok, and

NV (0,X) + Nowv (P (0,X) = I,

5.15
(NoxTh + N1y I)) (0e(t, Nh) =0, h € Kos. (5:15)
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It follows from the second equality in (5.13) ((5.15)) that ve(-, A) (ve(-, X))
is a fundamental solution of the boundary problem (4.15)—(4.16) (respec-
tively, (5.7)—(5.8)). Moreover, the first equalities in (5.13) and (5.15)
show that T' = I, and T« = Ix,,, where T" and T« are given by (4.29)
and (5.9) respectively. Therefore (5.5) and (5.10) take the form
Dn v . 2) Y S
2y (0.%) = =N, ¢ (0.%) = N7
1 ok 2 ok
Spéx)(ov /\) = —Ny,, Soéx)(ov )‘) = Ny,

Next, in view of (4.7) the initial data (5.1) can be written as

(5.16)

Y08 = (=N3 0): Ko Ky — H”,

v2(0,%) = (N 0): KoKy — H"
and similarly (5.3) gives

Y (0.0) = (=N3, 0): Kou ® Kix — H,

Y2(0,0) = (Nf, 0): Kow @ K1x — H"

Combining these equalities with (5.16) one obtains the block-matrix rep-
resentations

Yy(t, \) = tA) 0): KoKy —H
o(t, \) = (wo(t,A) 0): KoKy ; (5.17)
0)(

Yo (8, 2) = (0gx (£, A) 0) : Kow @ K1y — H.

Now by using definition (5.4) (with Z(z,)\) = Z.(z,)), Z(t,\) =
Z.(t,\)) and taking (5.12), (5.14) and (5.17) into account we arrive at
the equality (5.11) with v(z, ) := ve(z, \) and v(t, \) := v.(¢, N). O

Now we are ready to prove the main result of the paper — the repre-
sentation of the resolvent of a proper extension A € Extr, in a form of
the integral operator.

Theorem 5.1. Suppose that 11 = {Hy ® H1,T0,'1} is a decomposing
D-triplet (3.9) for L, 8§ = {(Cy,C1);K} € CN('HO,Hl) is the operator pair
(4.1), A € Exty, is the corresponding extension (4.3), A € p(A) and
Go(x,t,\) is the Green function (5.4). Then the resolvent (A—X\)"! € [§)]
1s the integral operator, given by

b

«Z—»*ﬁuaz/GALuMﬂwﬁ
0
n

::n%l/cg(x,t,x)f(t)dt, F=f() e (5.18)

n
0
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Proof. Stepl. Let ), be the set of all functions f € $ such that f(¢) =0
on some interval (n,b) C A (depending on f). First we show that

b

(Ao — N1 f)(x) = / Gola,t N f(8)dt, f=f() e AeCy,

0
(5.19)

where Ap is the symmetric extension (3.14) and the operator kernel
Go (x, t, )\) is

—vo(z,\) c*(t,N), x>t

” , reCyucC._. 5.20
—c(z, N v§(t,A), x<t * (5.20)

Go(x, t, )\) = {

To prove (5.19) it is sufficient to show that for every f = f(t) € $; the

function
b

y=y(z,\) = /Go(x,t,)\)f(t) dt, \eC, (5.21)
0
belongs to D(Ap) and obeys the equality l[y] — Ay = f.
It follows from (5.21) and (5.20) that

y=y(x, ) = c(x,\)Ci(z) + vo(z, \)Ca(z) = Yy(x,\)C(x), AeCy
(5.22)
where

b T
Ci(z) = — / GENOd Calz) = — / SN, (5.23)
x 0

Yi(x,\) = (e(x,\) vo(x,N\) : H" @ H" — H, XAeCrUC_, (5.24)
C(z) ={Ci(z),C(z)} (¢ H" ® H"). (5.25)

Next we show that the functions (5.24), (5.25) satisfy hypothesis of
Lemma 3.1.

In view of (3.21) and (3.22) Y, (-, A) is the solution of (3.4) with the
initial data

¥,(0,) = (0, )) v(()l)(o,A) :<1Hn —m()\)> AeC, UC..
’ (0,2 v2(0,)) 0 Iy )’

_ N (5.26)
Hence 0 € p(Y,(0,)) and, consequently, 0 € p(Y,(z,A)) for all x € A.
Next the direct calculation with taking the relation m*(\) = m()\) into
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account gives Y,*(0, \)JgnYy(0,A) = Jgn, where Jgn = (1}(;” 716’").

Moreover, the Lagrange’s identity (3.8) implies
(x N) T Yy(w, ) = (0 N T Yy(0, ) (= Jgn), z € A.

Therefore in view of the invertibility of Yy(z,A\) one has
Yo (2, \)Jpn Y (2, X) = Jpn, which is equivalent to the relations

(@, Nug (2, %) = v (@, \)eD* (2, X) =0, (5.27)

@ (a, s (2, %) = v (@, \)e®* (2, X) = 0, (5.28)

¢z, )\)v(()l)*(a:,X) - v(()Q) (2, )M (2, X) = —Igm,
reA, NeCypUuC_ (5.29)

It follows from (5.27), (5.29) that
e (2, gy (2, X) — o5 (@, N (2, X) = 0,

@, Mg, X) — 02 (2, e (@, N) = (=T 0 ... 0)7,
reA AeCypuUC_.

Moreover the equalities (5.23), (5.25) give

C'(«) = (v5(x,X) =" (@A) f(2) (mod p).
Hence nearly everywhere on A one has

~ , Wz, A\ (1) T, \ v (x, A
e N = (amgx,xi v(g?)ga:,)\D( o) 1@
0

which coincides with (3.6). Therefore according to Lemma 3.1 the func-
tion (5.22) belongs to D(I) and obeys the relations

Iyl =My =f  §z N =Yo(z,\)O(2). (5.30)

Since f € $, it follows from (5.23) that Ci(z) = 0 and Ca(z) = Cs (€
H™) on some interval (n,b) C A. Hence by (5.22) y = vo(z,\)Co, x €
(n,b), which yields the inclusion y € D. Moreover, according to [16]
(see proof of Lemma 3.4) I'yy = I'j(vo(x, A)C2) and by (3.16) I'jy = 0.
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Finally combining the second equality in (5.30) with (5.26) and (5.25),
we obtain 3 (0,\) = C2(0) =0

Thus the function (5.21) satisfies the boundary conditions in the right
hand part of (3.14) and, consequently, it belongs to D(Ay).

Step2. Next by using formula for resolvents (2.28) we prove (5.18)
for all f = f(t) € 9, and A € p(A)NC,. Applying Lemma 4.1, 3) to the

solution Z_ (-, \) and taking (3.24) into account one obtains

b
v (Nf = / 7 (L, Nf(6)dt, AeCy, fE
0

This and (3.23) yield

(7 (M (Co + CLML (V) Civi (V) f) ()
b
_ /Z+<x,A)<co+01M+(A))-1clzi(t,X)f(t) dt
0

b
_ / Gi(z,t, \) £ (1) dt,
0

where

Gi(x,t,\) = Zy (2, \)(Co + CLM4 (M) 71CLZ* (£, 1), A€ p(A)NCy.
(5.31)
Moreover the resolvent (Ag — A)~! is defined by (5.19). Hence formula
(2.28) for the decomposing D-triplet IT takes the form

b
(A-N"P@) = [ Gt VOt f=f0)em AepDnCy,
0

(5.32)
where G(z,t, \) = Go(z,t, \)—G1(z,t,\), A € p(A)NC,.. Now it remains
to show that G(z,t, \) coincides with the Green function Gp(z,t, \) (see
(5.4)).

Denote by G4 (z,t,\) and G_(x,t, \) restrictions of G(x,t, \) onto
the sets {(z,t) : > t} and {(z,t) : © < t} respectively. It follows from
(5.20) and (5.31) that

Gy(z,t,\) = —vg(z, \)c* (£, N) — Zy (2, \)(Co + C1M (X)) TC1 Z* (¢, N),

(5.33)
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G* (.8, )) = —vo(t, Ne* (. A) — Z_ (6, NCHCE + M_(NCH) ™ 2% (2, \).
(5.34)

Next assume that 0 = {(Cox,C1x); Kx} € C(Ho,H1) is the x-adjoint
operator pair (4.2) and let 0* = {(C1.,Cos); Kx} € C(H1, Ho) be the
adjoint pair with Cq, and Cy, given by (2.3). It follows from (4.2) that
the block-matrix representations

o = (Cox G J1 s = o
Cox = (_Clx C(l)*) : H @H6 — Kx.

are valid with C{, = C{, | H} and C{, = C}, P — iC{,P;. Now by
using Lemma 2.1 we can rewrite (5.34) as
G* (2, t,A) = —vg(t, \)c* (2, \) — Z_(t, \)

x (C1x + CouM_(N)) 1 C0u Z7 (2, A).  (5.36)

Let

Yi(t, \) = (—c(t,\) 0): H* ®H{ — H,
Ya(t, ) := (—c(t,\) 0): H* ®H} — H (5.37)

and let Y_(-,\) : A — [Ho, H], Y+(-,A) : A — [Hi, H] be operator
solutions given by
Y_(t,\) :==Yi(t,\) — Z_(t, \)CF (C + M_(N)CP) ™t (5.38)
Yi(t,0) = Ya(t, \) — Zo (6, VGG (Ch + Mo (NG (5.39)
Combining (5.37) with (3.19) and (3.20) one obtains
ool N (8 X) = Zo (2, MY (8, 3),
—vg(t, \)c*(z,\) = Z_(t, \)Y5 (z, \).
Hence the equalities (5.33) and (5.36) can be represented as
Gi(z,t,\) = Zy(x, )Y (t, ),  GE(2,t,\) = Z_(t, )Y (2, \) (5.40)

It follows from (3.23) and (3.24) that the corresponding operators (4.28)
and (5.2) for Z,(-,\) and Z_(-, \) are

T = (CoTo+ CiT1)7+(A),  Tx = (CoxTo + C1xI1)y—(A).
Therefore by Lemma 2.3 one has

T = CO + ClM+(}\), T>< - Cl* + CO*Mf (X) (541)
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Next by (5.38) Y_ (-, A) is the operator solution if the equation I[y] — Ay =
0 and

Y_(0,X) = Y1(0,X) — Z_(0,N)C(CE + M_(N)CF)~!
= X(C§ +M-(NC}) ™,

-(0 o) () (% ) ()]
v ola)

(— = m(X)ég — MQ(X)c;*)
_ (m(X)C*T - %2—@)01*) _ <—CCI‘2>

(here we made use of the block-matrix representations (4.1), (3.13) and

(3.22)). This implies that the solution Y_ (-, \) satisfies the initial data
Y_(0,0) = (=C5 CN)T(Ce+M-(N)C7) ' = (=G5 CP)T T (542)
Similar calculations for Y, (¢, \) (with taking (5.35) into account) gives

Yi(0,0) = (=G5, Cr)T (Cf + ML (NCG,) = (=G5 O )T T
(5.43)

Comparing (5.42) and (5.43) with (5.1) and (5.3), one obtains Y_ (¢, \) =
Yy(t, ) and Y. (t,\) = Yyx(t,A). Now the equality G(z,t,)\) =
Go(z,t,\) is implied by (5.40).

Step 3. To complete the proof it is necessary to extend the above
result to all f € $ and A € p(A).

If A € p(A)NC_, then X € p(A*) N C. and, consequently,

b
(A =D "N = [Golet DO dr, f=FO e (5.4
0

Since (A— X)L = ((A* = X)"1)*, it follows from (5.44) that (A—\)"1[$,
is the integral operator with the kernel G'(z,t,\) = (Gox (t,z,\))* =
Go(z,t, \) (here the second equality is immediate from (5.4)). Therefore
(5.18) holds for all f € §;, and A € p(A) NC_.
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Next assume that \g € p(A) NR. Then there exists a disk U(Ao) =
{A € C:|Ao| <} (¢ > 0) such that U(\g) C p(A). Let Z(-) be an op-
erator function (4.26) and let Z(-, A) (A € p(A)) be a family of fundamen-
tal solutions (4.27) (see proof of Theorem 4.3). Since by Proposition 2.2

I'; € [D4+,H;], j €{0,1}, the operator functions
T(X) = (CoTo+CiT1)Z(N), Tx(X) = (CoxTo+CixI'1)Z(N), A € U(Xo)

are holomorphic on U()\g). Let now Y(-,\) : A — [K', H] and Yy (-, \) :
A — [K', H] be operator solutions of (3.4) with

V(O0,N) = (=G5 )T (T,
Vx(0,0) = (=G5 CL) T (Tx(N) ™, A€ U()

Then for every A € U(\g) the corresponding Green function (5.4) can be
written as _
Z@ NV (N), o>t

) . (5.45)
Vo(z,AN) Z5(t,N), =<t

Go(z,t,\) = {
Since all initial data Z(0,),Y(0,A) and Y, (0,)) are continuous (and
even holomorphic) at the point Ag, it follows from (5.45) that

lim sup ||G9(Cﬂ,t,)\)*G9($,t,)\0)H =0

A=0 ()R
for each closed rectangle R C A x A. Therefore for every f = f(:) €
we can pass to the limit in the equality (5.18) as C1 > A — g, which
gives the same equality for A = Ag. Hence (5.18) holds for all A € p(A)

and f € $y.
Finally (4.23) implies existence of the limit

n

linbl/Gg(x,t, A)f(t)dt

nl
0
for all f(-) € $ , which completely proves (5.18). O
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