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1. OPTIMALITY CONDITIONS.

Consider such optimal control problem with an obstacle: to find u(t) € U = {v :
v(t) € L2(0,T), | v(t) |[< & for a.e. t € [0,T]} such that

I(v) = %/(/(y(a:,t) — z(x))%dx + vv*(t))dt — min, (1)
0 Q

where y(x,t) is the solution of variational inequality of parabolic type in [1-2]
(ye(,1) — Dy(x, 1) — g(a)o(t)) (y(z, 1) — ¢ (x)) = Oa.e.inQ
yt(xvt) - €2Ay($,t) - g(l‘)U(t) >0,
y(z,t) 2 ¢(z) ae in Q, (2)
y(z,0) = yo(z), a.e.in Q, y(z,t) =0, a.e. in ¥;

here @ = Q x (0,7), ¥ = 9Q x (0,T), 2 € R"has compact closure and smooth
(from C*°) (n—1)-dimensional boundary 02, z(z) € L2(Q), g(z) € Ly(2), yo(x) €

W220Q) y(x) € H2(Q), ¥(z) < 0 ae. on 09, yo > ¥(z) ae. in Q, ¢ >max(n,2),
0 < ek 1, v=const>0, A is the Laplace operator.

The problem (1)-(2) has at least one solution u. Let (y, u) be an pair from the problem
(1)-(2). Then ([1]) there exists a function p € Lo(0,T; H(Q))() BV([0,T]);Y*), Y =
H*(Q)NH(Q), s > n/2 which satisfies the following equations:

—py — EAp = y(x,t) — z(x)a.ean{(z,t) : y(z,t) > P(x)},
p(z,t) =0, a.e. ind;
pla,t)(g(a)u(t) + €Ly) = Oa.e.infy = ¥}, (3)
p(x,T) = 0a.e.inf,
_67 (gvp<7t>) - 7/5 > Oa
u(t) = ~v7 (g, (1), (4)
57 (gap(7t>) + I/€ < Oa

where (g, p(-,t)) = g{g(:v)p(:z:,t)d:z:.



2. FORMAL ASYMPTOTICS.
We shall find the outer [6] decomposition of the solution of (2)-(4) in the form

=Dl t); pla,t) = Y i), (5)

ASSUMPTION 1. Suppose z(z), yo(z), ¥(x), 0 < g(z) € C°°(2)e Zero components
of the decomposition (5) are defined like the solution of the problem

(¥, (2,1) — g(2)0(t)) (%o (. t) — ¥(x)) = 0 in Q,

Yo, (x,t) — g(x)up(t) > 0, yo(x,t) > Y(x) in Q,

~—

)
)

=)

0
Jo(z, yo(x) in Q; (6)
—po, = Ho(z,t) — 2(x) in {(z,t) : Yo(x,1) > P(z)},
0 a.e. in {go = v},

_V_1<g7]§0('7t))7 (7)
57 (97130<'7t)) + Vf < 0.

Introduce sets
Qo = {(z,t) 1 y(z,t) = Y()a.e.}, Qs = {(z,1) 1 y(,t) > Y(z)a.e.}, (8)

Q=QolJQ+. Q[Qs=0

where y(x,t) is the solution of (2)-(4).

Then Qg, Q- are their zeroth-order approximations.

ASSUMPTION 2. Suppose that p(x,t) = 0 in Qo and let Qo be a cylinder in
R™ ! and its base be two-connected domain (2\€). Suppose that the outer boundary
is equivalent to 02 and the inner boundary (0f2) possesses properties of the outer
boundary e

Then the correlations are fulfilled in Q.

Qo, t€TY) : i Vo = —ulele !
(ZEE 0 < 1> {—po=y0—27 (gva)O_V€>O; ( )

O, teTY): ) Vo = gla)e 10
(€8, t€13) {—ﬁozyo—z, (9,P0)o + V€ <0 o

Uy = _V_l z 7_ 9
(e, teTd): 17 9(@)(9:o)o (11)
_ﬁo - gO -z,



3
T=J1, (1) =0, i # j,
i=1
where (-,-) denotes the scalar products by Q.

Let’s go over to the problems for (g, %0 )o, (g, Po)o for the definition of zero components
of the control switching moments

oy 2
feTo . ) @ Fodo==llgloé 12)
—(9,P0)0 = (9,90)o, (9,D0)o — V& > 0;
~ _ 2
‘e T20 : i ] (gayi))o H g Ho §, (13)
—(9,P0)0 = (9:%0)o, (9,P0)o + 1€ <0;
~ —1 2 —
Y = -V 9 )
veqo. | @i=—" gl (omo "
—(9,D0)o = (9:70)0, Yo = Jo — 2.

The problems (12)-(14) may be solved by dint of phase picture [3] which allows to define
the control structure. Then two cases are possible: 1) phase point ((g,%0)o, (g, P0))

doesn’t go on bounds, i.e. it belongs to set P1 = {0 < (g,50)0 < v&, v™Y2 || g |lo

(9:90)0 < (g:70)0 < 00} U{—r€ < (9,D0)0 < 0, =00 < (g,50)0 < v~ %% x|l g |lo
(9,P0)o}; 2) phase point goes on bounds, i.e. it belongs to set Po = {(g,p0)0 > V&,
|

v g o (9,P0)0 < (9,90)0 < 00} U{=v€ > (9,P0)0, —00 < (g,50)0 < v~/
| g 1lo (9,P0)0}- In the case 1) the solution has an appearance:

e

(9:750)0 = (o — 2, 9)och((v* || g llo %
< (T —t))(ch(v™"? | g llo T))",
(g:0)0 =v""* 1 g lIg" (o — 2, 9)ox

| xsh(™ 2 | g [lo (T — 1)) x x(ch(v™"* | g lo T))~"

(15)

on condition that initial data satisfy the inclusion

{o—2.9)0. v | gllo" (vo— 2 9)oth(v"* | g llo T)} € Pr. (16)

In the case 2) systems (12)-(13) have the solution in 0 < t < 79 (7 is the moments of
descent of control from limitation)

(9:90) = F& 1 g 115t + (9,90 = 2)o, a7
(9:50) = £ —=1/2 [ g [l [7 — *]) + (9. %0 — 20)o(70 — 1).
On the segment ¢ € (19, T] system (14) has the solution
((9.90)0 = =62 | g lo ch(v™"% || g lo (T — 1)) %
x (sh(y=1/? T—1))"1,
(sh( I llo (T'=70))) a18)

(9:0)0 = £vsh(v™/% | g [lo
(T =) (sh(v™"* || g llo (T —m0)))~".




Let’s regard futher for definition that the condition

{(yo = 2.9)0,6(v = 1/2 | g II§ 78) + (9.0 — 2)omo} € P2[ )

(19)
{(g,D0)0 > v& v | g llo (g, Po)o < (g, Gio)o < o0},
which guarantees uniqueness of the solution of equation
—& 1 g llo @ eth(v™"% | g llo (T = 70))+ |l g llo 70) = (9,50 — 2)o; (20)

is fulfilled. Thus in case 1) the couple (yo(z,t), po(x,t)) is fined from (11). In particular,

Jo(z,1) = yo(x) — 9(x) || 9 lg? (yo — 2, 9)o(ch(v™"% || g llo T)~

—-1/2 —-1/2 -1 (21)
—ch(v™ " [l g llo (T =) (ch(v™ "= |l g llo T))""
The question about choice of domain g is solved this way. Let Qo be a set from
2, which satisfies the condition yo(z) > ¢ (x) and suppose that for any = € g the

i lit
inequality G T) > () (2

is fulfilled, at that the function ch(v="/2 || g |lo T)— ch(v=/2 || g ||o (T —t)) increases
monotonically. Systems (9)-(11) are the conditions of optimality in the optimal control
problem: find g (t) € U such that

T
o0) = 5 [( [ Gote.t) ~ 2(2)Pdot

0 Q

+vv?(t))dt — min

by bounds
Yo(@,t) = g(x)v(t), Jo(x,0) = yo(z).

Let §:20 be a system of expanded sets which belong to  and contain € (boundaries of

the indicated sets have the properties of the boundary 952). Then ) is the solution of
the optimization problem

- /T ( / (o, t) — 2(2))*de + / (6 (x) - 2(x))*da+
/.

Qo Q/(:)o (23)
+V(/g(x)ﬁo(x,t))2)dt — min

Qo

by bound (16),(22), 9o (z,t) is given by the representation (21) and scalar products (-, -)o

are calculated by Qq in all terms.



In case 2) the solution of (9),(11), continuous for ¢ € [0, T] and smooth for z € Qy, is
given by the couple (go(z,t), po(z,t)). In particular, for ¢ € [0, 7o]

Yo(x,t) = —Eg(x)t + yo(z),

for t € (10,7
Jo(x,t) = —Eg(x)m0 + yo(x) + &M | g llg" x
xg(z)(sh(v™"2 | g lo (T = 70))) " (ch(v~/*x (24)

|l g llo (T =) = ch(w™ " |l g llo (T — 70))).

The question about choice of domain € is solved by analogy with preceding case with
next changes: the function (23) is minimized by bounds (19),(20),(22) and go(z,t) is
given by representation (24). Let’s supplement the solutions (go(x,t), po(x,t)) on 0€
by following boundary layer functions §o(t, s,t), po(t, s, t) [5,7].

Thereby the solution of (6)-(7) is constructed completely, i.e. zeroth components of
decomposition (5) are fined.

ASSUMPTION 3. Suppose the problem’s data such that the moment of the control
switching 79 € (0,7") exists and 0y = 02 e

Let 7 be a moment of the control descent from the bound of the initial problem.
Let’s to find it in the form of an asymptotic series

oo

_E:j.
T = €' Tj.

j=0
The algorithm of the specification of the control switching moment is constructed in [4].

THEOREM. Let’s suppose that the assumptions 1-3 are true and (19) takes place.
Then the next inequalities hold

(N))

lgrad(y — y™)|L.) + llgrad(p — p™)|L) < Cev,

ly = ¥l + o = PNVlLa@) < CN,

||U’ - U’(N)HLz(O,T) < C€N+17 |I(U) - I(U(N))l < CEZ(N_'_U,

where
N N
=Y dn y W) = 3 w0 + i s ),
=0 j=0



w
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