ON TOPOLOGICAL DEGREE TO SOME CLASS OF
MULTIVALUED MAPPINGS AND ITS APPLICATIONS
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In this work the elements of topological degree theory has been developed for the
class of multivalued maps from the reflexive Banach space to its dual one. In particular,
this class contains the maps which generated by the inclusions with partial derivatives,
by variational inequalities etc. This research is based on the results of [1-3].

1. The multivalued mappings. Let X be a reflexive Banach space, X* be its
topological dual space, (-,-) : X x X* — R be the duality pairing, A : X — 2X be
a multivalued mapping (2% is the totality of all subset of the space X *). We define
Dom(A) = {y € X|A(y) # @}, and the map A is called the strong if Dom(A) = X.

We associated with A the lower and upper support functions [A(y),&]- = . igf )(d, &)
€Ay

and [A(y),{]+ = dsgl(>)<d, §), where y,§ € X. If y ¢ Dom(A) then [A(y),{]- = +oo,
Yy

[A(y), €]+ = —oc for each § € X. Moreover, [[A(y)|+ = dSljl(D)llde*, 1AW~ =
€Ay

1l and 2] = lell =0

LEMMA 1.1. Let A, A1, Ay : X — 25X The following statements hold for each y €
DOHI(A), 1,6 € X

2

[A(y)7£1 + 52]-1- >
[A(y)>§1 + §2]* <

A1 (y) + A2(y)|l+ >

A(y), &+ + [Ay), &) —;

Ay), &+ + [A(y), &)

{ A1 (W) [l+ = [[A2(y)[|+]
A )11+ = lA2(w)l -]

LEMMA 1.2. For each y € Dom(A) the following equalities hold:

oA+ = 1AW+, llcoA(y)ll- = [[AY)] -

DEFINITION 1.1. The mapping A : G € X — 2% satisfies the condition a(G) if from
G 3y, — y weakly on X and

lim [A(yn),yn —y]- <0 (1)

it follows that y,, — y strongly on X.
Let D be an arbitrary open bounded set from X, D be its boundary, D = D U9D.



DEFINITION 1.2. The mapping A : D — 2% satisfies the condition «(G), where D O G,

if from Dom(A)NG > y,, — y weakly on X and from (1) it follows that y,, — y strongly
on X.

Remark 1.1. For single-valued mappings the conditions ao(G) and a(G) had been in-
troduced by I.V.Skrypnik [2]. Like to them condition (S); had been introduced by
F.Browder [4].

We say that the continuous function C' : Ry x Ry — R belong to the class & if
771C(r1,7r2) = 0 for each 71,75 > 0 as 7 — +0.

DEFINITION 1.3. The mapping A : Dom(A) € X — 2X" is called the operator of
semibounded variation (s.b.v), if for any R > 0 and each y1,y2 € X such that ||y;||x < R
(1 = 1,2) the following inequality holds:

[A(y1), y1 — y2]— > [A(y2), y1 — ya2]+ — C(R; ly1 — v2l%),

where C belong to ®, and || - ||y is compact seminorm with respect to the norm || - || x.

Remark 1.2. Let A= Ay + Ay, where A1 : X — 2X" is a monotone map, A;: Y — Y™
is a locally Lipschitz operator, Y is a Banach space, moreover, the embedding X C Y
is compact. Then A is the map of semibounded variation.

PROPOSITION 1.1. Let the mapping Ay : G C X — 2% satisfies the condition a(G),
Ay 0 X — 2% be a map of s.b.v. Then A = Ay + Ay satisfies the condition o(G) if
Dom(Ap) N Dom(A4;) = Dom(A) # .

DEFINITION 1.4. The mapping A : Dom(A) C X — 2% is called (G; F)-pseudomono-
tone, where F' C X, if from Dom(A) NG 3 vy, — y € Dom(A) weakly in X and (1) it

follows that
lim [A(yn), yn —&]- = [A(y),y — &)= VEEFR

If G = F = X the map A is called pseudomonotone.
Remark 1.3. The multivalued pseudomonotone mappings were studied also in [3,6].

PROPOSITION 1.2. Let the mapping Ay satisfies the conditions from Proposition 1.1,
Ay 0 X — 2X7 be a (G; F)-pseudomonotone mapping, moreover, Dom(Ag)NDom(A;) #
@. Then A = Ag + Ay satisfies the condition a(G).

PROPOSITION 1.3. Finite union of maps {A; : G C X — 2 X" »_, which satisfy the
condition «(Q), is closed w.r.t. the positive multiplication and w.r.t. the intersection.

If, moreover, (| Dom(A;) # @ then the map > A; satisfies the condition a(G).
=1 i=1

1=

DEFINITION 1.5. The mapping A : X — 2% is called

a) demiclosed if graph A is closed in X x X* with respect to the strong convergence
on X and weak one on X*;

b) radially upper semicontinuous at point yo € Dom(A) if for any &, h € X the
function [0,1] 3 t — [A(yo + th), ]+ is upper semicontinuous at point 0. The mapping
A is radially upper semicontinuous (r.u.c.) if it is r.u.c. at each point of Dom(A).

Remark 1.4. R.u.c. multivalued mappings are the generalization of upper hemicontinu-
ous mappings (see [5]). Moreover, each r.u.c. mapping of s.b.v. is upper hemicontinuous.



PROPOSITION 1.4. Let A : X — 2% be a closed-convez-valued maps and one of follow-
ing conditions holds:

a) A is strong, r.u.c. map of s.b.v.;

b) A is pseudomonotone map and Dom(A) is closed.
Then A is demiclosed mapping.

We recall that the map A : X — 2% is bounded if for each bounded B ¢ X there
exists k > 0 such that ||A(y)||+ < k Vy € B.

DEFINITION 1.6. We call that the mapping A : D € X — 2% belong to class $lo(D; G)
(respectively, U(D;G)) if it is bounded, demiclosed and satisfies the condition ag(G)
(respectively, a(G)). We will write o(D) and U(D) in place of Uy(D; D) and U(D; D)
(i.e. as G = D).

2. The degree of the mapping A. First we consider the case when X is a reflexive
separable Banach space. Let Cv(X™*) be a totality of nonempty closed convex subset
from X*, D be an arbitrary bounded open subset in X with the boundary 0D. We
assume that

2a) A: D C X — Cv(X™);

2b) A € Yy(D;0D);

2¢) A(y) # 0 for each y € OD.

Let {h;}32, be an arbitrary complete system of X, moreover, for any n the elements
hi,...,h, are linear independent. Let X,, be the span of {hy,...,h,}, J, : X;, = X
be the inclusion map, J;; : X* — X be its dual. Under each n we define the finite-
dimensional multivalued mapping A, associated with A by formula

An(y) = D W), hiyhi} = J; A(Jny)

deA i=1
Vye€ D,=DNX,. (2

The symbol d € A denote that d is a selector of multivalued map A.

THEOREM 2.1. Let the multivalued mapping A satisfies conditions 2a)-2c). Then there
exists N such that as n > N the following statements hold:
1) the inclusion A, (y) > 0 has not any solution on 0D,,;

2) the degree deg(A,,, D,,,0) of the map A, set D,, with respect to 0 € X,, is defined
and is not depended onn > N.

The proof is based on following statements.
LEMMA 2.1. The mapping A, : D,, — Cv(X}) is upper continuous and compact.

Let us consider auxiliary mapping A, (y) = An_1(y) + (€n,y)hy where the element
&, € X* such that (&, h;) =0 for each ¢ < n and (&,, h,) = 1.

LEMMA 2.2. There exists N suc@ tha_tfor each n > N
(Z) deg(An—17 Dn—la 0) = @eg(Ana Dn7 0)7
b) deg(A,, Dy,,0) = deg(A,, D,,0).
Remark 2.1. From Theorem 2.1. it follows that there exists the limit

lim deg(An, Dy, 0) = D({h}).



THEOREM 2.2. Under conditions 2a)-2c) the limit D({h;}) is independent on the choice
of {hi}.

From Theorems 2.1. and 2.2. it follows the naturalism of the following definition.

DEFINITION 2.2. For the mapping A : X — 2% which satisfies conditions 2a)-2c) the

number o o
Deg(A, D,0) = lim deg(A,, Dy,,0)

is called its degree of the set D with respect to the point 0 € X*, where A,, and D,, are
defined by (2).

Above we assume that X is separable, let us show that this requirement is not
necessary. Let now X be a reflexive Banach space, F'(X) be the totality of its finite-
dimensional subspaces, F' € F(X) and hq,...,h, be some basis in F'. We define the
finite-dimensional mapping

Ary) = U D), h)hiy ¥y e Dp=DNF. (3)

deA =1

THEOREM 2.3. Let the mapping A : D € X — 2% satisfies conditions 2a),2c) and
A € M(D;0D). Then there exists Fy € F(X) such that for each F € F(X) (Fy C F)
the following properties are:

1) the inclusion Ar(y) 3 0 has not any solution on 0Dp;

2) deg(Ar, Dr,0) = deg(AF,, Dr,,0),
where deg is the degree of the finite-dimensional map, Ap and D are defined by (3).

LEMMA 2.3. There ezists Fo € F(X) such that for each F € F(X) (Fy C F) the set

Zi = Zk(d) = 2,
deA

where Zﬁo(d) = {y € 0Dp|(d(y),&) = 0V¢ € FO}.

DEFINITION 2.2. For the mapping A : X — 2%~ which satisfies conditions of Theorem
2.3. the number .
Deg<A7 D7 O) = deg(AFoa DF07 O)

is called its degree of the set D with respect to 0 € X*, where Ap, and Dp, are defined
by (3) and Fy € F(X) is choiced by Theorem 2.3.

3. The basis properties of degree. In this section we are restricted to the case
when X is separable.

DEFINITION 3.1. The mapping A : [0,1] x (D € X) — 2% satisfies the condition
ap,(0D) if for arbitrary subsequences {y,} C 9D, {t,} C [0,1] from y,, — yo weakly
on X, A(tn,yn) > d,, — do weakly on X* and

lim [A(tn, Yn), Yn — Yo]— <0

n—oo

it follows that y,, — y strongly on X.



DEFINITION 3.2. The mapping Ag, A1 : D € X — 2% of class {(D; D) which satisfy
the condition 2c) is called gomotopic in D if there exists the bounded map A : [0, 1] x
D — 2X7 which satisfy the following conditions:

1) 4(0,7) = Ao, A(L-) = Ar;

2) A satisfies the condition g ((0D);

3) A(t,y) # 0 for each t € [0, 1] and for each y € 0D;

4) A is demiclosed, i.e. if t, — to, yn — Yo strongly in X and A(t,,y,) 2 d, — do
weakly on X*, then dy € A(to,yo)-
THEOREM 3.1. Let Ay and Ay be multivalued mappings of the class U(D;0D) which
satisfy conditions 2a), 2c). If, in additional,Ay and A, are gomotopic on D, then
Deg(A07 E? 0) = Deg(Al ) Ea O)

THEOREM 3.2. Let A: D C X — 2% be the map of class o(D), A(y) # 0 for each
y € D and 2a) is. Then Deg(A, D,0) = 0.

Corollary 3.1. Let A : D € X — 2% be the map of class Ug(D) and it satisfies
properties 2a), 2b). For the inclusion A(y) > 0 has at least one solution on D it is

sufficiently that Deg(A, D, 0) # 0.
THEOREM 3.3. Let A: D C X — Cv(X*) be the map of class to(D;0D), 0 € D\ D

and

[A(y),y]- >0  VyecdD.
Then Deg(A, D,0) = 1.

THEOREM 3.4. Let D be a symmetric bounded neighborhood of zero, A : D ¢ X —
Cv(X™) be the map of class U(D;0D) and 0 ¢ A(OD). In additional let

A(lyY) NAA(—y) # & Vy € OD and )\ € [0, 1].
Then Deg(A, D,0) is odd number.
THEOREM 3.5. Let D1 and Dy be a nonintersecting open subset on D, in additional,
A(y) 20 Vy € D\ (D1 U D»),
where A € to(D;0D) and 2a) holds. o
Then Deg(A, D,0) = Deg(A, D1,0) + Deg(A, Ds,0).
Remark 3.1. The statements of this section allow the natural extension in the case of

nonseparable spaces.
4. The degree for pseudomonotone maps. Let D be some bounded open

subset on X, Ay : D C X — Cv(X*) be the map of class U(D; D). We assume that
A:DC X — Cv(X*)is (0D; X)-pseudomonotone, demiclosed, bounded mapping and

0 ¢ A(OD). In additional, there exists dp > 0 such that ||A(y)||~ > do for each y € ID.
We consider the map 2. = c4g+ A : D C X — Cv(X*). Let M = sup || Ao(y)| .
yeD

Obviously, M < oo and since Proposition 1.2. for each e > 0 . € $(D;dD). Moreover,
AUe(y) # 0 for each y € OD. In fact, [[Ac(y)|- = [[A(y)l- —ellAo(y)ll+ = do —eM. If
0<e< M1, then [|[”A.(y)||- > 0 for each y € D. Thus, the degree Deg(., D, 0)
is defined as 0 < &€ < oM ~!. Let us show that the defined degree is independent on e.
Let 0 < g; < §oM ™', i = 1,2 and we consider corresponding 2l.,. Let us assume that
A(t,y) = (te2 + (1 —t)er)Ao(y) + A(y). Obviously, A(0,y) = Ae, (y), A(L,y) = A, (y)
and in additional 2(t,y) Z 0 for each ¢ € [0, 1] and for each y € 9D.



LEMMA 4.1. The mapping A : [0,1] x D — 2% satisfies the condition ag +(0D).

The conditions of Theorem 3.1 are satisfied, thus,
Deg(2A.,, D,0) = Deg(.,, D,0).

Hence, there exists the limit lir% Deg(2., D, 0) which we will call the degree Deg(A, D, 0)

of mapping A and set D with respect to the point 0 € X*.
Using the constructions given above we can prove that this limit is not depended on
the mapping Ag, i.e. the degree of pseudomonotone map is correct.
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