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The problem of the construction of asymptotic expansions for solutions of such spec-
tral problems stands in the homogenization theory [1-4] for about 10 years—since such
expansions were constructed at first for the Sturm-Liouville problem [5]. But the method
proposed worked only for the case of a simple spectrum of the corresponding homoge-
nized problem. At the time when the main trouble for boundary-value problems with
rapidly oscillating coefficients was a construction of a boundary layer near the boundary
the main trouble of the corresponding spectral problems was multiplicity of the spec-
trum. The only progress in this direction was an approach of [6] in which the author
overcame the both obstacles by imposing certain symmetry relations on the domain
and on the coefficients of the equation. It is important to notice that all the troubles
are arising namely in the process of formal construction of expansions and not in there
justification. The methods of the justification are worked out well (see [4], [6]).

In the paper I solve the problem of a multiple spectrum without any artificial con-
ditions imposed and obtain whole asymptotic expansions for eigenvalues and eigen-
functions of the general smooth boundary-value problem for an elliptic operator with
non-uniformly oscillating coefficients (whose homogenization is made in [7]). I assume

that the boundary layers (the functions N2, in sequel) are constructed.

P,
In what follows we denote D; = 0/9&;; (f) = f(0-1)d fdg; D> = 8""'/8x|1a1|, ey
x'clad|, la] = |ag |+ +]|aq| for a = (a1, ..., ag), and by repeated indices i, j we assume

the summation from 1 to d; d > 1 is the dimension of our space.
In a bounded domain Q C R%, d > 1, consider the problem

o (45 (0 2) o)) + A (2.7 )

J

= Aep (:1:, g) us(x), x€Q, (1)
B.u. =0, (2)

where A, p, A;;, 1 <i <d, 1 <j <d, are 1-periodic with respect to £ = /¢ and for
all z,&,n € R?

p(x,f) >0, A(x,f) >0, Aij(xaf)ninj > ’%M‘Z?
Aij(x,f) = Aﬂ(flt,f) for all 1 S 7 S d, 1 S] S d,



where k > 0 does not depend on z, £, n; B. is a boundary condition operator (Dirichlet,
Neumann and 1-periodic boundary conditions mixed); 0 < ¢ < 1; all the elements of
the problem are infinitely smooth (in the case of 1-periodic boundary condition with
respect to xy41,...,74, 0 < I < d, we suppose that Q@ C R! x (0;1)4 4 {x € Q: z; =
0}+e; ={rcQ:x; =1}, 1 <i<d;not Qbut Q+{0} x Z4~! has a smooth boundary;
other boundary conditions are adapted).

Let us suppose that for each sequence A = (Ag, A1,...) we have constructed such
functions N o (z,€), 0 < |a] < p, on Q x e71Q that the formal substitutions

—+o0 +o0
Ae = Zsp/\p, ve(z) = Zspvp(m),
p=0 p=0

+oo
ue(x) = Zép Z Np o <.r, g) D% (z), x €,

p=0 " |a|<p

transform the input problem (1), (2) into the sequence of problems

p
Z Lp—nvn(x) =0, z€Q, (3)
n=0
p
Z Bp—nvn =0; p=>0, (4)
n=0

where differential operators L, and boundary condition operators B,, p > 0, do not
depend on e. The structure of the functions N, 4 is the following: N, = N, , + N7,
where N;,a are the 1-periodic components, Ng,a are the boundary layer functions.

The functions Nl},a(x, ¢) are defined on Q2 x R? and are 1-periodic with respect to &.
They are determined by the equation (1) only and determine the operators L,, by the
formulae

Nol,o =1
—Di(Aij (2, )D;N} ) (@,€) = hpa(z) = hpa(2,), €€RY

1
<Np,a(x7 )> =0,
hpo = —(Di(AijNy_1 os5,) + Aiy DiN}_y s, +

p—2
+ Aiijl—Q,a—(Si—(Sj) + ANZ}—Q,OA - Z )\p*2*tBNt1,oz )
t=|a|
iLP,Ot(x) = <hp7a(l', )) , p>0, |Oé| <p, =xE¢€ Q;
Ly= Y hpi2a(@D* p>0.

la|<p+2

Note that L, = L, — )\, (B) where operator L, does not depend on g, k > p; p > 0.



PROPOSITION 1. All the operators Ly, p > 0, are self-adjoint.
This fact was not proved for p > 1; the self-adjointness of L is proved in [7].

Remark. Proposition 1 is also true for boundary-value (not spectrum) problems irre-
spective of ) and B.. So the volume of calculations when computing the operators L,,
p > 1, decreases twice.

The functions Nia(a:, €) tend to zero exponentially when moving from the boundary,

they satisfy the equations

—Di(Aij DNy ) = —(Di(AijNj 1 o—s,) + Ay DiNy_y o s,
p—2
+ Aiij2—2,a—§i—5j) + ANpQ—Q,a - Z )‘p*Q*tBNt%a‘

t=|a|

These functions determine the operators B), and are constructed only for a few domains
and boundary conditions. Always Ng , = 0.

The homogenized problem is the problem for p = 0 from the system (3), (4). Namely
the system (3), (4) was not solved in the case of a multiple spectrum of the homogenized

problem. The next result shows some symmetry in this system and opens a way to its
solving.

LEMMA. Let the functions vy, ...,vx and Do, ..., satisfy equations (3) for p < k and
boundary conditions (4) for p < k with some fixed Mg, ..., A\k—1 € R and k > 1. Then

k

k
/ (Z Ly_,v, + L]ﬂJo) Vodr = / (Z Ly_,0, + LkQNJ()) vod. (5)
Q Q

n=1 n=1

DENOTATION. Let Hy,, . x, be the set of such functions vg that the part of the system
(3), (4) for p < k has a solution with these Ao, ...,\x € R, k> 0.

All these sets are finite-dimensional subspaces of C*°(2). In particular, Hy,\{0} is
the set of all the eigenfunctions corresponding to the eigenvalue Ao of the homogenized
problem. Always

H>\07~--7>\k C HAO,---)\kA c---C H)\O C COO(Q>
In accordance with Lemma (for k + 1 instead of k) the expression
k+1
(Pros...;\ V0, Vo) = Ao/ (Z Lit1—nvn + Lk+1UO> vodz
Q2 n=1

determines a self-adjoint operator Py, ...\, in Hy, . ,, here the scalar product

(u,v) :/Q(Lou)vdx (6)

is equivalent to the standard one in Sobolev space W (£2).



PROPOSITION 2. Let Hy, ., + {0} for some Ag,..., A\ € R,

k > 0. Then the geneml solution of the part of the system (3), (4) for p < k we get
in the form: vy, € vy, + Hx, . x. ., 0 <m <k, where vj = 0 and v}, is determining
algorithmically by already chosen vy, ..., Vm_1 f07‘ 1<m<k.

Proceeding to the next problem from (3), (4) (for p =k + 1) we get a decomposition
Hy,.», = @/\Hlesm N Hy,,... xpin» where Sy, .. A, @5 a spectrum, Hy, . .., 15 a

,,,,,

subspace of the eigenfunctions of Pa,,...,n, corresponding to the eigenvalue A\j41.

As a result we obtain a sequence of sequences A < A2 < ... in correspondence

with the sequence /\0(1) < )\0(2) < ... of eigenvalues of the homogenized problem (they
are taken with an account of a multiplicity) and get the corresponding decomposition
{u € W3 (Q) : Bou = 0} = @ Hy,, where s; = 1, A®) = AG») and H, = H,, for
Sn <8< Sptl, Snt1 = Sp +dim Hg , n > 1, and Hy = ﬂ 0o Hyo) a5 82> 1.

Let the eigenvalues of the input problem (1), (2) be enumerated too (with an account
of a multiplicity): )\él) < )\9 <
problems) gives the next result.

. The justification procedure (see it in [6] for different

THEOREM. For every s > 1 we have
+oo
A =y "erAl) e 0.

For each r > 0 and for the functions vy, ..., v, satisfying the part of the system (3),
(4) for p < r with DY A we have

s Zepz > Noona (4 2) Doual = 0", =0,

= n=0 |a|<p—n

here u. is a linear combination of the eigenfunctions of the problem (1), (2) correspond-

ing to the eigenvalues A?) for s, <t < spy1 (where s, < s < Spt1); the norm is
corresponding to the introduced scalar product.
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