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1. Introduction: Preliminaries.

Let G C R" be a bounded domain with bounary G, which is smooth for z € 0G\ {0}.
For x € R™, we denote the spherical coordinates by (r,w) = (r,wi,...,w,_1) with
r = |z|, w € S"1. It is assumed that G coincides in the neighborhood of 0 with a cone
with opening Q C S™"~!. More precisely, using the notation

Gt =Gn{(rw):a<r<b weQ}CR* fora>0,0b>0,
we assume that G& is identical to the corresponding cone for a
d > 0. We denote also I'2 = 09GN {(r,w) :a<r<b, we dN} CR® fora>0,b>0,
— lateral surface of G%; Q, = GN{|z| = p}; G- = G\ G§, ' = 0G\ I'§, Ve > 0.
We consider the Dirichlet problem (DP):
Lpu = —div (|[Vu|"2Vu) = —ap(z)ulul?! + f(z) in G,
{ u(x) =0 on 0G \ {0},
where 1 < m < 00, ¢ > 0 and ag(z) > 0, f(x) are measurable functions in G.

Let LP(G) and W*?(@G), p > 1, be the usual Lebesgue and Sobolev spaces. W, (G)

denotes the space of functions in WP(@G) that vanish on G in the sense of traces. We

define the wight space V,J, (G) as the space of functions with finite norm
1

G [BI<k

where k > 0 is integer.

DEFINITION. A function wu(x) is called a generalized solution of (DP), if
u € WH™(G.) N LITYHG.) Ve > 0 satisfies

/ (1™ 2y, 0, + ao(w)ulult™ g — f(2)} dz =0 ()
G

for any n € WH™(G) N L971(G) having a compact in G support, and u(z) =0 =z €
I'. Ve > 0 in the sense of traces.
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A function u(z) is called a weak solution of (DP), if u € W, (G) NLITY(G) and
satisfies (IT) for all n € Wy "™ (G) N LITY(Q).

The properties of generalized solutions of (DP) in the neighborhood of isolated sin-
gularities are studied by many authors (see e.g. [8] and the literature cited there). The
behavior of solutions near conical boundary points are treated only in special cases: in
[7], [4] for ap(z) = 0, in [1] for bounded solutions, in [5], [2] for m = 2. The purpose of
the present article is to extend the results of [5], [2] to the more general quasilinear case
m # 2.

The first eigenvalue problem which characterizes the singular behavior of solutions
of (DP) can be derived by inserting in £,,v = 0 functions of the form v = r*¢(w) which
leads to

DN ¢)=0 inQ, ¢=0 on 0N, (EVP1)

where D (), ¢) = —div, {(A2¢2 + |V,8|2) T Vop}—

“MAm = 1) 41— m}(W° + [Vdl?) T 6.
For this eigenvalue problem, there exists a solution (Ag,¢) such that
No > maX{O,%}, ¢ >0inQ, ¢+ |Vus2 > 0in O, (see [7], [4]); o = Ao()

is the smallest positive eigenvalue of (EVP1).
For technical reasons, we introduce a further eigenvalue problem,

—divy, (V)| ™2V ,10) = pltp|™ %) in Q, =0 on 00, (EVP2)

From the direct method of the calculus of variations we know that there exists a
solution (p, 1) of (EVP2) with 1 > 0 and ¢ > 0 in Q. From the corresponding variational
principle we derive the so—called Wirtinger’s inequality

1 1,
(fz|¢|m dw < s g|vw¢|mdw vy € Wy (Q)
with a sharp constant ﬁ We set pg = p(n); po = po(€2) is the smallest positive
eigenvalue of (EVP2) under m = n.

2. Integral estimates of solutions.

The aim of this section is to present integral estimates for the solutions of (DP).
Moreover, the weak comparison principle is not used in the proof, so that it may also
apply to the case of elliptic systems.

THEOREM 2.1. Let ap(z) € L_m_(G), if 0 <g<m—1and 0 < ag < ap(z) < ay

m—1—q
(ap,ay — const.), if ¢ > m — 1. Let f(z) € VOL_I,Q(G). Then the weak solution of the
problem (DP) u(x) € V), o(G) and it holds the inequality

S (V™ + 7= ™ + ag (@)]u]'*7) dx < ¢(n, G) [ |r |7 da.
G G

Proof. The assertion arises from (II) with 7n(z) = u(x)® (M)

g
Ve > 0, where O(t) be nonnegative infinitely differentiable function and such that
O()=0fort<1,0(t) =1 for ¢t > 2.

COROLLARY 2.2. Let m > n. Under_suppositions of Theorem 2.1 a weak solution u(x)
of (DP) is the Hélder-continuous in G.



THEOREM 2.3. Let m = n and let the following condition be satisfied:

il lrf|"/ (=D da < ep*. Let xo = (H—;fo)% Then for any weak solution of (DP) is

Go
satisfied the bound [ |Vu|™dz <
Go
(p/d)XO, Zf Xo < 7,
< c(n, o, Q)q (p/d)X* =T (d/p), if xo =2, p€(0,d),
(p/d)%7 Zf Xo > .

Remark. Tt is well known that if m = n = 2, then ug = \3 = g—z, where wq is the
(0]
quantity of the angle with the vertex 0. In this case the assertion of Theorem was
proved in [2] (see Theorem 2.2 in it).
The proof of the theorem will be carried out due to following lemma.
LEMMA 2.4. Let 1 < m < n. For any function u € Wy "™ (G) we have
2
[ A{puu, + 2520%} [Vu|™ 2 dw < £ [IVul™ dw,
Q Q

m—n—++/4po+(n—m)?
(T 1u0) =2

where x =

Proof. Lemma is proved by anology with inequality (42) [3] and with the help of the
Young inequality.

Remark. For m = n = 2 the constant y is sharp.

Proof of the theorem 2.3. Let V(p) = [ |Vu|™dz. (From (DP) and Lemma 2.4 it follows
Go

that V(p) satisfies the differential inequality V'(p) < £V'(p) +ep i Vi (p). In view of

Theorem 2.1 as an initial condition for the differential inequality we can use Vg = V(d) <

[|Vul"dz < ¢ [|rf|™™=D dz. On putting W(p) = V"= (p), we obtain differential

G G

inequality for W (p) :

{ W(p) < 25 LW (p)+cp*™ =, 0<p<d
n—1
Wi(d)=Vy ™

Solwing the Cauchy problem for the corresponding equation, we get

W*(p) = (£>X0n;1 (VO#—'_

d
-1 d .
—1In o if xo = »,
+ %X() dngl("_XO)_pngl("_XO) .
>—X0 ) if X0 % X

It is well known that the solution of differential inequality can be estimated by the
solution W*(p) of the corresponding equation: W(p) < W*(p) and hence we obtain
finally the required estimate. The theorem 2.3 is proved.



LEMMA 2.5. Let g >m —1,0 < ag < ag(z) < a1 (ag, a1 - const). Let |f(z)] < k1|z|?,
r € GE, where B> —1ifm >n, 3> —m if m <n. Then for any generalized solution
u(x) of (DP) are hold the inequalities

HUHP;GZ/? S C(a07man7p7Q7 k1>p%_q771:+1 Vp >m,
(1+g)m
[ (Vul™ + [l +9) do < (g, m,n, g, k)" 75

G2

Proof. Desired inequalities are obtain from (II) with n(z) =

= |u|*sgnu¢®(|z|) under suitably chosen numbers ¢t > 1, s > 0 and the cut-off function
¢(r).

COROLLARY 2.6. Let q > ™~ — 1,1 < m < n and the hypothesis of the Lemma 2.5
about the functions ag(z), f(x) are hold. Then for any generalized solution u(x) of (DP)
the inequality

[ (Vu™ + r=™u|™ + |u|*T9) dz < c(ag, n,m, q, k1, d),

Go
Vp € (0,d) is valid. Moreovg', if B> —% with some s > = and Ay < %, then u(zx)
s the Holder-continuous in G.

Proof. The properties of u(x) are proved in Theorem 7.1 of chapt. IV and Theorem 2.2
of chapt. IX [6] in virtue Lemma 2.5.

3. A solvability property of the operator © from (EVP1).

In order to construct a barrier function which can be used in the weak comparison
principle, a solvability property of the operator ® associated to the eigenvalue problem
(EVP1) is proved.

THEOREM 3.1. For 0 < \ < \g there exists a solution ¢ of the problem
DNo)=1 inQ, ¢=0 on 0, (3.1)

with ¢ > 0 in €.

This theorem will be proved in a sequence of lemmas. In the proofs of these lemmas
we frequently use the fact that every solution (A, ¢) of (3.1) corresponds to a solution

of £,(r*¢) = rG=Dn=1=1 iy G which, by local regularity of the Pseudo-Laplace
equation, implies that ¢ € C?(Q) N W, =™ (Q) for B8,e > 0.

LEMMA 3.2. The problem (3.1) is solvable for all 0 < \ < Ag.

Proof. We prove that Fredholm’s alternative holds for (3.1) in the sense that, if (3.1)
is not solvable, then A is an eigenvalue of D. For this purpose, we choose a sufficiently
large @ € R such that the problem D(\,¢) + a|¢|" 2¢ = g in Q, ¢ = 0 on O is
uniquely solvable for all g € H _1’m/(Q), % + % = 1 and denote the solution operator
by ¢ = ®g. By the regularity of D, ®:CP(Q) — CP(Q) is a compact operator for a
B > 0. Moreover, ® is homogeneous of degree ﬁ The problem D(\,¢) = f in Q,
¢ = 0 on 0 is then equivalent to

6 —aFg = of, (3.2)
where F¢p = ®(|p|™2¢) is compact and homogeneous of degree 1. The operator I'd—aF
is studied on the unit ball By = {¢ € C?(Q) : ||¢||cs < 1}. If 0 ¢ (Id — aF)(dB;) then



K. Borsuk’s theorem states that (3.2) is solvable for sufficiently small f. Since (3.2) is
equivalent to D(\, ¢) = f and D()\,-) is homogeneous of degree m — 1 we can solve
D(\, ¢) = f for all f.

LEMMA 3.3. Let (A, ¢) be a solution of (3.1). Then ¢(w) # 0 for all w € Q.

Proof. Let K = {(r,w) : 1 <r <2 w e Q}. If (A\,¢) is a solution of (3.1) then
v =1 ¢(w) solves Ly,v = rA=Dm=D=14y K vy =0o0n (1,2)x0Q, v = c.¢ for r = 1,2.
Assume that ¢(wg) = 0 for wy € Q2. We apply the weak comparison principle on the

domain K using the function v. It follows that every solution of L,,u = f in K, u = v
on 0K with f € C§°(K) satisfies u(r,wp) < 0 which is a contradiction.

LEMMA 3.4. For sufficiently small X > 0 the solution of (3.1) is unique and satisfies
¢ >0 in €.

Proof. The operator D(0,-) is strictly monotone on W, ™ (). Hence, problem (3.1) is
uniquely solvable and the comparison principle implies ¢ > 0 in Q. Since D(A,-) is
continuous in A the conclusion also holds for sufficiently small A > 0.

LEMMA 3.5. There exists a constant ¢ = c(A1) such that ||¢||1,m < ¢ for all solutions
(N, @) of (3.1) satisfying 0 < XA < A1 < Ap.

Proof. Assuming the converse we obtain a sequence (\;, ¢;) solving (3.1) with A; — A,
||#i]|1,m — oo. For the normalized functions ¢; = ﬁ we obtain that D(A;, ¢;) — 0

in W17 (Q) and, by regularity, ||¢||11cm < c. Hence, we can extract a subsequence

{¢:, } such that ¢;, — ¢ in W, () and D(\, ) = 0 with ||¢||1 ,n = 1. This contradicts
the fact that there is no eigenvalue of D in the interval [0, A;].

Proof of Theorem 3.1. Lemma 3.5 implies a kind of continuity of solutions (A, ¢) in the
following sense. If A; — A with 0 < A;; A < A, then there exists a subsequence {¢;, }

such that ¢;, — ¢ in C*(Q2), where (A, ¢) is a solution of (3.1). Hence, by Lemmas 3.3
and 3.4 there exists a solution (A, ¢) with ¢ > 01in Q for all 0 < X < .

4. Estimates of solutions for singular f.

In [7], [4] it is proved that the weak solution u € W, (@) of (DP) can be bounded
by |u(z)| < er?e, if ag(x) = 0 and the condition |f(z)| < er®, 3> (Ao — 1)(m —1) — 1
is satisfied. The proof of this is based on the weak comparison principle for (DP). Here
we shall obtain the estimates of modulus of the solutions of (DP). Let d > 0 be a small
fixed number. We also suppose that |f(z)| < ki|z|?, 8 > —2 with some s > .

Observe that a function v = r*¢(w) is a weak solution v € Wy'™, if ¢(w) is suffi-
ciently smooth and a > ™==. Since £,,v ~ re(m=1)=m and the right-hand side of (DP)

—ag(x)v[v|9~t 4+ f(x) ~ r* + 7P hence we obtain that ro(m=D=" ~ rad 4 -8 This
arguments suggest the following theorems to us.

THEOREM 4.1. Let 1 <m <n, g > 0 be given. Let 0 < ap(x) < a3 = const. Let u(x)
be a weak solution of (DP). Then the following assertions are hold:

1) if Ao < 22 then |u(z)] < colz)o, z € G

m—17
2) if Ao > BE then |u(x)| < colz| T, € GY;

Proof. The operator £,, ,u = £,u + ag(z)u|u|?"! satisfies the weak comparison prin-
ciple which states that £,, ;u < £, v in Gg, u < v on 8G6l =u <wvin Ggl. Then the



first assertion follows from the Theorem 2 [4]. To proof the second assertion we choose
the barrier function v(z) = Alz| ¢(w) where A > 0, A = % < Ao and (), @) is the
solution of (3.1).

THEOREM 4.2. Let 1 <m <mn, ¢ >m —1 be given. Let 0 < ag < ag(z) < a1, (ag, a1
— const). Let u(x) be any generalized solution of (DP). If Ay < %, q> -1,
then |u(z)| < colz|?, z € GE.

Proof. Firstly, from the Lemma 2.5 with p — oo we get the bound |u(z)| < ¢|z|m1-1.
Then we construct the barrier function and use the method by contradiction (just
similarly as in [5] ) in view of the Corollary 2.6.

REFERENCES

1. Borsuk M.V.,Estimates of generalized solutions of the Dirichlet problem for quasilinear second order
elliptic equations in a domain with a conical boundary point, Differentsial’nye uravneniya 31 (1995),
no. 6, 1001-1007 (Russian).

2. Borsuk M.V., On the behaviour of solutions of Dirichlet problem for semilinear second order ellip-
tic equations in a neighbourhood of a conical point, Differentsial’nye uravneniya 33 (1997), no. 8
(Russian).

3. Borsuk M.V., A behaviour of generalized solutions of Dirichlet problem for quasilinear elliptic di-
vergence second order equations mear a conical point, Sibirian Math.J., 31 (1990), no. 6, 25-38
(Russian).

4. Dobrowolski M., On quasilinear elliptic equations in domains with conical boundary points, J. reine
und angew. Math. 394 (1989), 186-195.

5. Kondrat’ev V.A., On the solutions of semilinear elliptic equations in a neighborhood of a conical
boundary point, Differentsial’'nye uravneniya, 29 (1993), no. 2, 298-305 (Russian).

6. Ladyzhenskaya O.A., Ural’tseva N.N. Linear and quasilinear elliptic equations, 2nd ed. Moscow
(1973) (Russian).

7. Tolksdorf P., On the Dirichlet problem for quasilinear equations in domains with conical boundary
points, Comm. Partial Diff. Equ. 8 (1983), 773-817.

8. Veron L., Singularities of some quasilinear equations, Nonlinear diffusion equations and their equi-
librium states II, Math. Sci. Res. Inst. 13 (1988), 333-365.

E-mail: borsuk@moskit.art.olzstyn.pl
E-mail: dobro@mathematik.uni-wuerzburg.de



