ISSNN 0321-1975. Mexanuka tBepaoro tejia. 2011. Bei. 41

VIIK 531.38

(©2011. M.II. Xapaamos, IL.E. Ps6os, A.}O. CaBymikuu, I"E. CMmupHoB

TUIIBI KPUTNYECKNX TOYEK .
TMPOCTATA KOBAJIEBCKOU B /IBOVMHOM IIOJIE

B coorBercTBHEM ¢ KitaccuduKaiueil, IpUHATON B TEOPUU HWHTETPUPYEMBIX IO JInyBuiIo ra-
MUJIBTOHOBBIX CHUCTEM, BBIYMCIICHBI TUIIBI KPUTUYECKUX TOYEK BCeX PAHI'OB MHTErPAJJIbHOI'O OTO-
OpasKeHUsT 3a71a9u O NBUKEHUU TupocTtaTa KoBameBCKO# B JBOHOM CHJIOBOM TIOJIE.

KuaroueBsbie cioBa: zupocmam Kosanesckot, 060tiHoe nose, mun KpUmMu“eckotl mouky.

1. Ucxoaubie cooTHotnenus. Obobienne ciay4aast C.B. Kopaesckoit, Haii-
JleHHOe BJrarojiapst BKJIa Ly aBTopoB pabor [1-3], 1o cux nmop maso usydeno. Cucre-
Ma, OMUCLIBAIONIAs ABUXKEHIE TUPOCTATa C YCJIOBUAMHI TUIa KoBaIeBCKOM B IBYX
CHJIOBBIX TIOJIIX (HAIIPHMED, [OJI€ CHJIBI TSYKECTH U MATHUTHOM ), SIBJISICTCSI HEIIPH-
BOJIUMOI MHTEIPUPYEMOil TaMIIIBTOHOBOM CHCTEMOM C TPEMsI CTEIIEHSIMI CBOOO/IBL.
CootsercrBytoliue ypapHeHus Jitjiepa—llyaccona samnuirem B Bujie

201 = wa(ws — A) + B3, 2w = —wi(ws — A) — a3, w3 = ag — B,
Q1 = Qws — azwa, b1 = Bows — Bawa,
9 = Q3wi — A W3, 5'2 = 3wy — Pfrws,
Q3 = Wy — oWy, B3 = Brwa — [awi.

3aech w;, aj, B, — KOMIOHEHTBI B HOJIBHKHBIX OCAX BEKTOPa W YIJIOBOI CKOpOCTH
TeJla ¥ BEKTOPOB @, (3, XapaKTEPUCTUIECKUX JIJI CUJIOBBIX I10JIefl, T.€. BEKTOPOB,
HAIPABJIEHHBIX 110 OCU CUMMETPHUH IOJIs, ¢ MOJLYJIEM, BKJIIOYAIONIUM B cebs BCIO
CKAJIAPHYIO XapPaKTEePUCTUKY B3AMMOJICHCTBUs Tejia u 1mojisd. Takum odpa3oMm, Be-
KTOPBI IIEHTPA MACC U MArHUTHOI'O MOMEHTA IIOJIs CTAHOBATCHA CIMHUIHLIMEA. B
4aCcTHOCTH, I'eOMETPUYECKAe MHTEI'PAJIbl IPUBOJATCA K BUJLY

oo =ad? B-8 =", o-B=0. (1)

Ux cosmectnbiii yposenb B RY(w, a, B) obosmaumm gepes PS. Menss mpu meob-
XOJIMMOCTH TIOPSJIOK BEKTOPOB B TIOJIBUZKHON CHCTEME OTCUETA W CUUTas 3a7ady
HECUMMETPUYIHOM, osrydum a > b > 0. [lepBbie maTErpasbl B MHBOIIOIUH TAKOBDL:

R UL S

= (W} — w3 + a1 — f2)” + (2wiwa + az + B1)*+
+ 2A[(w3 — A)(W? + w3) + 2w a3 + 2w B3],

G = i(Mg + M3) + %(w;g — MM, — b*a; — aBa.

PaGora Bemosnmena npu dpunancosoit moguep:xkke PODU (rpanter Ne 10-01-00043, 10-01-97001).
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31ech 0bo3HATEHO

M, = 2wiaq + 2woag + (w;), + )\)043, Mg = 2w1 81 + 2wo B + (w3 + )\),33,
M, = 2wi(azf3 — asfa) 4+ 2wa(azfi — a1 53) + (w3 + A) (o fa — afr).

Beegem mHTErpasbHOE 0TOOparkeHne
J=HxKxG:P% - R®. (2)

MHOXkKeCTBO €ro KPUTUYECKUX TOYEK COCTOUT U3 JBUYKEHUIl TeJa CIENUaIbLHOTO
Bujia. BO-NIEPBBIX, 9TO MOJIOXKEHWsT paBHOBecus (Kpurmdeckne Touku paxra 0).
Ux B paccmarpuBaeMoii cucreme poBHO deTsipe [4]. Bo-BTOpBIX, 9T0 Tak Ha3bIBae-
MbI€ OCODBIE IEPUOINTIECKUE JIBUKCHUS — TAKUE 3aMKHYThIE TPACKTOPUU, KOTOPHIE
caMu ABJISIOTCH OpOUTAMHU BCEX TPEX TaMUJIBTOHOBBIX II0JIEH, OIPEIeIeHHBIX 00~
mmMu uaTerpaiamu H, K, G, T.e. opburaMu myaccoHOBa JeiCTBUS Ha, IIECTUMED-
noM ¢azoBoM mpocTpancTse. OHE COCTABIEHBI U3 KPUTUUECKUX TOYeK panra 1. B
9TO CeMeCTBO BXOIAT U CEHNAPATPUCHI, BO3HUKAIOIINE IPU OUQYPKAIUN O0COOBIX
HEPUOANYICCKIAX JBUKCHUN IIPU IIPOXOXKJICHUM Yepe3 HEeyCTOHYMBOE IIOJIOZKCHUE
paBHOBecusi. Bce perreHnst TakKoro BUJIa HaIEHBI U CBEJIEHBI K SJIIUITUIECKUM
kBajparypam B pabore [5|. Kpurudyeckue Touku panra 1 opraHm3oBaHbl B JIBY-
MepHbIE MHOTOOOPA3HS.

Haxomnern, B xkpuTudeckoe MHOXKECTBO BXOIAT JIBYMEpPHBbIC TOPLI JInyBusiis,
KOTOPbIE€ TaKx>Ke ABJIAIOTCIA Op6I/ITaMI/I IIryacCoOHOBa ﬂeﬁCTBHH, T.€. HE IIOJIYYIE€HbI B
pe3ysibTaTe CIydaiiHoil COM3MEPUMOCTH YacTOT Ha JABUXKeHuu obiero Buia. JIBy-
MEpHBIE TOPBI COCTOAT U3 KPUTHIECKUX TOYEK panra 2 1 (hopMUPYIOT MHOKECTBA,
KOTODBIE TOYTH BCIOJY SBJSIOTCH YETBIPEXMEPHBIMUA CUMILIEKTUIECKIMHU MHOI'O-
obpazusivu. CjioBa “nouTu BCIOY” 3/1€Ch CYNIECTBEHHDBI, TAK KAK TOIOJOTUS Ta-
KIX TOYTH MHOI00Opaswii JOCTATOYHO CJIOXKHA U JIO KOHIIA He BBISICHEHA JIayKe B
caydae HyJeBOr0 MMPOCTaATUIEeCKOIO0 MOMEHTA, KOTJa COOTBETCTBYIOININE CHCTEMBI
cBeJleHbl K KBajparypam [6,7]. OmHako B paccMaTpuBaeMoil 3ajade UMEeTCs X
anasmrndeckoe ornucanue [8,9|. Ilpusenem 31ech HeoOXOAUMBIE TOHATHSA U (HOP-
MYJIBL.

Budypkannonnast muarpamma orobpazkenus (2) COAEpKUTCA B 00beINHEHUN
creytomux (TiepeceKalomuxcs) oMHoKecTs poctpanctea R3(h, k, g) [8]:

1) upsiMbIx

k= (a+b)? k= (a—0b)?
I 2 Iy 2
g:—ab(h—)\—) ' * g:ab(h—)\—) 7
2 2
2) HOBEPXHOCTH
2 2 4 _ .4
k=p+(h— ) —4(h— 2 )s+3s2 - 2
) 2 2 452
I : 2 4 _ 4 (3)
S -9+t e R\{0);
g=(h 5 s)s” + P s ;
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3) HOBEPXHOCTH

2 )‘2 4 :
, k=20 (h =g = 29) = A 452’
I, : . \2 L (4)
2 2.2
= p?(h+5) = N2% — — R\{0}.
g=5p (h+5) =A%" ==, s eR\{0}

3J1ech U Jlasiee UCIOJIL3YIoTCs obo3HaueHns p? = a’ + b2, r? = a? — b?.

MuoxkectBa [l MOpOKIEHBI ceMeHCTBAMI MASITHUKOBBIX JBUYKEHUMH, B KOTO-
PBIX OCb KostebaHuii OpTOroHabHa 000MM CHIIOBBIM MOJISIM (CYIIECTBOBAHNE TAKUX
,ﬂBI/I)KeHI/H'?'I JJIgd JUHAMUIYICCKN CUMMETPUYIHOTO I'MpocTaTa C IIPOU3BOJIBHBIM OTHO-
IIIEHNeM OCEBOTO 1 9KBATOPUATLHOTO MOMEHTOB WHEPIINHU B IBOITHOM TOJIE BIIEPBBIE
ykazamo B [10]):

a x B =+abes, w = pes,
a =alejcosp —eysing), (B = +tb(egsinp + egcosp), (5)
¢ =—(a+b)sinp.

B coorBercTBUE € BHIOOPOM 3HAKA 0003HAYNM MHOXKECTBO TOUEK TAKOTO CeMEHCTBA
qepe3 My. DTo — nBa JIByMEPHBIX MHOT000Opasusi, 1uddeoMOpMOHBbIX TUJITHIIPY.

MHOXKeCTBO KPUTHYECKUX TOUYEK HHTEIPAJIHLHOIO OTOODAXKEHUS, JIEXKAIINX B
npoobpase mosepxuoctu I1;, HazoBeM Kpurmueckoii moacucremoit M; (i = 1,2).
MmnoxkecTBa M o TIOUTH BCIOLY ABJAIOTCA UETHIPEXMEPHBIMI MHOTOOOPa3UAMH.
Herpyaao Busers, uro cemeiictBo M _ mejimkoM cofep:kutcsi B M1, a cemMeiicTBo
M mepecekaercsa ¢ moacucTeMoit M TOTBKO MO JIBUZKCHUSIM CO 3HAYMCHUSIMU
SHEPIUH 3a IPeJIeJIaMi UHTEePBaJIa

A2 A2
3—2\/%<h<?+2\/@ (6)

Ilepeceuenust MmuOroobpasuii M4 ¢ KpUTHYECKOi mojacucTeMoil Mo TakKe JIErKo
HaXOOATCHA. 9TO — JIBUZKCHUA, JIezKalllue Ha ypOBHHX h, coaepzKallux IMOJIO?KeHU o
paBHOBecHsi (IO J1Ba YPOBHs B KaxkaoMm cemeiictse). Kpome Toro, B KaxKjaoMm u3
ceMeiicTB MMeeTCsl 110 OIHOMY YPOBHIO h, momajaiomeMy B Mo, IBUXKEHUsS Ha
KOTOPOM OKa3BbIBAIOTCS BBIPOXKJICHHBIMI KakK Kpurumdeckune Todku panra 1. Coo-
TBETCTBYIOIINE SHAYCHUA IHCPIUU YKa3bIBalOTCdA HU2KE IIPU UCCJIeJOBAHUN TUIIOB
KPUTHUYICCKNX TOYEK.
Bsenem crucreMy KOMILIEKCHBIX KOODIMHAT

11 = (a1 — o) +i(az + f1), x2 = (a1 — f2) —i(az + f1),
y1 = (a1 + B2) +i(ae — B1), w2 = (a1 + B2) —i(az — fB1),

21 = a3 +if3, 22 =az—ifs,
w1 = w1 + Wy, Wy = W] — W, W3 = Ws.

Jl1s1 mapaMeTpoB p, T UMeeM IIPeCTaBJICHHE:
9 1 4 2 9
p° = 5(561562 + y1y2) + 2129, r* = (x1y2 + 27) (x2yn + 23). (7)
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Omnucanne MHONKECTB M1, Mo MOXKHO HOJIyYIUTH CJemyfommM obpasom [8].
MuozkecTBO M €cTh 3aMbIKaHIe HOIMHOXKeCTBa B (hasoBoM mpocrpancTse PO,
3aJJAHHOTO yPABHEHUSIMI

1
- —A A
i wrws(ws — \) {w1 (w3 — A)[z2wy + 22(w3 + A)]+
+ Xoz1w + T120wW2 + leg(wg + )\)}7 (8)
1
Y2 = {wa(ws — A)[z1w2 + 21(ws + A)]+

_w1w2(w3 — )\)
+ z221w1 + T122W2 + 2122(W3 + )}

[Tpu srom dburypupyromuii B (3) mapamerp § — HOCTOsTHHAST 9aCTHOTO MHTErpaJa

Sl Ha Mli

g, _ T2Awi + Tizpwn + z122(w3 + A)
! 2 w1 w9 (’U)3 - )\)

(9)

B cBoro ogepemnn, MaHOXKecTBO My €cTh 3aMBIKAHIE ITOAMHOXKECTBA B (DA30BOM
npocrpancTse PY, 3aaHHOr0 ypaBHEHIAME

1 2
- wo(wy + 1) (x9z1w1 + 1 20W0—

. (w1w2+)\w3)(w2$1+)\21))\[ 2w 1) (#2211 122W2

—x1@2w3 + 221 29\) + x2(wiws + 21) (w121 — TrW3)A—

2 2 2
—(rrws — 2z1wiwsg — 27) 29N,
(13 1 11 3 — 21)22A7] 10)

& [wl(wg + 502)(9022’1101 + 21 20wo—

- (wlwg + )\wg)(wlxg + )\22))\
—x1Tows + 221 29M) + x1 (waws + 22)(weze — Tows)A—

—(:cgw§ — 2z0wow3 — 25)21\?].

[Tapamerp s 6udypKannoHHON TOBEpXHOCTH (4) — OCTOSHHAS 9aCTHOTO HHTErPa-

Ja So na Maoy:

IS T1X2W3 — T2Z1W1 — X122W9 — )\2’122
2 = .
2\ (w1 we 4+ Aws)

[Toncucremsr M1, My iepecekaroTcst TaKyKe 110 MHOYKECTBY KPUTHIECKUX TO-
YeK paHra 1, COCTABIIAIONINX CEMECTBO OCOOBIX HMEPUOIMYECKUX JIBUXKEHUIT, 3a-
JaHHbIX ypasuenusMu (27), (29), (30) paborst [5]. Ux mas kpaTkocTu 3/7ech He
HOBTOpsieM. YKa3aHHAasl CUCTeMa yPaBHEHNIT, Ha KOTOPYIO OyJIeM JaJiee CChIAThCs
kak Ha ypasuenust (OII/l), Boipakaer Bce ba3oBble IepeMeHHBIE Yepe3 OJIHY IIe-
peMeHHyIo w, busndecKuii mapaMerp A U JBa BCIOMOTaTeIbHBIX apaMeTpa o, u,
CBSI3AHHBIX COOTHOIICHIEM

A2(A2 4+ 0)2u® + (A2 + 0)[2p° Mt — (A2 + 0)3o]out+ (11)
+ri\6o2y3 4 2r4)\404()\2 + 0)2u2 — r8\840 = 0.

30
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Vsmenenwue eHCTBEHHOI ¢BOOOIHOIT TIepemernoit w(t) onpenesiercs auddepen-
aJbHBIM ypaBaerneM (32) paborsl [5], KOTOpoe MHTErpUpyercss B SJUINITHYC-
CKUX (PYHKITHSIX.

OtmernM, 9TO ObpallieHne B HYJIb 3HAMEHATENEH B BBIPAYKEHUSIX, CBI3AHHDBIX
¢ nozgcucremamu My, Mo, npuBoauT smbo K TON YacTu IBuKeHuit Buia (5), Ko-
Topas JeKuT B My, mubo K nBukenusiM panra 1, onmcanubiM cucremoii (OIT/T).
YeI0Bus CyIIECTBOBAHUS IIOCJICIHUX HOIPOOHO HCCIeA0BaHbl B [11].

ey mactosmeit pabOTbHI — BBIYUCIAUTL B TEPMUHAX BBEJICHHBIX Tapame-
TPOB AHAJNTUYIECKNE XapPAKTEPUCTUKN, BBIPAYKAIONINE TUM KPUTHICCKUX TOUEK
B cMbIcsie omnpejesiennst [12]. S3Hanue Tuna KPUTHYIECKON TOYKHM MHTErPUPYEMOil
CUCTEMbI OTBe€YaeT M Ha BCE BOIIPOCHI, CBA3aHHbLIE C XapaKTEepOM ycTOﬁqHBOCTH
MPOXOJISATIEH Tepe3 Hee TPAeKTOPHUH. [l MoIoKeHnit paBHOBECUS U MasTHHKO-
BBIX JIBUZKeHUil (5) THII KPUTHYECKUX TOUEK ObLI IpeJcTaBilIeH B Jokiage |13
B wacrnoctn, 6pu10 I0Ka3ano, uTo mHTepBaJ (6) s aBHzKeHuii cemeiicTBa M4
oTBedaeT ocobeHHOCTH THIa “hoKyc-pokyc”.

2. Kpurndeckue Touku paura 2. Tum KpuTUIecKoil TOUKM xg paHra 2 B
UHTErPUPYEMOIl CHCTeMe ¢ TPeMsl CTeIeHsIMU CBOOOJIBI BBIUCISIETCST CJIETY FOIIIAM
obpazom. HeoGxomumo ykasarb mepsblii uHTerpan F', takoit, uro dF(zg) =0 u
dF # 0 B OKpecTHOCTH 3TOit Touku. Torma, B 9aCTHOCTH, TOUKA Ty OKA3BIBACTCS
HETO/IBIZKHOM JI7IsT TAMUIBTOHOBA TOJIsT sgrad F' v MOXKHO BBLIYUCIUTD JTMHEAPU3a-
IIUIO 9TOTO TOJISI B TOYKE T() — CHMILIEKTHIECKU omepatop Ap B MECTUMEPHOM
KacaTeJIbHOM IPOCTPAHCTBE K (PAa30BOMY HPOCTPAHCTBY B TOUKE (. DTOT Olepa-
TOp Oy/JIeT MMETHb YeThIpe HYJIEBBIX COOCTBEHHBIX UHCJIA, OCTABIIANACS COMHOMKU-
TeJIb XapaKTepUCTHIecKoro Muoroutena umeer suj u? — Cp. pu Cp < 0 moy-
9UM TOYKY TUMA “TeHTDP” (COOTBETCTBYIONIMI JIBYMEPHBIl TOP — JUINIITHICCKHUI,
SIBJISIETCST YCTONIMBBIM MHOTOOOpa3neM B (pa30BOM MTPOCTPAHCTBE, MPEIETIOM KOH-
[EHTPUYIECKOIO CeMefiCTBa TPEXMEPHBIX Pery/IsipHbIX TOpoB), a npu C'r > 0 mosty-
YUM TOYKY THIA “Cey10” (COOTBETCTBYIONIMI IBYMEPHBIL TOP — MUIIePOOINIeCKHi,
CYIIECTBYIOT JIBUYKEHUS, AaCUMIITOTHIECKHE K 3TOMY TOPY, JIeXKalllie Ha TPexXMep-
HBIX CEMAaPATPUCHBIX TOBEPXHOCTSX).

B marmeit 3a1a1e curyariyst OCJI0KHEHa TeM, ITO (a30Boe IPOCTPAHCTBO 3a1a-
ro B RY Tpems HesBHBIME ypaBHeHUsIME (1) U BBIYHC/IATL OPPAHUHYEHHST OTIEPATO-
POB Ha KacaTeJbHbIE TTPOCTPAHCTBA 3aTPYAHATENbHO. OTHAKO (PYHKINA B JIEBBIX
gacTsax ypasrennii (1) cayxkar dynknusvu Kasumupa mjist ecTecTBEHHOTO po-
nomkenns na R? ckobku Ilyaccona CHMILIEKTHYECKOII CTPYKTYPbI IIPOCTPAHCTBA
T'SO(3), 109TOMY IPU BBIYUCIEHUN CUMILIEKTHYECKUX OIIEPaTopoB Buja Ap oHE
JINIIB JI00ABSIT TPHU HYJAEBbIX KOPHSI B XapaKTEPUCTUIECKUI MHOTOYIEH, NMEO-
Ui B TIEIOM JIEBATYIO cTenenb. TakuMm obpa3oM, MBI 3apaHee 3HAEM, 9TO TIpU
yenosun sgrad F = 0 uckomerit koapdurment Cr ectsb koaddurment npu 4 B
XapaKTepuCTHIecKoM MHorowtene Zp (i) omeparopa Ap B R?:

Zp(p) = —n'(1* = Cp).

Cam xe orrepatop Ap BBIYHCIISIETCST U [IPU HAJUIUU BBIPOXKIEHHBIX CKOOOK Ily-
accoHa (JJIsl pacCMaTpUBAEMOro 3/1eCh IIPOCTPAHCTBA RY oHm ompeje/ieHbI SIBHO
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B [1]). OTMernm, 9TO HPU BBIYUCICHAN XapaKTEPUCTHIECKOTO MHOTOWICHA Ye-
pe3 OmpeIeInTe b COOTBETCTBYIONIEH (9X9)-MaTPHUIIBI TPY/THOCTH JJisi HEKOTOPBIX
GyHKINN OKA3BIBAIOTCA CJIUITKOM BBICOKH JIaKe IIPU UCIOJIB30BAHUU MOITHBIX
COBPEMEHHBIX CHCTEM aHAJUTHICCKUX Bhrancaennit. OiHaKo, 3apanee 3Has B TaH-
HOM cJIydae CTPYKTYPY MCKOMOI'O MHOTOUJIEHA, MOXKEM HailTh

Cr = 1 [trace(4) — (trace Ap)?] = trace(4),2.

TaK Kak cJjej| JIIo00ro CUMILIEKTHYECKOIO OllepaTopa paBeH HYJIIO.

Teopema 1. Tun xpumuueckur movex panaa 2 8 KpUMuU1eckosd nodcucmeme
My onpedeasemces 3naxom K6adpama TapaKmMepucmuieckozo noka3amens

2 2

1 A A
p? = o 125 — 8(h — 7)83—1—194—?“4 257 —Q(h‘i'?)s"'pQ , (12)
S

2de s — 3Hanenue napamempa 6 coomeemcmeyrouel mowke (3) noseprrnocmu
II;. Kpumuueckue mowku umerom mun “‘venmp” npu p? < 0 u mun “cedro” npu
w2 > 0. Ipu = 0 xpumumeckue mouxu eviposcdens. Ha noseprrocmu Iy mno-
IHCECTMBO BHIPOHCICHNDIT KPUMUMECKUL MOYEK 0MBEYAem pebpy 6036pama U AU-
HUU Kacanus ¢ noseprrocmoio 1la.

JIOKABATEIBLCTBO. Pacemorpum dynkmmo L = 2G — (p? — 7)H + sK. Borau-
CJisist ee KOCOM rpajiieHT B TOYKax (8) M MpUpaBHUBAs €ro K HYJIIO, HaiieM

2
s =51, T=1T) :p2+251(51—H+%). (13)
[TogaepkueM, YTO MOJACTAHOBKU ITUX 3HAYEHUH S, 7 HYXKHO BBIMOJHUTDL NOCAE
perancsenns sgrad L. ITosromy momydentoe mose sgrad L obparmaercst B HyJIb JId-
IITb B CAMOW PacCMaTPUBAEMON TOUKE, HO HE B €€ OKPECTHOCTH, CJICIOBATETHHO,
OCHOBHOe TpebOBaHMe K MHTerpasiy L BBIIOJIHEHO. 37eCh U Jlajiee MpU IIPOBEPKE
TOXKJIECTB JIMOO COOTHOIIEHUTH, OMO0OHBIX paBeHcTBaM (13), UCIIOIB3YIOTCS IPEeI-
crapyenns (7).

Borauemm trace(A%)/2, noncrasum snauenus (13), satem — (7) u (9), u, B
HOCJIE/IHIOIO0 Ouepejib, yuareM ypasHerus (8). HaiijieHHoe BbIparkeHue depes ncxo-
nubie (ha30BbIe IEPEMEHHDIC CPEJCTBAMI KOMIIBIOTEPHON aredphl pa3iaraeTcs Ha
MHOKUTEJIM, KOTOpbIe JafoT ucKomoe 3Hadenue (12). Texuuka mnpeobpasoBanmii
371ech (baKTUIECKU COBIIAQJAET C TOii, KOTOpas NPUMEHsIach B (8] mpu Beraucie-
nnu ckobok Ilyaccona MHBAPHMAHTHBIX COOTHOIEHUH, OMPEIETSIONIINX KPUTHIC-
CKMeE TIO/ICUCTEMBI. XapaKTep KPUTUIECKUX TOUEK OMPEJIEIIeTCsT 3HAKOM BeJTIHYIN-
uel (12). Tor daxt, 4T0 NpU PABEHCTBE €€ HYJII0 KPUTUIECKHE TOYKH BBIPOK JIEHbBI
(T.e. HEJIb3d YKa3aThb APYroro nHTerpaJia ¢ HEHYJIEBbBIM XapaKTEPUCTUYICCKUM 3Ha-
YeHHeM), BBITEKaeT U3 Toro, 4ro Kosdduiment npu G B dyHknuu L oTiamder ot
HyJist, a paBencTBo dG = 0 IPUBOAUT K KPUTHIECKUM TodkaM panra 1. CBsa3b MHO-
wecrBa (12 = 0 ¢ TeOMETPHYECKUME CBOficTBaMU TIoBepxHocTeil 111 o Trposepstercst
HEIIOCPEICTBEHHO. O
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Teopema 2. Tun xpumuueckur mouex parea 2 6 Kpumuyeckot nodcucmeme
Moy onpedensemea 31arom K6adpama TaPaKMEPUCMUYECKO20 NOKAZAMENA

1 2
= - [8A%s? — '] |25% —2(h + %)5 + p?|, (14)

2de s — 3nauenue napamempa 6 coomeemcmeyrowels mouke (4) noseprrocmu
5. Kpumuueckue mouxu umerom mun “venmp” npu p? < 0 u mun “cedro” npu
p? > 0. Ipu p = 0 xpumuueckue mouxu eviposcdenv.. Ha noseprrocmu Iy mno-
2HCECMBO BHIPONCICHHHLT KPUMUNECKUT MOYEK 0MBEedaem pedpy 6036pama U Al-
HUY KAcaHUA ¢ noseprrocmoio 11 .

s mokasaTesibcTBa CHOBA BO3bMEM (DYHKIUIO L, BBIMUCINM ee KOCOil rpa-
JUEHT U yOeIMcs, ITO OH oOpalaeTcs B HyJIb Ha MHOTOOOpasuu Ms, T.e. B cuity
ypaBrenuii (9), HO yKe B HOJICTAHOBKE

SZSQ, T:T2:2)\252.

Boruucnsgs marpuity juneapuzaruu mosist sgrad L m Haxomd ciend ee KBajparta,
HCKJIOUNM [IepeMEHHbIe Y1, Y2 ¢ mnomorsio ypasaernii (10). Ilosmyunm uckomoe
Boipazkerue (14). JlanbHelinme paccysKieHusl TaKue ¥Ke, KaK 1 B JOKA3aTeIbCTBE
TeopeMbl 1.

3. Kputuyeckume toukm paura 1. Jljgg BoraucaeHns THIA KPUTUIECKON
TOUKN To panra 1 Hy:KHO HaifiTu nBa muTerpaja Fy, Fb, He3aBUCHMBIX B MPOKO-
JIOTO# OKPECTHOCTH I, TAKUX, 9TO B camoit Touke dFy = 0, dFy = 0, cuMIiekTu-
4yeckue onepaTopel Ap , Ap, HE3aBUCHMBI U CYIIECTBYeT UX JIMHEHHast KOMOMHA-
IUsT, TMEIOIAasT 9eThIPe PA3TUIHBIX COOCTBEHHBIX 3HAYCHUS. 371eCh U Jajee Mo
mddepentmanom GYHKINN, 33aHHO0N Ha BCeM mpocTpaHcTse RY, HOHEMaeTCs
orpaHUYeHue MoJaHoro auddepennualia Ha KacaTelbHoe MMPOCTPAHCTBO K (ha3o-
BOMy mpocrpancTBy PO, 3amamHOMy reoMeTpumuecKHMME MHTerpajaMu. 11pocTeie
yPaBHEHNs, O3BOJISIIONINE TIPOBepATh yeiosue dF = 0 na PY He BBOjs Heompeie-
JIEHHBIX MHOXKUTeJIel jiuist orpanndenuii (1), npusejieHsl, HanpuMep, B [5].

Kaxk mnokazano B [5], ocobble mepuojnvecKue JBUKEHUsI, 3aJaHHbIE ypaBHe-
ausivu (OILL), mpuHa/jIeKar mepecevdeHnio KpuTuaeckux mojacucreMm My, Mo.
QuKcHUpyeM TOUKY Ty Ha TAKOM PEIeHUH U TyCTh

S; = Si(xo), Ty = Tz‘(flfo), Lz(x) = L(x)‘S:Si,T:Ti ('L = 172)'

Kak ciemyer n3 npuBesieHHBIX BbIIIEe Pe3ysabTaToB, nuddepeHiualinl hyHKITi
L1, Lo B TOUKEe Xy PaBHLI HYJIO U OTJIUIHBLI OT HYJsd B OJMU3KUX K HEHl TOYKAX.
CuMILIEKTHYIECKIE OIEPATOPHI, TOPOXKIeHHbIe dyHKIusiMu L1, Ly B TOUKe Xg, B
PA3JIOZKEHUH 110 COOCTBEHHBIM IOJIIPOCTPAHCTBAM OY/IYyT OTJIUYIHBI OT HYJIsl JIUIIDb
Ha JIBYMEPHBIX TIoAIpocTpancTBax B 1l PY, TpamcBepcalbHbIX, COOTBETCTBEHHO,
K MHoroobpazusgm My, Ms, 1 UMETh Ha STUX HOIPOCTPAHCTBAX COOCTBEHHBIE
uncsia 1, £pug, oupejesnennsle pasercrBaMu (12) ¢ s = s u (14) ¢ s = s9. Ecom
HU OJIHO U3 YUCEJI (i1, [t2 HE paBHO HYyJI0, TO moBepxuoctu 11, Il mepecekaiorcs
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TPAHCBEPCAJILHO, YIIOMSHYTBIE JIBYMEPHbBIE MOANPOCTPAHCTBA 0OPA3YIOT MPSIMYIO
CyMMy, U IIOTOMY Haiijercs JimHeliHast KoMOuHanust (pyHKimii Ly, Lo, CUMILIEKTH-
JecKHuil ormepaTop KOTOPOil MMeeT BCe pas/IMiHble COOCTBEHHBIE UMC/Ia. XOTsS 9TO
paccy}K,ZLeHI/Ie n He CcOBCeM CTpPOro, HO €ro MOXKHO IIOATBEPAUTDL IPAMBIM BbIYN-
cierneM. Takum obpasom, ecsm J(xg) IPUHAIJIEKAT TPAHCBEPCAIBHOMY Iepece-
JeHnI0 OrdyPKAIMOHHBIX [TOBEPXHOCTEH, TO TOUKA X( SABJISETCS HEBBIPOXK IEHHOIA.

Teopema 3. Kpumuueckue mouwku panza 1, sescaujue na mpaekmopuss oco-
Ovx nepuoduveckur d8UNCENUL, ACAAIOMESA HEGVPONCOCHHHMU 30 UCKAOUEHUEM
cayuaes, Koz2da mouxa 6 R3, 06pazosanias sHaMenuaMmu Nepevis UHMEe2paio6, Ae-
oHCUM 8 0OHOM U3 CACOYIOWUT NOOMHOHCECTNG:

1) pebpe sosspama nosepxnocmu 11y, 3adannom na wetl ypasrenuem

)\2
125 — 8(h — ?)33 +pt —rt=0; (15)

2) pebpe sozepama noseprrocmu Iy, sadarnom na Hetd ypasnenuem
8A%s® — 1t = 0; (16)

3) xpueot xacanus noseprnocmets 1y, 1y, sadannoti na nux odnum u mem

aHce YpasHeEHUEM
2

A
252—2(h+7)5+p2 =0. (17)

Tenepn /17151 OIIpeie/IeHNsT THITA HEBBIPOKIEHHOW KPUTUIECKONW TOUKHU paHra 1,
T.€. TaKOil TOUKH (), 9TO J(Z() HE YAOBIETBOPSIET HU OJHOMY U3 ypaBHenuii (15)—
(17), mocraTouHO yKas3aTh XOTs Obl OJMH MHTErpPaj, y KOTOPOro KOCOH I'paJMeHT
B TOYKE X( PaBEH HYJIIO, 8 COOTBETCTBYIOMINN CHMILJIEKTUICCKII OIlepaTop mMeeT
JeThipe HEHYJIEBbIX COOCTBEHHBIX 3HAUeHWs. B KadecTBe TAKOrO WHTErpaJia MoO-
JKHO B3ATb QyHKIMIO K — 20 H, MOCIy>KUBIIYIO B |5| HCXOAHON It TOCTPOEHMSI
MHOYKECTBA, OCOOBIX TTEPUONICCKUX JTBUKEHUI.

Teopema 4. Ilycmov durcuposan napamemp X, @ KOHCMaHmMy, o, u ydos.ae-
meopsrom ypasneruro (11). Toeda mun neswpostcdennots Kpumuweckot mowku,
sadannot ypasnwernuamu (OII), onpedessemen snaramu caedyrowet napo. Kea-
dpamos Tapaxmepucmuyeckur nokazamenet (COBCMEEHHBIT YUCEN CUMNAEKIMU-
weckoz0 onepamopa, nopostcdentozo unmezparom K —20H):

) 4(ud + r*rto?d)
Vi = —————;
u)\QJ()\2+0)4 ,
22 2 2
o wATH0) A0 gy 5 212 416 3
vy = TN (1 o) [W’A? — o (N + 0)* (N +40) + X967 .

(18)

JlokazaTeIbCTBO TPOBOIUTCST HEIIOCPEACTBEHHBIM BBITHCIEHIEM.
OTMeruM, 9TO B TOYKAX OCOOBIX IEPUOANYECKUX [IBUYKEHUN 3HAYCHUS Ya-
CTHBIX MHTErpajioB S1,S2 UMEIOT JOCTATOYHO MPOCTOil BH [5]:

7“4)\402—11,2()\24—0)2 U

1= 2uZ\2 C 2T TNy
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[TpumMeHeHre KOMIIBIOTEPHON CHCTEMBI AHAJMTUYECKIX BBIUUCIICHUI TOKA3bIBACT,
410 Oobpalnenne B Hy/Ib Kakoif-mbo m3 Besmunu (18) Bireder, B cumily ypaBHe-
mns (11), Bomosaenne ogaoro u3 ycmosnii (15)—(17). Do erme pas mogIepKuBaeT
CBI3b BBIPOXK/IEHHBIX TOYEK U MEOMETPUICCKUX OCODCHHOCTEH OMdypPKAITMOHHBIX
nosepxHocreii. [To ckazaHHOMY BbIIlle, BBIYUCIATD OKa3aTean tuna (18) erme jist
OJIHOIO MHTErpajia HeT HeOOXOJUMOCTH.

Omnncanye TUIIOB TOYEK Ha TPAGKTOPUSIX MasTHUKOBBIX JBUKeHUil (D), aHOH-
cupoBanHoe B [13|, mosyunm, 3ameTuB, 4TO TpaekTopuu cemeiicrs My cocTosT
3 KPpUTUYIECKUX TOYCK IME€PBbLIX MHTEI'PaJioB

2

“ = aTovab

(G FabH).

3/1ech MOCTOSIHHBIE MHOYKUTEIN BBEIEHDI JIJIA VIIPOIEHUsT BhIPayKeHN cOOCTBEH-
HBIX JHCE]T.

Teopema 5. Kpumuueckue mouku cemeticmea M _ neswvipooicdervt dan 6cex
3naMenutl anepeul, Kpome

(a+0)" + (a —b)*\

h =
2(a + b)2\2

Tun smux mouex onpeﬁe/memwl 3HaAKaAMUu napovt neadpamos CcOOCMBEHNBIT HUCEN
CUMNAEKTNMUYECKO20 ONepamopa urimezpana G_:

A2 4ab)? A2\ 2
2
- h+ - 7 (- 4ab.
V1,2 + 5 (@at0)? ( 2) +4a

Kpumuueckue mouxu cemeticmsea My meswvipootcderv, 0asn 6cex 3HaAMEHUT
aHepPeUU, KPOME

22 — (a—b)*+ (a+b)*\!
h=73 @b, A 2(a — b)2\2

Tun smux mouex 0npe0e/memc;z 3HaKamu napovl neadpamoe COOCMBEHHIT YUCEN
CUMNAEKTNMUYECKO20 onepamopa urimezpana G+ J

2 Aab)2 2\ 2
Y S . <h—)\—> — dab.

: 2 (a—0b)? 2

B wacmnocmu, ma unmepsase snavenutd snepeuu (6) onepamop umeem wemoipe
KOMNACKCHOIL COOCTNGEHHDLT YUCAA, TNOIMOMY COOMBEMCMBYIOUUE KPUMUNECKUE
mouku parea 1 nwa mpaexmopusxr My umerom mun “doryc-doryc”.
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4. Kputuyeckue toyku paHra 0. OcobeHHOCTb HYJIEBOI'O PAHTa IIPEJIIIo-
Jlaraer, B 9acTHOCTH, paBeHcTBO dH = 0, 9TO BO3MOXKHO JIUIIb B HEOIBUKHBIX
TOYKAX TAMUJIBTOHOBOM CHCTEMbI. 3JIeCh UX POBHO YeThIPE:

ck: w=0, a=(ea,0,0), B=(0,ed,0), (19)
rje 5% = 5% =1luk=1,...,4. YOoopgaaouum ci 110 BO3pacTaHUIO h:
hi=-a—-b, hy=—-a+b, hg3=a—0b, hg=a+0b.

Torpma c1,¢4 € My, co,c3 € M_. Toukn (19) npunajyexar obenM KpuThue-
ckuM nojicucreMaM My, My 3a OJTHUM MCKJIIOUEHHEM, 8 UMEHHO, TOYKa, ¢4 CAMOIO
BEPXHETO TI0JIO?KEHUST PABHOBECHs He MPpUHAIeKUT My, ecom h = a + b 1exxuT B
unrepsaie (6).

Kaxk mokazano B pabore [4], najgekc Mopca ramuibronnana H B Touke ¢ pa-
BeH k — 1, 4TO B 3HAYUTELHOI Mepe OIpPEIe/IsSeT MOBEJICHIE CUCTEMbBI B €6 OKpe-
crHOCTH. B wacTHOCTH, OTCIONA Cpa3y CJIEYeT, U4TO JIUIIb CaMOe HUKHEE MOJIOMKe-
HUe paBHOBecus ycroiiunso. OHAKO MCCIIe0BaHNe XapaKTepa HeyCTOWYUBOCTH
OCTAJILHBIX TOYEK U CTPOrasg KaacCHupuKaiusa TpeOyIOT BLIYUCJIEHUS TUIA ITUX
TOYEK KaK KPUTHYECKUX TOUEK MHTETPAJBLHOIO OTOOPAZKEHUS.

Teopema 6. Touxu c12 daa ecex snavenuti A = 0 A6.AA10MCA HEGVPOIHCIEH-
HBLMU KPUMUMECKUMY moukamu parza 0 unmezpasvrozo omobpascerus. [Ipu
2MoM 1 umeem mun “UeHmp-ueHmp-ueHmp’, co — mun “uenmp-uenmp-ceoro’.
Touxa c3 npu ecex A = 0 umeem mun “yenmp-cednro-cednd’, 00Haxo, pasmep-
HOCL AA2EOPBL CUMNACKIMUYECKUT 0Nepamopos 6 amot mouke nadaem 0o 08Yx
npu A2 = q_, 20e
(a+0b)?

a—>b

Touxa ¢y Acasemca neeviposicdentoti npu snaveruar N> ¢ {qy,q1, g2}, 2de

%ZM, Q1:2(\/——\/5)2<Q2:2(\/E+\/5>2. (20)

a+b

Ona umeem mun “cedao-cedno-cedro” npu N2 < qq, “cedro-gporyc-oryc’ npu
A2 € (q1,q2), u“cedao-uernmp-yenmp’ npu > > qo, snavenue N> = q, omeeuaem
NadenuI0 PasmMepHOCTU aA2e6PbL ONEPAMOPOS U HA MUN HE BAUAET.

,HOKABATE.H}DCTBO. HOCKOﬂbe BC€ TOYKHU Cj ABJIAIOTCA HEBBLIPDO2KICHHBIMN
KPpUTHUYICCKUMHN TOYKaMM T'aMHWJIBTOHHAaHa B CMBICJIE 1\/[Opca7 TO B 9TUX TOYKaX
trakxke dK = 0,dG = 0. HezaBucumocrs oneparopoB Ap, Ax, Ag B Toukax (19)
IIPOBEPSIETCsl HEMOCPEJACTBEHHO B npocTpancTse R U Hapymmaercs b s To-
YeK €34 NPU 3HAYCHUAX A2 = g+ coorsercTBerHO. OHOBPEMEHHO UMETh II0 Tape
COBIIaJaIXOIX CO6CTBeHHbIX quceJl 9TU TPpUu olliepaTopa MOT'YT JIMIIb B TOYKE C4q
pu A2 = q1 9, 1€ q1, @2 onpesenenst B (20). Tlepemennyio XapakTepUCTHIECKOrO
MHOTroOuIeHa oneparopa Ax B Touke ¢ € RY obosmaumm uepes . Ilocie co-
KpallleHusd Ha MHOXKHUTEJIb %3, OTBeLIaIOH_H/Iﬁ reoMeTpuIeCKuM MHTEerpaJiaM, 3TOT

36



Tunel KpUTHIECKHX TOYEK rupocrata KoBaaeBCKoi B ABOHHOM 1oje

MHOI'OYJIeH MeeT CJIeAyomue KOpHU OTHOCHUTE/ILHO %2Z

1 A2 A2\
J{% = hk, %%73 = Z hk — ? + (hk — ?> - 45152&[)

[Tosromy Ajp He gBIASETCS PETYISIPHBIM 3JIEMEHTOM COOTBETCTBYIONIEH MoIaIre-
G \2

OpBI UMb sl TOYKHU C4 TIPU OJTHOM U3 YCIOBHI A = @1 2. Y TBepKIeHHIE TEOPEMbI

cJeJlyeT Telepb U3 aHajn3a 3HAKOB HalJeHHBIX KOPHEH. [

BakJjrouenue. B pabore npescraBiena Bcs mHGOpMaIlusg 00 aHAIATHIE-
CKHX XapaKTEepUCTUKaX KPUTUYIECKHX TOYEK MHTEI'PaJIbHOT'O OTO6pa}KeHI/I${ JJIA
HEIIPUBOIUMON MHTEIPUPYEMOI CUCTEMBbI C TPEMsi CTEIIeHSIMEI CBOOO/IbI, OIUCHIBA~
OIell IBUKeHne rupocTtara Tuna KoBajaeBcKoit B jBoitHOM cuoBoM tose. C
HACIOJI30BAHUEM YCJIOBHI CYIIECTBOBAHNUA KPUTHYCCKUX JIBUZKCHNN, HallJCHHBIX
B [11], mpemocraBiisercss BOSMOXKHOCTH MOCTPOEHHUSI arpaMM KPUTHIECKUX MMOJI-
CUCTEeM, T.€. TAKUX MHOXKECTB Ha IIJIOCKOCTH KOHCTaHT JABYX HE3aBUCUMBIX (HO‘ITI/I
BCIOILy) [IEPBBLIX UHTErPAJIOB, KOTOPbIE KJIACCU(PUITUPYIOT KPUTHICCKUE TOUKU 110
paHraM n THUIIaM. HOC.HG 9TOI'O B 60.HI:LHI/IHCTBQ CJIydaeB MOXKHO YKa3aTb U Xa-
pakTep OudypKaluu UHTErpaJbHONO MHOIN00Opa3us, MPOUCXOIAIIEN IPU TIepece-
YE€HUU COOTBETCTBYIONIErO yUIacTKa OMdypPKAIMOHHON TOBEPXHOCTHA B IIPOCTPAHC-
tBe R3 KoHCTAHT OOIMIMX WHTErpasioB. B CHTy BBICOKOH TEXHMYECKON CI0MKHOCTH
3a/[a91 BPATL JIK MO2KHO PACCHUTBIBATHL Ha IOJIyYI€HUE IOJIHOII aHAJUTUYICCKOI
K.}I&CCI/ICbI/IKaLLI/H/I TOIIOJIOTUYICCKUX MHBaApPUaHTOB (T.e. IIOCTPOEHU A BCEX pa3aesis-
IOIUX IIOBEPXHOCTEH € YKa3aHUeM YCJOBUI CYIIECTBOBaHUA JIBUKEHUII B IIPO-
CTPAHCTBE BCEX ITAPAMETPOB 331441 ), OJHAKO C MMOMOIIBI0 KOMIIBIOTEPHOTO MO/Ie-
JINPOBAHMSA MOXKHO TIOCTPOUTH HOBBIE HHTEPECHBIE IPUMEPDI TPEXMEPHO (ha30BOit
TOIIOJIOTUH.
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M.P. Kharlamov, P.E. Ryabov, A.Y. Savushkin, G.E. Smirnov
Types of critical points of the Kowalevski gyrostat in double field

The problem of motion of the Kowalevski type gyrostat in double force field is considered.
According to the classification used in the theory of Liouville integrable Hamiltonian systems,
the types of critical points of all ranks of the integral map are calculated.

Keywords: Kowalevski gyrostat, double field, type of critical point.
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Binmosinao 1o kiacudikarii, npuitHaTol B Teopil iHTerpoBHUX 3a JliyBiijgem raMibTOHOBHX
CHCTEM, ODYMCJIEHO TUIM KPUTUIHUX TOYOK BCIX paHriB iHTErpasjbHOrO BigoOparkeHHS 3a1adi
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