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Abstract. We introduce a new notion of Markov functional and we
prove that its properties allows to define a notion of capacity associated
with the functional.
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1. Introduction

Our goal in this paper is an extension of the results connected with
the capacity associated to a (linear) Dirichlet form notion to the case of
nonlinear Markov functionals.

For the notion of Dirichlet form we refer to the book of Fukushima-
Oshima-Takeda, [13|. In [13] a purely analytical proof of fundamental
properties of Dirichlet form is given, this type of proof firstly appeared
in [18]; we recall also the papers [4], |[7], where an analytical investigation
of the properties of the harmonics relative to a a strongly local “Rieman-
nian” Dirichlet forms is carried on. From Beuerling-Deny representation
formula, [1], a Dirichlet form is represented as the sum of a strongly local
part, of a “killing” part and of a global part. The Beuerling-Deny rep-
resentation theorem is the fundamental tool allowing to prove that same
properties of Dirichlet forms (in particular the Markov property) hold
again for energy measures in the strong local (regular) case. Using the
above mentioned properties of energy measure it can be proved that for
the energy measure of a strongly local (regular) Dirichlet form a chain
rule and a Leibnitz rule hold; those properties are the starting point for
an investigation of local regularity of harmonics relative to a strongly lo-
cal (regular) Dirichlet form, see in particular [4], [7]. The Beuerling-Deny
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representation theorem is proved using Riesz theorem on representation
of measures, which is an essentially linear tool, then it seems that in the
proof of a nonlinear version of this result is difficult.

Previous work on a possible extension of the notion of Dirichlet form
to the nonlinear case has been given by Benilan-Picard, 1], and Cipriani-
Grillo, [10] [11]. In particular in [1| the relations between maximum
principle and Markov property are investigated generalizing to nonlinear
monotone case previous results obtained in [13] and [15] in the linear
case. In [11] a notion of nonlinear Dirichlet form is given and the relations
with a class of nonlinear semigroups (the order preserving contractions
semigroups with a cyclically monotone generator) are investigated. The
above papers deal with the general global case and are interested in the
properties of the corresponding nonlinear semigroup; then the existence
of an energy measure is not ensured and there is no proof of chain or
Leibnitz rule for the energy measure, when such a measure exists.The
first paper concerning local forms was [17], where a suitable chain rule
for the energy measure connected with the form is assumed and Sobolev-
Morrey inequalities are proved as a consequence of a Poincaré inequality.
In [8], [7], [10], [11] some nonlinear forms on fractals are explicitely given
and it is proved that the assumptions in [17] hold (see also the more
recent papers [20], [14] on the p-Laplacian on the Sierpiski gasket).

In the paper [5] we have introduced the notion of nonlinear strongly lo-
cal Dirichlet forms and we give our assumptions (in particular the Markov
property) directly on the energy measure of the form, whose existence is
assumed. We are able to prove in this framework (by purely analytical
methods in the line of [18]) suitable Leibnitz and chain rule, which are
the starting point for an investigation of local regularity of the harmonics
relative to the form and in particular for a proof (under suitable assump-
tions) of an Harnack type inequality for positive harmonics (we observe
that the chain rule proved here is the same assumed in [17] and that
an Harnack nequality for positive harmonics in the linear case has been
proved in [4], [7]). This last part will be developped in a forthcoming
paper.

Here the notion of capacity relative to Markov (global) functional is
introduced and we prove that a theory for this capacity can be developed
essentially in connection with global assumptions in analogy with the
linear case (see [13]). We finally observe that our framework contains the
case of the subelliptic p-Laplacian, p > 1, related to some vector fields
X;, 1 =1,...,m, which satisfy an Hérmander condition, considered on
RN endowed with the Lebesgue measure as well as the p-Laplacians on
fractals considered in [5], [8], [10] (see also [19], [13], where the Authors
give a construction of a p-Laplacian on the Sierpiski gasket and investigate
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the Holder continuity of harmonics) or the global forms which arise in the
theory of Sobolev spaces.

2. The capacity

We consider a locally compact separable Hausdorff space X with a

metrizable topology and a positive Radon measure m on X such that
supp[m|= X. Let ® : LP(X,m) — [0,400], 1 < p, be a Ls.c. convex
functional with domain D, i.e. D = {v; ®(v) < 400}, with ®(0) = 0.
We assume that D is dense in LP(X, m) and that the following conditions
hold:
(H1) D is a dense linear subspace of LP(X, m), which can be endowed with
a norm ||.||p; moreover D has a structure of uniformly convex Banach
space with respect to the norm ||.||p and the following estimate holds:
there exists s > 0 such that

crlolfy < ©.(0) = ©(w) + 5 [ [oPdm < ool
X

for every v € D, where ¢1, co are positive constants.

(H2) We denote by Dy the closure of D N Cy(X) in D (with respect to
the norm ||.||p) and we assume that DN Cy(X) is dense in Cy(X) for the
uniform convergence on X, moreover we assume that that @, is locally
uniformly convex on Dy, i.e. if we have 71112%) Py (Utt) = Py(u) and

lin}) uy, = u weakly in Dy then lin% Un = u in Dy (this last assumption is
n— n—

not necessary in the present paper, but simplify some proofs and will be
used in forthcoming paper on the theory of capacity with respect to ®y).

Remark 2.1. We observe that, since ® is convex, ® is l.s.c. also with
respect to the weak toplogy of LP(X,m). We remark that the assumption
(H1) substantially does not allow us to deal with the case p = 1 or with
sublinear functionals. Moreover from the assumption (H;) it follows that
® is continuous on D for the norm ||.||p, [19] Ch. 1 Sec. 2 pg. 20, then
from (Hg) the restriction of ® to Dy coincides with the relaxation of ®
defined on D N Cy(X).

(Hs) For every u,v € DN Cy(X) we have u Vv € DN Cy(X), uAv €
DN Cy(X) and

O(uVv)+P(unv) < P(u)+ D(v).

Moreover for every u € D N Cy(X) we have that u A1 € DN Cy(X)
and ®(u A1) < ®(u). We observe that from (H3), from Remark 2.1 and
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from the ls.c. of our functional on LP(X,m) we have that the above
inequalities hold again for every u, v € Dy.

Remark 2.2. We observe, [12] pg. 15-19, that given an open set O
whose closure is contained in an open relatively compact open set €,
there exists a function @ € Cp(X) such that & > 1+¢€, ¢ > 0, on O
and @ = 0 on Q°, then from (H2) and (H3) there exists u € DN Cy(X)
with w4 > 1 on O. Moreover we observe that, since Cy(X) are dense in
LP(X,m), we have that Dy is dense in LP(X,m).

Remark 2.3. We observe that the assumption (Hjz) is connected with
the assumptions in [11], moreover if ® has a subdifferential 0® on Dy
with values in Dy, (the dual space of Dy), then the first inequality in (Hs)
can be derived from the T-monotonicity of 9.

If the functional ® satisfies the assumptions (H;)(Ha2)(H3) we call ®
a (global) Markov functional.

The assumptions (H;)(Hz) and (Hs) allow us to define a capacity
relative to the functional ® (and the measure space(X,m)). The capacity
of an open set O is defined as

capg (0) = capg(0) = inf{®4(v); v € Dy, v>1a.e. on O}
if the set {v € Dy ,v > 1 a.e. on O} is not empty and
capg (0) = capg(0) = +00

if the set {v € Dy ,v > 1 a.e. on O} is empty (we drop out the index s
from the notation of capacity when it is considered as fixed). Let E be a
subset of X we define

capg(E) = inf{capg(0); O open set with E C O}.

We observe that from Remark 2.2 it follows that given an open set O
whose closure is contained in an open relatively compact open set 2 we
have capg(0) < +00.

Proposition 2.1. Consider an open set O C X such that capg(0) <
+oo; there exists eo > 0 in {v € Dy, v > 1 a.e. on O}, such that

capg (0) = P4(e0).

We say that eo € Dy is a potential of O with respect to . The potential
eo s unique up to sets of measure zero. Moreover if O1 C O3 are open
sets in X we have eo, < ep, a. e.
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Proof. Let M = capg(O). Denote K = {v € Dy; v > 1 a.e. on O}.
The set K is closed and convex in LP(X,m), then K is weakly closed in
LP(X,m). Since @4 is L.s.c. on LP(X,m) for the strong and then for the
weak topology, there is a minimum point ep of &, on K. Moreover we
have ®,(ep) = inf{®s(v); v € Dy, v > 1 a.e. on O} = capy(0). The
uniqueness of the potential in LP(X, m) follows from the strong convexity
of &5 on LP(X,m).

The positivity of ep follows from the inequality ®s(v vV 0) < ®1(v),
which is a consequence of (Hs).

For the second and last part of the result we observe that from (H3)
eo, Neo, and ep, V ep, are in Dy. Then again from (H3) we have

D, (e0, Neo,) < Py(en,) + Ps(eo,) — Ps(eo, V eo,)
= capg(01) + capg(02) — Ps(eo, V eo,).
Since ep, Vep, > 1 a.e. on Oz, we have ®4(ep, Vep,) > capgy(0O2); then
D, (eo, Neo,) < capg(01).
Since ep, A ep, > 1 a.e. on Op, we have also
Ds(ep, Neo,) = capg(01)

then ep, Aep, = €p, a.e., so ep, < ep, a.e. O

Remark 2.4. The assumption (Hs) implies also that for an open set O
with finite capacity we have eg = 1 a.e. (and then up to sets of zero
capacity, see Proposition 2.3) on O.

We prove that our notion of capacity has all the set theoretic proper-
ties of a Choquet capacity:

Proposition 2.2. The following properties hold:

(a) For every subset E of X we have s m(E) < capg(E,Q).

(b) Let Ey and Es be subsets of X with Ey C Es then capg(E1) <
capg(F2) (monotonicity property).

(c) Let Ey and Eo be subsets of X, then

capg (1 U Ep) + capg (E1 N Ea) < capg(E1) + capg(Fa).
(d) Let E,, be an increasing sequence of subsets of X then
cape (U E,) = lim capg(Ey).
n—-+00
(e)x Let E, be a sequence of subsets of X then

+0o0
cape (U5 E,) < anpq,(En, Q).

n=1
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Proof. The property (a) holds if capg(E) = 400 and if capg(E, Q) <
400 easily follows from the inequality

Dy(v) > s/|v|pm(dm)
X

for every v € Dy.

Consider now the property (b). Let E; and Ea be open sets. The
property holds if at least one of the sets {v € Dg,v > 1 a.e. on E1} or
{v € Dg,v > 1 a.e. on Es} is empty. In the other cases the property
follows from the relation

{v € Dy,v>1a.e.on Ex} C {v &€ Dy,v>1a.e on E}.

In the general case the result follows from the fact that Fs C O with O
open set implies £ C O.

Consider the property (c). Let F; and Es be open sets, we observe
that if u > 1 a.e. on F;y and v > 1 a.e. on Fy then u Vv > 1 a.e.
on E1 UFE; and u Av a.e. on Ej N Ey; then, if the sets {v € Dg,v >
1l a.e.on E1} and {v € Dy,v > 1 a.e. on Es} are not empty, property
(c) follows from the assumption (H3). Moreover property (c) holds if one
of the sets {v € Dyp,v > 1 a.e.on E1} or {v € Dyp,v > 1 a.e. on Es} is
empty.

Consider now the general case. We have easily that the property
holds if capg(F1) = 400 or capg(F2) = +o0o0. Consider now the case
where capg(F1) and capg(E2) are both finite. Then for every € > 0
there exists two open sets O; and Oy such that E; C O; and

capg(0;) < capg(E;) + €

for : = 1,2. We have

capg (F1 U E2) + capg(F1 N E2) < capg (01 U Oz) + capgy (01 N O2)
< capg(01) + capg (02) < capg(E1) + capg(E2) + 2e.
Since € > 0 is arbitrary we have the result.

Consider now the property (d). Let FE, be open subsets of Q2 and
E= U:i‘iEn; from the monotonicity property we have that

capg(E) > lim capg(Ey) (2.1)

li
n—-+o0o
then, if lir+n capg(Ey) = 400, the property (d) holds.
n—-+oo

Let now lim capg(FE,) < +00.
n—-+00
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Consider at first the case where capg(E) < 4+00). There exists eg, and
eg potentials of E,, and F; from Proposition 2.1 we have eg, is increasing
with respect to n a.e. and that eg, < eg a.e., then eg, converges in
LP(X,m) to ép, with

ds(€p) < lim capg(En)

n—-+o0o

(the limit in the right hand side exists finite since capg (FE,,) is increasing
and bounded in n).
We observe that ég > 1 a.e. on E and ég € Dy then

Cap’b(E) < (I)s(éE) < lim Capq)(En)'

n—+o0o
Then from (2.1) we have the result. Consider now the case capg(E) =
+o0. Assume lir}rrl capg(Ey) < +00. There exists eg, potentials of E,,
n—-roo

and we have eg, is increasing with respect to n a.e. The sequence eg,
is bounded in LP(X,m) then we can assume that ep, strongly converges
in LP(X,m) to é (we use here the monotone convergence property) and
de) < nEI-lr—loo capg(En) = M < +o00, so we have that € is in Dy and

€>1a.e. on E, then capy(F) < ®4(€) < +0o We have a contradiction,
then the present case can not appear. Consider now the general case.
from the monotonicity property we have that

capy(E) > lim_capy(En) (2.2)

+o0
then, if ngrfm capg(Ey) = 400, the property (d) holds.
Let now ngrfw capg(Ey) < +oo; for every € > 0 there exists an open
set O,, such that E, C O,, and capg(O,,) — € < capg(Ern) < capg(0y),

moreover we can assume the sequence O, as increasing. We have

capg(E) < capy(UnOp) = lim capg(On) < lim capg(Er) + €.
n—-+4oo n—-+4oo
Since € > 0 is arbitrary we have the result. The property (e) is an easy
consequence of properties (¢) and (d). O
We give now the notion of quasi-continuity:

Definition 2.1. Let u be a function defined on X, we say that u is
quasi-continuous (with respect to ®) if for every e > 0 there exists a
set E. C S such that capg(Ee) < € and the restriction of u to E¢ is
continuous, moreover we can assume E. open.

We also have to deal with the notion of quasi-uniform convergence.
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Definition 2.2. Let u, be a sequence of functions defined on X we say
that u, converges to a function u quasi-uniformly (with respect to ®) if
for every € > 0 there exists a set E. such that capgy(Fe) < € and the
restriction of the sequence u, to ES converges uniformly to u on Ef,
moreover we can assume E. open.

Proposition 2.3. Let u € Dg, then there is u quasi-continuous such
that 4w = u a.e., moreover u is uniquely determined up to sets of zero
capacity.

Proof. Let u € Dy there exists a sequence u,, € Dy N Cp(X) such that
uy converges in Dy to u. We can choose u,, such that u, converges to u
a.e. and

[ =ty <27

From (H3) we have |u, — up+1| € Dy, then

Cap@({‘“n — Upy1| > 272’17’}) <P <M>

27 %
. p
< oyl trlln, ;71“'”0 < cy2PD),
2

Denote .
Oq = Unzq{’un — un+1| > 2_%}.

From Proposition 2.2 (e) we have

capg(0g) < Y 27"073) < 2710~ 3)

n>q

and .
[t — un| < 527 20

on Og, where m > n. The sets O, are decreasing in g. Then u,, converges
uniformly to «, which coincides with u a.e., on O, so the restriction of u
to Oy is continuous. The quasi-continuity of u easily follows. Moreover
@ is defined on the set U,Oy, which is such that capg (X — U,0Of) = 0,
moreover ¢ = u a.e. on U,Og and then on X. O

We say that @ is the quasi-continuous representative of v and in the
following we identify u € Dy with his quasi-continuous representative
considering u as defined up to sets of zero capacity.

Lemma 2.1. Let u be in Dy. We have

||ullp,
capg({u > €}) < c—
€
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where € > 0 is arbitrary and the set {u > €} is defined up to sets of
capacity zero.

Proof. Let u, € DN Cy(X) such that the sequence w,, converges to u
in Dy. Let €, 0 > 0 be arbitrary; as in Proposition 2.3 there exists F,
with capg(E,) < o such that (at least after extraction of subsequences)
we have that wu, converges to u uniformly on X — F,. Then we there
exists nc, such that for n > n., we have |u, —u| < § on X — E, and
||un, — ul|p, < o. We have

€
{u> e} C {up,> §}UEU,
where n > n,. Then from Proposition 2.2 we obtain

D, (uy)

(5)P
up||? u +0)?
§a+c§7" nllpy <0+c§—(|’ 1D, +9) .

S

capq>({u > e}) <o+

Let 0 — 0, then
o, 1l
capg ({u > €}) < 2P, 0

O

Proposition 2.4. Let u, be a sequence in Dy converging in Dy (with
the norm ||.||p,) to u; then there exists a subsequence converging quasi-
uniformly. Moreover there exists a subsequence converging to u up to a
set of zero capacity.

Proof. Let u be the limit of u, in Dy. We observe that there exists a
subsequence, again denoted by u,, which converges a.e. to u. Moreover
up to extraction of subsequences we may assume

|t — un-i—lHDo <27

We observe that from (H3) we have |u, — up41| € Do. From Lemma 2.1
we obtain

- ||un — unJrl”%O —n(p—1)
Capq)({\un - Un+1’ > 2 2p}> < 632_—ﬂ < 032 27,
2
Denote

E,= Unzq{|un — Upy1| > 2_5}.
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From Proposition 2.2 (e) we have

capg (Eq) < Z 9 "(P—3) < 0427q(p7%)
n>q

and .
[t — un| < 527 2

on Ej, where m > n > q. The sets E, is decreasing in ¢, then u, con-

verges uniformly to u on Ej. We observe that there is O, open containing
E, such that

capg(0y) < 42793
and we have that u, converges uniformly to u on Oj. O

We say that a property holds quasi-everywhere (q.e.) if the property
holds up to sets of zero capacity.

Proposition 2.5. Let uw € Dgy then u is a measurable function with
respect to every positive Radon measure v, which does not charge sets of
zero capacity.

Proof. There exists a sequence u, € D N Cy(X) converging to u in Dy.
The functions u,, are measurable with respect to v and by Proposition 2.4
u, converges to u q.e. (at least after extraction of subsequences). Then
we obtain the result. O

The following property follows immediately from the definition of ca-
pacity.

Proposition 2.6. The capacities capg 5, s > 0, are mutually equivalent;
moreover if

O (u) > c/ |ulPm(dx)

for a constant ¢ > 0, then capg o S equivalent to every capacity capg g
with s > 0.

We are now in position to give the definition of quasi-open set:

Definition 2.3. A set E is quasi-open (for the capacity capg) if for
every € > 0 there exists a set A, such that caps(Ae) < € and EU A, is
open.

The following result is an immediate consequence of Proposition 2.3:

Proposition 2.7. Let u € Dy; the set Es = {u > s} (defined up to sets
of zero capacity) is quasi-open.
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3. The potentials and the capacity measure

We fix in this section s = 1 but the results hold for any s > 0.
Theorem 3.1. Let E be a set in X then

capg(E) = inf{®i(v); ve Dy v>1 g.e. on E}.
Proof. Denote
capp(F) = inf{®(v); ve Dy v>1 g.e. on E}.
We prove at first that
caply (E) < caps (E). (3.1)

If capg(E) = 400 the relation (3.1) holds. Otherwise for every e > 0
there exists an open set O containing F such that capg (E)+e€ > capg(O).
Let ep be the potential of O; we have

capg(E) + € > capg(0) = P1(eo) (3.2)
and ep > 1 a.e. then q.e. on O. Since ep > 1 q.e. on E we have
D1(ep) > capy(F). (3.3)
We now prove that
caps(E) < capl(E). (3.4)

If cap(E) = +oo the relation (3.4) holds. Otherwise for every ¢ > 0
there exists u € Dy such that capy(E) + € > ®1(u) and > 1 g.e. on E .
Since u is quasi-continuous and v > 1 q.e. on E, for every o > 0 there
exists an open set O such that the restriction of u to X V O is continuous
and capg(0) < 0. Denote

U={z;u(x) >1—€UO.

The set U is open; moreover, since capg(0) < ¢, there exists w € Dy
such that w > 1 a.e. on O and ®;(w) < 20. Let

- (=54
Z = 1_O_U w.

We have z > 1 q.e. on U then on E and z € Dy; we obtain

capa () < capy(U) < @1(2) < 1 (1

— €

u) + B (w).
Since o > 0 is arbitrary and since ®1 is continuous on Dg, we obtain
capg(E) < @1(u) < capy(F) + e.

Since ¢ > 0 is arbitrary , we obtain (3.4). O
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We now prove that the inf in the Theorem 3.1 is really a minimum:

Theorem 3.2. Let E be a set of finite capacity in X then
capg(E) = min{®;(v); ve Dy v>1 q.e. on E}.

The minimum point ep € Dy is unique; we call e the potential of E.
Assume that ® has a subdifferential 0® : Dy — Dy, where D, denotes the
dual of Dy; then eg is the unique solution of the variational inequality

(0®(u),v —u) + / |luP~sign(u) (v — u) m(dz) >0
X

Voe K, ue K

where (.,.) denotes the duality between D{, and Dy and
K={veDy v>1 g.e on E} C D.

Proof. 1t is enough to prove that the convex set K is closed in Dg. Let
v, be a sequence in K such that v, — vy in Dy. From Proposition 2.4
we have, at least after extraction of subsequences, that v, — vy q.e. so
we have also vg > 1 q.e. on E then vy € K. U

Lemma 3.1. Let v be a function in Co(X) with support K; then there
exists a sequence v, € D N Cy(X) such that the support of every v, is
contained in K and the sequence v, converges to v uniformly on X.

Proof. We can assume, without loss of generality v positive. Let O be
the set where v > 0, then O is open and K is the closure of O. By
Remark 2.2. and the assumption (Hs) there exists a positive function
vo such that vo € DNCy(X) and vo =1 on O, 0 < vp < 1 everywhere.
From (Hz)there exists a sequence of positive functions vy, in D N Cy(X)
uniformly convergent to v. We can assume without loss of generality
that v, —v| < 2. Let @, = (v, — 1vp)T then @, has support contained
in K, moreover the sequence 7,, converges uniformly to v on X. O

Proposition 3.1. Let g be a positive functional in D{; then there exists
a positive Radon measure v (that does not charge sets of zero capacity)
such that

(g.0) = [ v 5(de)

for every v € Dy.



M. BIROLI 497

Proof. Consider a positive function v € D N Cy(X) with support con-
tained in the compact set K. Let ex be the potential of K we have
verg = v then

0< <g,’U> < <g,U€K> < <gveK>M7

where M = sup v. Then if v € DN Cy(X) (without assumptions on
positivity) we have
|<g,7./>| < 2<gv €K>M

Using the previous lemma we have that there exists a measure v such
that

(9,v) = /v 7(dx) (3.5).

for every v € D N Cy(X).
Let O be a relatively compact open set by Remark 2.2 there exists
a sequence v, € D N Cy(X) such that supp(v,) C O, 0 < v, < 1 and

lil}_l v, = 1 everywhere on O. Let ep be the potential of O, we have
n—-r+oo

Up€o = Un then

/vn Y(dz) = (g,vn) = (g9, vn€0) < (g,€0) < c2llgl|p;caps(0) (3.6).

Passing to the limit in (3.6) as n — 400 (by the dominated convergence
theorem) we obtain

7(0) < e2llgll pycaps (O) (3.7).

From (3.7) it follows that every set of zero capacity contained in a rela-
tively compact open set has zero v measure. The space X can be covered
by a numerable union of relatively compact open sets; then by (e) Propo-
sition 2.2 we obtain that « does not charge sets of zero capacity.

Let now v € Dy; there exists a sequence v, in D N Cy(X) such that
vy, converges to v in Dy. We have that, at least after extraction of
subsequences, v, converges to v q.e. then v a.e. By the Fatout lemma
we have

/U ~v(dz) < liminf/vn ~v(dz) = liminf(g, v,) = (g, v).

n—-+00 n—-+00

We have also
U <0+ |vy — v (3.8)

g.e., so v a.e. Then

(g,v) = liminf(g,vn) = liminf/vn ~(dx)
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n—-+00

§/ ~(dx) —I—hmlnf/|vn —v| y(dx)
< /U’y(dl‘) + lim+inf(g, |v, — v|rangle = /vfy(dac),

where we use the previous inequality. So

(g.0) = [ vrtda),

An easy consequence of Proposition is the following result:

Theorem 3.3. Let the assumptions of Theorem hold and let E be a set
of finite capacity and eg its potential; then there exists a positive Radon
measure vg € D{, such that

OB (u) + |ulP~Lsign(u) = vg.

The measure vg s called the capacitary measure of E and its support is
contained in E.

Assume now that
o) = [ a(u(ds)

where « is a positive Radon measure defined for u € Dy and assume that
for every u,v € Dy we have

lim a(u+tv) — alu)
t—0 t

= :U’(u7v)

in the weak* topology of M, where p is linear in v. Then the functional
® has a Gateaux derivative on Dy with values in Dy defined by

(@ (0),0) = [ ulu,v)(da),

Assume also that the following locality assumption holds: let © = c¢st on
supp(v), u,v € Dy, then p(u,v) =0.

Proposition 3.2. Let the above assumptions hold and that the conditions
in Section 2 hold for s = 0. Denote by ep the potential of the set E for
the capacity capg ; then we have yg = 0 on the interior of E (where vg
is the capacitary measure of E with respect to the capacity capg)-



M. BIROLI 499

1]

2]
3]

[9]
[10]
[11]

[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

References

P. Bénilan and C. Picard, Quelques aspects non linéaires du principe du mazimum.
Séminaire de Théorie du Potentiel, IV, Lectures Notes in Math. 713, Springer
Verlag, Berlin-Heidelberg-New York, 1979, 1-37.

A. Beuerling, J. Deny, Dirichlet spaces // Proc. Nat. Ac. Sc. 45 (1959), 208-215.

M. Biroli, U. Mosco, Formes de Dirichlet et estimations structurelles dans les
milieuz discontinus // Comptes Rendus Acad. Sc. Paris 313 (1991), 593-598.

M. Biroli, U. Mosco, A Saint Venant type Principle for Dirichlet forms on dis-
continuous media //Annali Mat. Pura Appl. 169 (1995), 125-181.

M. Biroli, P. G. Vernole, Strongly local nonlinear Dirichlet functionals and
Forms // Potential Analysis, to appear.

R. Capitanelli, Lagrangians on homogeneous spaces. Tesi di Dottorato di Ricerca,
Universita di Roma “La Sapienza”, 2001.

R. Capitanelli, Nonlinear energy forms on certain fractal curves // Journal Con-
vex Anal. 3 (2002), 67-80.

R. Capitanelli, Functional inequalities for measure valued lagrangians on homo-
geneous spaces // Adv. Math. Sci. Appl. 13 (2003), 301-313.

R. Capitanelli, M. R. Lancia, Nonlinear energy forms and Lipschitz spaces on the
Koch curve // Journal Convex Anal. 9 (2002), 245-257.

F. Cipriani, G. Grillo, The Markov property for classes of nonlinear evolutions //
Nonlinear Anal. 47 (2001), 3549-3554.

F. Cipriani, G. Grillo, Nonlinear Markov semigroups, nonlinear Dirichlet forms
and applications to minimal surfaces // J. Reine Ang. Math.

N. Dunford, J. Schwartz, Linear Operators. Interscience Pub., New York, 1957.

M. Fukushima M., Y. Oshima, M. Takeda, Dirichlet forms and Markov processes.
W. de Gruyter & Co., Berlin-Heidelberg-New York, 1994.

P. E. Herman, R. Peirone, R. S. Strichartz, p-FEnergy and p-harmonic functions
on Sierpinski gasket type fractals // preprint, 2003.

F. Hirsch, Familles résolvantes, générateurs, cogénérateurs, potentiels // Ann.
Inst. Fourier. 22 (1972), 89-210.

E. H. Hille, R. S. Phillips, Functional Analysis and Semigroups. Collogium Pub-
lications XXXI, American Mathematical Society, Providence, 1957

J. Maly, U. Mosco, Remarks on measure valued Lagrangians on homogeneous
spaces // Ricerche di Mat. 48 (1999), 217-231.

U. Mosco, Composite media and asymptotic Dirichlet forms // J. Funct. Anal.
123 (1994), 368-421.

D. Pascali, S. Sburlan, Nonlinear mappings of monotone type. Ed. Academiei,
Bucarest, 1978

R. S. Strichartz, C. Wong, The p-Laplacian on the Sierpinski gasket // preprint,
2003



500 STRONGLY LOCAL NONLINEAR DIRICHLET FUNCTIONALS

CONTACT INFORMATION

Marco Biroli Dipartimento di Matematica Politecnico di
Milano
Piazza Leonardo da Vinci 32
20133 Milano, Italy
E-Mail: marbir@mate.polimi.it



