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1. Introduction

Entropy is one of the most important notion in the information the-
ory and the ergodic theory. Initially entropy has appeared in the Claude
Shannon’s applied works. Next Kolmogorov and Sinai developed the im-
portant invariant, namely the entropy for an automorphism of an Abelian
W*-algebra (see 9], [15], [16]). In 1975 the entropy for an automorphism
of a non-abelian W*-algebra with a central state was defined by A. Connes
and E. Stgrmer (see [5]). The final definition was given in the paper of
Connes, Narnhofer and Tirring in 1987 (see [4]). This one is usually called
by the quantum dynamical entropy or the CNT-entropy.

The CNT-entropy is calculated for many non-commutative dynami-
cal systems of the topological, algebraic or physical origin. We consider
in our work the dynamical systems generated by the shift automorphism
on the I -representations of the infinite symmetric group S(cco). The
group S(oco) has been often quoted as a typical example of ICC-groups
and hence of groups of non-type I. For that reason S(co) involves a
number of interesting features which not observed in groups of type I.
Dynamical systems generated by the non-commutative shift have been
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16 ENTROPY OF THE SHIFT...

investigated beginning from the introduction of the notion of the CNT-
entropy. Connes and Stgrmer obtained the explicit formulae for the
non-commutative Bernoulli shift (see [5]). In the work of Stgrmer and
Golodets the similar results was obtained for the binary shift on a CAR-
algebra (see [7]). The main examples for which the C*-algebra entropy
have been computed, are those of quasifree states of the CAR and CCR-
algebras and invariant Bogoliubov (or quasifree) automorphisms (see [2],
[6], [11], [12], [14], [17]). In our work [3] the Bogoliubov automorphisms
on the I -representations of U(co) are defined and the explicit formulae
for the CNT-entropy are obtained in the case of elementary characters.
Using the results of the present work for a low estimation of the CNT-
entropy of the shift on the I[;-representations of U(oo) we obtain the
formulae for the Bogoliubov automorphism in the case of a general char-
acter (this results will be published in the separate paper).

Denote by S(2n+1)=S (B,,) the group of permutations of the set B,, =
{-n,...,0,...,n}. If Aand B are two sets and B C A, then we identify
S (B) with the subgroup {g € S(A): ga=a Va € A\B} of S(A). Let
S(c0) =JS(2n +1). Thoma has obtained the full description of II;-

factor- re;resentations of group S(oc0). Corresponding normalized charac-
ters X( ) are labelled by a pair of sequences of real numbers {o;} = «,
{Bi} = ﬁ, i=1,2,..., such that oy > a;41 >0, B; > Bj4+1 >0V i,j €N,
Y- a;+ Y B; < 1. The value of a character X((ng on a permutation with a
single cycle of length k is equal to

}:cﬁ-+(—1f*1§:;ﬁ (1.1)

Its value on a permutation with several disjoint cycles equals to the prod-
uct of its values on each cycle. As usual, it is assumed that an empty
product equals to 1. In particular, the character of the regular represen-
tation of the group S(oo) corresponds to the sequences a; = 0, 3; = 0.

The bijection ¢ € Z — i + 1 € Z defines naturally an automorphism
¥ of the group S(o0), which extends up to the automorphism 9% of the
II;-factor built by the representation that corresponds to the character
X- We denote by H,(0) the CNT-entropy of an automorphism 6 of the
I -factor.

The main result of our work is following

Theorem 1.1. Let X:ng[)_}, letn(t)=—tInt and y=1— (> s+ 5;).
(i) If v > 0 then H, (%) = oo.
(i) If v =0 then Hy (%) = Zn@ﬂ 21 (8;)-
j
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2. The Case v >0
In this section we will consider the case v > 0.

Theorem 2.1. Let x = X{(XS% and v = 1— (> a; +>.065) > 0, then
Hy (9%) = oo.

We will prove several subsidiary statements.

Consider the complex type II; factor-representation II, of the group
S(oc0) which corresponds to the normalize character x (see (1.1)). We
assume that II, is realized in Hilbert space H, which is the closure of the
linear span of vectors u € S(oc0) with the scalar product (u,v), = x(uv*).
In H, we define the unitary representations [, and 7, of the group S(c0):

Ly(u)v =uv, ry(u)v=ou". (2.1)

Let us denote by £, (Ry) the W*-algebra generated by I, (S(o0))
(ry (S(00))) and denote by H, (N1, N2, ..., Ni) a CNT-entropy of a sys-
tem of finite-dimensional subalgebras N1, Na,..., N C Ly (see [5]).

If 2L is an operator family and 2(" is the commutant of 2( then E;C =TRy.

Definition 2.1. A normalize character x on G is called an indecompos-
able one if algebra Ly, (Ry) is a factor.

Lemma 2.1. Let A C B,, and let W*-algebra L, (S (A)) be generated by
operators ly,(g) (g € S(A)). If x is an indecomposable normalize char-
acter on S(00) then

oy > T B o2

Proof. Let try be a trace on L, that corresponds to character x. If
a = (95", Ny = of (£, (S (A))), then the following properties hold
true:

i) Ny are pairwise commute for any k € Z, where Z is the set of
integers;

na
ii) if n1,m2 € Z and ny < ng, then 3 a masa ! A C \/ N}, for which
ni

A = ANy is the masa in Ny;

ng n2 n2
iii) A =\ Ay and trx< II ak> = [ try(ar) V ap € Ay.

ni k=n1 k=n1

!maximal abelian subalgebra
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From these statements and properties (D), (E) [5] it follows that

H,(N,,,N, 11,...,N <\/Ak> (ng —ny + 1) Hy (L, (S (A))).

Thus (2n + 1)H, (9%) = Hy(a) > Hy (Ly (S (A))). O

Next statement allows a lower boundary for the entropy H, (L, (S(A)))
in a case of the regular representation.

Lemma 2.2. Let A be the same one as in Lemma 2.1. If x is a character
of the regular representation, then there exists a number € which does not
depend on A and H, (L, (S (A))) > C-|A|-In]|A|.

Proof. Let |A] = m, and let x™) be a character of an irreducible repre-
sentation 7y of the group S(m) = S (A) which corresponds to the Young
diagram A, dim A = dim 7y, X%ﬁlm = df;:))\. If x,, is a restriction of x on

S(m) and |A| is the number of boxes in A, then

Xm = A )\Z|: TXnorm' (23)

We denote by ey the minimal projection in W*-algebra (my (S(m)))”
which is generated by operators my (g) (g € S(m)). h(p,q) will denote
the corresponding hook length for a box (p, ¢) € A. Recall the well-known
hooks-formula

dimA=m!- J] L (2.4)

Using (2.3) and (2.4), we obtain

(2.5)

It implies that

Hy (L (S(A) = D —dimA-xm(ex) - In(xm (1)
A A|=m

-y (d”“ < IT n(v.q ) (2.6)

A A[=m (p.g)er
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Using the following inequality belonged to Vershik and Kerov (see [18])
and (2.3)

exp[c—;\/ﬁ]-\/_< mln H h(p,q <exp[%\/ﬁ}-m,

where ¢y and ¢; are positive integers , from (2.6) we obtain

1
Hy (£, (S (A)) = Fv/m+ 5 - In(m).
So the statement of our lemma follows from Stirling’s formula. O

Now let us take for x an arbitrary indecomposable normalize character
on S(oo0). If M is an injective finite factor with normalize trace tr, then
there is a representation

Ty : S(00) = U(M)

with the property
x(g) = tr (my(9)) -
Here U(M) denotes a group of unitary operators in M.
Consider the following operator limit in the weak operator topology

lim m, ((i,n)) = Aj, (2.7)

n—oo

where (i,n) € S(00) is a transposition. It is obviously, that A; = A}. Let
1 be a spectral measure of operator A;:

/asku(dt) =tr (Af) VkeN.

We denote by N/g a set of orbits of a permutation g on the set N. Denote
by |p| the cardinality of an orbit p € N/g. The following statement
belongs to A. Okounkov (see [13]).

Lemma 2.3. The following properties are true:

a) AiAj = A;A; Vi j €7 and tr (H Aj:’;) =]t (A;?;) Yk €7y =
l l
NU{0};
b) my (9) Aimy (971) = Agqiy:

¢) suppp C [—1,1], the measure p is discrete and Ve > 0 a set
(-1, —] Ule, 1] contains at the most 2 its atoms;
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d) Let f;, g; (i € Z) are functions on [—1, 1] which are pointwise limits
of uniformly bounded sequences of continuous functions. If all of
fi, gi (i € Z) but finitely many identically equal to 1, then

tr(ng‘ (A)my () [T f: (Ai)> - 11 /3?|p1Hfz‘(t>9z‘—(t)dM;

iEZ iEZ peN/g i€p

e) Vz;éOZ/(:L“):M S/

|z

f) if x = X(as/; (see (1.1)), x # 0 and x € supp u, then 3 i € N, for

which {4 =T = e >0,
/B’i:|x’7"'7ﬂi+y(z)fl:|x’ Zfl'<0

Denote by &, the function that equals to 1 at the point x, and that
equals to 0 at all the rest points. Let E; = dg (4;).

The next statement easily follows from the previous lemma.

Corollary 2.1. Let x = X(oi;, vy=tr(Ey,) =1-=> (a; + (), and let

(2
A = {i1,i2,...,ik} be a set of different numbers from Z. If E, =

k
E;i;, v >0, then for g € S (A)
7=1
- 1 ifg=e,
oy (9) =77F - tr (Ba,my(9)Ea,) = .
0 otherwise.

From here and from lemma 2.2 it follows the next

Lemma 2.4. If v €]0,1[, and if E; (|i] <n) and my (S (B,)) generates
a W*-algebra M,,, then there is some constant €, which doesn’t depends
on n and such that

H, (M;)>¢€;-nlnn.

Proof. Let us use the notations of Corollary 2.1. By Lemma 2.2 there
exists a constant € which does not depend on k and € is such that

Hy,, (Ea,m (S (A) Ea,) > € kluk.

v,k
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Taking into consideration this result, we obtain
n . 2
n _k o (dim Ag
Hy (My) > Z Z <n> (L—9)" Wk(T)
k=0 \:| Ag| =k '

<[ T 40.0)) = ki — (0= 0y =)

(P )€k
> —n(ylny+ (1 —7)In(l —~)) + (’:zn: <Z> (1 =) """ +*kInk.
o (2.8)
Now we take a constant d > 0 for which

[n'y—i—d\/ﬁ]

Z (Z) (l—fy)”_kfyk>%VnEN.
k:[n’yfd\/ﬁ]

Taking into account this and (2.8), we have

¢
H, (Myp)>—n(ylny+ (1 —~)In(1 — 7))4—5 [ny — dv/n] In[ny — dv/n].
Thus, the statement of Lemma 2.4 is proved. O

Proof of Theorem 2.1. If v = 1, then the statement of Theorem 2.1
follows from Lemmas 2.1 and 2.2. Let v < 1. Using a method we have
proved Lemma 2.1, we receive the following estimation

Hy (Mn)
H, (9%) > 2Xn—+1 (see Lemma 2.4).
Thus, the statement of Theorem 2.1 follows from Lemma 2.4. O

3. The Case of vy =10

In this section we will present two different entropy estimation meth-
ods developed for the case of finite cardinality of set I = {i : a; > 0}U{3 :
B; > 0} and for the case of infinite one correspondingly. First method
is based on the important formulaes from the theory of symmetric func-
tions. The second one uses the structural properties of von Neumann
factors constructed by the representations of S(c0). It will be clear, that
the case of finite cardinality can be included in the second one, but we
would like to show special technic in the Subsection 3.1.
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3.1. The Subcase |I| < 00

In this Section we will prove the following theorem.

Theorem 3.1. Let n(t) = —tlnt, > a; +>.6; =1, x = X(()S[)_j and let
N €N eaist for which oy = ; =0V j > N. Then

=D _nlag)+ n(8).

Consider the restriction of x onto a finite symmetric group S (A).
The characters of the finite symmetric group S (A) are labeled by the
Young diagrams with |.A| boxes. Let x*) be a (non normalized) character
corresponding to an irreducible representation A. The restriction xg(4)
to the group S (A) is a non-negative linear combination of the functions
YN

X‘S(A) = Z §)\(Oé, ﬁ) ) X()\)' (31)

MA=IA

The Fourier coefficient §)(«, () is given by the extended Schur function
(see [8]), which can be formally defined by Jacoby-Trudi determinant

h‘)\l h‘)\1+1 h/\1+2 s h)\l—i-m—l
h/\gfl h/\2 h)\2+1 s h)\2+m72
§,\(a, ﬁ) = h)\3_2 h)\3_1 h)\3 - h)\3+m_3 , (3.2)
Pxp—m+1 Pxp—m+2 Px,—-m+s o ha,

where the extended complete homogeneous symmetric functions h; =
hi (e, B) arise as the coefficients of the generating series

1+ 20 >
27 ]_1 h
Hl—zozj +lz; 1o

We denote by d = d(A) the number of diagonal boxes in the Young
diagram A and we will use the Frobenius notation [10]

A=(p1,--- pdlar, -, qd) -

Here p; = A\; — ¢ is a number of boxes in the i—th row of A on the right
of the i—th diagonal box; likewise, ¢; = A, — 4 is the number of boxes
in the i—th column of X below the i—th diagonal box () stands for the
transposed diagram).
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Lemma 3.1. Let o = {a5}o,, B = {Bi}i2; be Thoma-parameters,
io: (i + Bi) =1, Nyg=max {i € N: o, > 0}, Ng=max {i € N: g, > 0}.
Z.T?lmax {Na, N} < o0, then sy(a, B) =0 in each of the following cases
i) d(X) > d = max {N,, Ng};
i) Ny >dVi=Ng+1,...,d;
i) N> dVi=Ny+1,...,d
Proof. We consider a sequence of the Young diagrams

A@nt1) <p§2n+1)7 L f”“) | q?”*”, L qc(anH))

with properties:
i) M@ = 2p 4+ 1 and d = d (A®"HD)) = max {N,, N3} for n
sufficiently great;
(2n+1) (2n+1)

.. s D; Y q; .
i7) al_nll_»nc}o—%ﬂ’”62_711520—2”“ Vi=1,...,d.

It follows from the approximation Theorem [19] that

(2n+1)
X(9) = Xq 5(9) = lim i)

A Vg€ S(0).

Using this claim, property ¢) and the Young branching rule
A) — A
X! ’S(|A\) = > W
AANA

where the notation A \, A means that diagram A C A is obtained from

the diagram A by removing a box, we obtain the statement of the lemma.
O

Further we will need the Berele-Regev formula (see [1]) for the super-
symmetric Schur functions sy

p;1d q;1d d
SA (L1, Ta5 Y15 -5 Yd) = ot [} o Ve I @i+w).
V(:L’l, NN ,l‘d) V(yl, e ,yd) ij=1
(3.3)
Here A = (p1,...,pdlq1,---,44), V (...) is the Vandermonde determinant
and the parameters x1,...,xq, as well as y1,...,¥yq, are assumed to be

pairwise distinct.



24 ENTROPY OF THE SHIFT...

o0
If > (a; + ;) =1, then the extended Schur (3.1) function coincides
i=1
with the supersymmetric Schur function

Sa(a, B) = sa(a, B).

Now we will obtain the lower boundary for entropy H, (L, (S (n))) (see
Lemma 2.1).

Lemma 3.2. Let parameters a = {;}io, and § = {Bi};2, satisfy the
conditions of Lemma 3.1, x = XEYS%' Then Ve >0 3 N(e) €N for which

Na

Hy (£ (S (n))) > —n(1 — s>{2 o — ] - Inay

j=1

N

SN URERTI RS PR TEYEL
j=1

where N is a constant, which does not depend on n.

Proof. Let Y, (d) be a set of Young diagrams A such, that |A| = n and
d(\) <d. For k < d we define two sets

Yo(dk) ={X€Y,(d): \j<dVi=k+1,k+2,...},
Yi(dk)={AeY,(d): i<dVi=k+1,k+2,...}.

n

We assume, that N, > Nj3. By Lemma 3.1, we have

X|S(n) = Z sa(ar, B) - xW. (3.4)
AEYy (NaNp)

Let
Yo(d k,e) ={X e Yu(d,k) : N =Ny Vi=Ng+1,..., N,

Ipi(A) — na;| < ne and |g;(N) — ngB;| < ne
Vi=1,...,d; j=1,...,k}. (3.5)

Using (3.4) and (3.5), by the approximation Theorem [19] we obtain,
that there exists N (¢) € N for which

1> Z dim\-sy(a,8) >1—¢ Vn>N(e). (3.6)
)\EYn(J\[a,Ng,E)
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Formula (3.3) can be extended by a continuity to the case, when the
number of parameters z1,...,z, is not equal to the number of parame-
ters yi,...,Ym. We assume that, the parameters {a; > ... > ayn, > 0}
are pairwise distinct as well as the parameters { Br=>...2 Bn, > O}.
The next statement is obtained for the diagram A = (p1,...,pn. |
Qs qnN,) € Yo (No, N3, €) from relation (3.3) by passing to the limit
(Bng+1— 0, ..y By, — 0)

det [afj ]2?:1
V(Oél,...,a/\/'a)
det [ﬁz{u}/\fﬁ Na

Ns
o o T ], 57
8 V(ﬁl,---,ﬁ/\/ﬁ) H[al jl_Il(az'f'ﬁ])] ( )

Now we consider the case, when there are the coincident parameters. Let
{ni(a)}fﬁl and {nz(ﬁ)}fﬁl be subsets in N with the properties:

SX (ala"'aaNa;Bla"'a/BN@) =

Ko kg
i=1 i=1
W (@) 4t (@)1 = -+ = Oma(@)tofny(@)ny(a) = L (3.8)
Bra(B)4.tni (341 = -+ = Bry ()44 (B)+njir (8) = 54
the parameters 1, ..., 1, ,are pairwise distinct as well as
S1y+--5 3k5~
If
( r+1
Tjk’ ~ Ym—1 1 = r+1
[1 (e —i+ )™ if j=—m+ Y ni(a),
\ i=1 i=1
where m =1,...,np41() — 1;
r+1
s if j =1+ > ni(B),
S = =1
ik m—1 . Sl e r+1
(qr —i+1) sk if j =—m+ > ni(B),
i=1 i=1
where m =1,...,n,41(6) — 1;

then we can rewrite (3.7) as follows:

detT'
[T (=)™ (n(a) = 1)t () = 1)!

1<i<j<kq

SA (Oé,ﬂ) =




26 ENTROPY OF THE SHIFT...

" det S
[T (51— )" P (ny(8) = 1)l (ny(8) = 1)!
1<I<j<kg
ka kp
X H H (tj + Si)"j(a)'ni(ﬁ) . (3‘9)
j=14=1
Using inequality
aftah? . xt > :L‘;L%l)x:é) .. .x:’(“k),

where 7 is a permutation, 0 < 2 < ... < a9 <z, n; € N (1 <i <k)
and 0 < ng <...<mng <ny, from (3.9) we have

ko ni(a)(_Qpi—né(a)H)
PT(pl)"'apJ\/’a)lnlti Na NN,
sy (o, B) > = P a; 7
I (t—t) 1(a)m;(a) }_[1[ }
1<1<j<ka
kﬂ nz(ﬁ) 2Pi—ni(ﬁ)+1
PS(qla"'aQN,B) 4H15i ( ’ ) ko ks (@) m(8)
> 1= — — . H H (tj + Si)nj a)n; .
11 (s1— s5) 1(8)1;(8) i1
1<1<j<kg
(3.10)

Here Pr (Ps) is a polynomial of Ny — ko (N — kg) degree with coeffi-
cients which does not depend on n. Thus, we have

HX ([’X (S (n))) = - Z dim A - sy (avﬂ) -In sy (aaﬂ)

A A|=n
> - Z dim)\'S)\(Ol,ﬂ)'IDS)\ (Oé,ﬁ)
AEYy (NaNp)
see (3.10), (3.8)
> — ) dimA-sy(a,f)

AEY (Na:N3)
Na N
X [(Zpi'lnai-i-ZQi‘lnﬂi) +(No + N — ko — kg) Inn+C(a, ) |.
j=1 j=1

Here C(a, 3) is a constant that does not depend on n. From here, taking
into account (3.5) and (3.6), we obtain the statement of the lemma.
The case when N, < Ng can be considered analogous by taking Yy, (-, -)
instead of Y,/ (-, ). O
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3.2. The Subcase of Infinite Cardinality

Next we consider the case of the infinite number of nonzero param-
eters {o;} = a, {#;} = [0 and obtain a lower boundary for the entropy
H, (M,), where M,, is generated by Ay and 7, (S(n)) as a W*-algebra.

Lemma 3.3. If Y a; + Y. 5; =1, then

H, (8)) > Z(Tl (Vic(y;)i)' a;) . W(Vifgi)' @'))7

where v is the multiplicity function (see Lemma 2.3).

Proof. Let x = X&S% and let 7, be the representation that corresponds

to x. We denote by A the W*-algebra which is generated by operators
{Ai},c; (see Lemma 2.3). Since 9% (4;) = Ajp1 (2.7), 9§ restricts to
an automorphism of 2(. So we get, using properties a), ¢), d), e), f) of
Lemma 2.3, that the Abelian dynamical system (Ql, v, tr) is the classical
Bernoulli shift with the entropy

)

v(ay) " v(5i)

Z(U (v(as) - i)  n(w(Bi) - @‘))

i

]

Let us consider the following union {a;} = J; Uj, where Vay, oy €

Uj, o = oy, Vag, € Uj, oq € Uy, g, > g if 7 < m. Next we define

o/ = {aj} such that Vi o] € U;, o) #0 and Vi,j, i # j o] # o’ In the
same way we define the sequence ' = {3.}.
Let a; = v (a}) o}, b = v (B]) B] and let
Naﬂ (m7 ko, kﬁ? D)

ka+k5+1

= {(m‘f, ey m%a,mf, . ,mgﬁ,mka+kﬁ+1) € jél
(aim — Dym < ms < a;m + D\/T_n>

/\ (bjm — Dym < mf <bjm+ Dﬁ) (3.11)

=1 =1

Vi=1,2... ko j:1,2...,kﬁ}.

The next statements follows from the central limit theorem.
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Lemma 3.4. Let Eai +> 6 =1, a5 = 1/(04-) al, by = 1/(5}) s
Y =1-— i a; — Z bj and let 61, 02 be given. Then there are N (1),
N (61, 02) EJ I\lT and JD D (61, 62) > 0 with properties:
i) e <01 Vk,1>N(01);

i) if ko = min{N (01),|/|}, kg = min {N (61),|5'|}, m > N (d1,92),

then
ko me kﬁ mﬁ
. . J . J
" jl:Il a] jl:ll bJ Mkq+kg+1
E Vi ;: > 1 - 02,
ko ks 5 o B
m (03
meNa,B(mvkmkﬁvD) mka+k5+1! : H mj! H mj!
g=1 J=1
here = (m$ o b o d D, N(61, 82)
where M= (M, ..., M My, My Mg kg 1) and D, 1,09

are constants which do not depend on m.

Let E; (x) = 6, (4;) (see Lemma 2.3) and let Ay = {i1,i2,...,0%}
be a set of different numbers from Z. We denote by E 4, (x) projection

k
[[ Ei;(z). If g € S(Ag) then by Lemma 2.3 b)
j=1

[Ea, (), 7 (9)] = 0. (3.12)

Therefore, the positive definite function 7.4, on S (Ay), which is defined
by formula

tr (Ea, (2)my(9))
tr (Ea,(z))

where z € {¢/} | J{f'}, is the normalize character.
The next Lemma is an auxiliary one.

TAk,.T(g) = ) (3'13)

Lemma 3.5. The next “dual” formula for extended Schur functions
5)\(0[7 ﬁ) = Sy (67 Oé), (314)
where X' is the transposed diagram for X, is valid.

Proof. The formula (3.14) is the generalization of the formula (2.9") from
[10]. We will repeat the main ideas of that proof as applied to our case.
Let us denote

- ZVH 1426 —1+Zhl(@aﬁ>zl- (3.15)
=1

1—za]
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Then
Hia,p)(2)H(ga)(—2) = 1. (3.16)

Let us consider two matrices

H= (hi*j(avﬂ))ogi,jSN (3.17)

and

= (15500 B9

where N is some positive integer. We remind that hy(a, ) = 0 for & < 0
and hence the both matrices are upper-triangular with

det H = det H = 1. (3.19)
Moreover, in view of (3.16)
HH=HH =1 (3.20)

holds. Hence H = H~!. Let H' be the transposed matrix for H, M
is an arbitrary minor of the matrix H and A is the algebraic adjunct
corresponding to the minor M’ of the matrix H’ with the same numbers
of columns and rows as the numbers of ones in M. By the Laplace
theorem and by the (3.19)-(3.20) we obtain the equation M = A.

Let A = (A, A2,...,A\y) be a Young diagram, X' = (A, N\, ..., \))
be the transposed diagram. Then by the (3.2) 5)(a, 3) can be consider
as the minor of the matrix H with the raw numbers \; —i4+n,1<i<n
and the column numbers n—7j, 1 < j < n. It is well-known that the m+n
numbers A;—i+n, 1 <i <nand (m+n—1)—(X;—j+m) =n—1-N.+j,
1 < 7 < m are the permutation of the {0,1,2,...,m+n — 1} (see [10]).
Below we assume that the dimension of the matrixes N = m+n—1. Then
the corresponded algebraic adjunct has the raw numbers n—1—X,+4, 1 <
1 < m and the column numbers n—1+7, 1 < j < m. Since the elements of
the matrix H’ look like (—1)7~*h;_;(3, @) the algebraic adjunct consists
of such elements (—1)’\§+j_ih>\;+]~_i(ﬁ, «). Besides > (A — i+ n) —
Sy (0 — ) = Al Thus

$x(a, B) = det (hatj—i(, )< j<n
= (_1)‘)\| det((_l))\;JrjiihN-ﬁ-j—i(ﬁ: a))lgi,jgm
= det (h)\urj,i(ﬁ, a))lgi,jgm - g)\’ (ﬂ?a)7

O
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Lemma 3.6. Let [(g) (g € S (Ax)) is the number of cycles of a permu-
tation g. Then

(sign z)"~'9)

E=OR (3.21)

TAk,x (g) =

(S)

Ay ():0

(X(()S) for x € ,6") to the group S (Ay). Here a, 3, = {V717 . ~7V71}'
Bu(a) —

v

Therefore, Ta, . 15 the restriction of characters x for x € o

Proof. We denote by Ax/g a set of orbits of the permutation g on the
set Ag. If p is a spectral measure of operator A;, then p(z) = v(z) - |z|
(Lemma 2.3 ¢€)) and by (Lemma 2.3 d)) we obtain
[T [a )
(g) = peAk/g[ } _ b g @@ (z)  (signa)t 'Y
i P N P L B 01 ¢

O

Let parameters a = {a;};o, and § = {f;};-, satisfy the conditions
of Lemma 3.2, x = Xff%a the W*-algebra L, (S (Ax)) be generated by
operators my (S (Ax)). We denote by Ci (Aj) the center of the W*-algebra
ME (Ay) = Ea, (2)Ey (5 (Av))

At first we assume that > 0. Then from (3.1) and Lemma 3.4 we
obtain

_ 9 _ 3 A
TAp,x = Xa(u(x))’O‘S(Ak) = /\%ksx (au(m)a O) x( ). (3.22)

The coefficients 5y (ay(x), 0) in the expansion can be easily evaluated by
using (3.1)

v+A1—1 v+ 22U+ —2
( v—1 ) 1171) ( v—1 )
~ B (u+)\2—2) (u+,\2—1) o (2u+>\2—3)
3y (ozy(m),()) = |v(x)| kL v-1 v—1 v-1 . (3.23)
(5200 I (7o IRNPPPRN (el
If x < 0, then
TApx = X((fﬁ)u(w) S(A) = Z Sx (0,5,,(33)) . X(A) and by the Lemma 3.5
A A=k
v+ —1 v+ o 2+ -2
EV—{I—/A_’;—Q; (V—&—V)\_él—l) EQV—T—X’;—?%
5)\ (Oa ﬁzx(m)) :§)\/ (ﬁl/(:}:)’ O) = |I/(1")|7]c v-1 v-1 o v—1

() G ()

(3.24)
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Here )\’ stands for the transposed diagram and v = v(z).
Let Yy be a set of a Young diagrams A such that |[\| = k. We in-

{AEYkig)\(V(z )7&0} ifiL‘>0,
{)\Ethg)\(O,ﬁym)#O} ifz <0
and denote by &7 (Ay) the set of all minimal projections in Cf (Ay). B
virtue of (3.22) and(3.24), the mapping

troduce further the set Yy (z) =

dim A . .
A€ Yi(x) = — = Baw) Y xM9)m(g) = ef(V) € &F (Ar)
’ gES(Ayg)
is one-to-one correspondence and true

Lemma 3.7. Let &7, (Ai) be the set of all minimal projections in
er (AT (Ag). If e € &%, (Ay) then

xf,é<e>=[u<x>|wu’“-{ Maww: 0) 2 >0 e

( s Bua ) ifx <0

)\
where 02(k) € NV k € N and hm kx(( )) 0 wuniformly on the set Y.
Proof. Using (3.22), (3.23) and (3.24), we obtain the statement of Lemma

3.7 from the next chain of equalities

Sx (Ozl,(x), 0) if z >0,

(0 =X (Ba (@) T () = @] {@ o) ez

Let us denote for x > 0

v+A1—1 v+A1 2v+A1—2
Ey-"—VA_zl—Q; (Sfﬁl—%) o gzu-lﬁzl—s;

Oi‘(k) — v—1 v—1 T v—1

v— v— v—

and for z < 0

iy e
Oi‘(k) — (V l/—21 ) (V V—21 ) e ( Vl/—21 )
(u/\—lyl) (A,//”—Jrll) (Vt/)\—/”f 1)

The function 0 (k) can be considered as a polynomial from v(z) variables
(A1, A2, ..., Ay) or (A}, AL, ..., L)) with the degree equals v(x)(v(z)—1).
Thus the lemma is proved. O
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By means of m € N, g (m, ka, kg, D) (see (3.11), p. 27) we introduce
pairwise disjoint subsets Q (a}) (1<j<k,) and Q (ﬂ;) (1<j<kg)
in Z(m) ={1,2,...,m} with properties

2 () = ms,

()] = m].

ko kg
Let @) = 2(m)\ ( U @fa}) U @(3) ) and

=

a B

Ba = [T T &) T1 2] I £ 629
Q

J=11=1 ¢¢ (a;») SGQ(BZ) s€Q(v)

k
where Fy = 1 — kza Es(o/) — ZB ES(B;), Q (1) is an ordered set
j=1
(QUa)s .o @ (}): QB Q) Q). If

and £ (G( m))) is generated by operators my (G(é(fn))) as a W*-
algebra, then M(é( ) = B Lx (G(é(m))) is isomorphic to

kg

®fm (X)smﬁ' (Q(8)) (see p.30). (3.26)

=1

Lemma 3.8. Let try is the central normalize state on L, (S (00)) which

(5)

corresponds to x = Xo 3" If o, is the restriction try to the algebra

M(@ (m)) and Hy,, (M(@ ())) is the CNT-entropy of/\/l(@ (1)) cor-

responding to o, then

~ o s
Ho, (M(Q (1)) = =y 1 TT a5 T1 b
j=1 j=1
ko kg
X { (mka+kﬁ+1) In (’Yk:a kﬁ) + Zmz)‘ lna;- + me lnﬁ§ + O (Inm) },
j=1 j=1

where 0 < lim sup fin$)<oo Vo kg = X (F: )—1—2% ij.

m—0o0 7j=1 7=1
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Proof. We denote by ¢% = the restriction iry to the algebra Mty (Ag). In
view of (3.25) and (3.26), we have

Mg +kg+l ko o) B

©m = lykak’,g j® (’OQ( ) ® SoQ(ﬁ) (3'27)

Let

Py Sx (Q(z),0) if x>0,
* 5x (0, By)) ifz <0.

Further, using (3.22) and (3.24), we obtain

He (M (A0)
= — (v(x)|x]) { Z dim A - f)‘ [lan + In <(V(l’)’x‘)k):|}
M\ =k

=~ @@l { 3 a2 etnfe] o (00" 1))}

A\ =k
(seeLegma3.7)_( ( )|x‘ { Z dim \ - f>‘ [k‘ln|l‘|+1n( (k)>}}

M| A=k

Since Y. dim\- f} =1, we may rewrite Hye, ( M7 (Ag)) as follows:
X[\ =k

Hos, (05 (A4)) = —k (v(@) )" In fo] = (v(@)|2])* © (2, k), (3.28)

where O (z,Ink) = > dimA- f)In (02(k)) and by Lemma 3.7

X[ A=k
Ink
0 < limsup O (@,Ink) < 0. (3.29)
k—00 Ink

It follows from (3.26), (3.27) and (3.28) that
~ . (by definition (P,,‘h) mkaJrk +1 mPB
o (M(Q1)) ) 7 T Hb ;

ko ks
{0y 1 (i) + Do el + 3w m g
j=1 j=1

ko kg

+ ZD (a;-,lnm?) —l—ZD <B§,lnmf>}.

Jj=1 Jj=1
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ko kg

Using (3.29) and the equality > m$ + E m + My tky+1 = m in latter
Jj=1 J=1

assertion, we have

ko
2 (a In m¢& )—i—ZD( ;,lnm?)

0 < limsup 2= < 00
m—o0 lnm

and

Hy, (M(Q (1)) = ot H Hb g

7j=1

ko kﬂ
X { (Mkgtksr1) I (Ve k) + Z:m;Y In o + me In 3} + O (Inm) }

j=1 j=1

In the next statements we will use the notations from Lemma 3.4.

Proposition 3.1. Let M,, be a W*-algebra generated by Aoy and
Ty (S(m)) and let 61, 62 be given. Then there exists a natural numbers:
ka (51), kﬁ ((51), C ((51, (52), and M ((51, (52) such that

. ko (1) kg(d1)
Z) 7kak5 =1- Zl aj — Z b] < 617‘
‘7:

ZZ) vV m > M((Sl,(Sg)

ka(d1)
Hy, (My,) > m162{ v (af) o Inc
j=1
kg(01)
+ Z (ﬂ ) G5 1n g } (81,02) vVm  (see Lemma 3.8)
j=1

(
T M (81) ks (81) 41! H1 H m'
J= Jj=
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Mg (57) 15141 0L me k8(01) m/]

|. ; m;
( Lemma 3.8 KO NEA T R § S AV
> _
- — ka(él) kﬁ(él)
" mka(61)+k5(61)+1!‘ ) m?' H m
]: :
ka(81) k(1)
X [ Z m§ Ina + Z m]ﬁlnﬂ;] —i—(’)(lnm)}
j=1 J=1
ko (81) ks(d1)
( Lemma 3.4, (3.11))
> m(1—3y) [ > ajlnd+> b 1nﬂ]+0(51,52)\ﬁ
j=1 7j=1
The latter inequality is true for all sufficiently large m. O
Proposition 3.2. (An upper bound for the entropy) n(t) = —tInt,

Sai+ Y0 =1, x = x5h- Then
EDIICHEDBICHE
J J

Proof. First we recall the well-known construction (see [20]) of the
embedding of the group S(oo) in the Powers factor. Let n(a) =
min{i:a; >0}, n(f) = min{i: 3 >0}, n = n(a) + n(F), NG =
{1,2,....n(a)}, Mo = {=1,-2,...,—n(B)} and M, = N |N. We
consider the algebra M, (C) of all complex n x n-matrices with system of
matrix units {eiﬂj}i,je‘ﬁn' Let hog = diag (041, R Ozn(a);ﬂl, ce. ,ﬁn(ﬁ)) S
M, (C) and let ¢(-) = T'r (-hapg) is the state on M, (C), where Tr is
ordinary trace. For j € Z let M; = M,, (C) and ¢; = ¢. Let (M, @) =

®Rjez (M}, ¢j), where ¢ = ®jczp;. For sequence i, = (i; € N )i,kk let

i(ig) = ({]1 <j2 <. <jl(ik)}:ijlem§ \V/l:1,2,...,l(ik)).

If g is any permutation of the set By = {—k,...,0,...,k}, then there is
permutation s (g,ix) € S (g (j (ix))) such that

s(g,ik) (9 (J1) < s(g,1k) (9 (J2)) < ... < s(g,ik) (9 (i) -

Let v (g,lk) = sgn (s (g,ix) ) and let J, be the set of all sequences
(i; € Ny, ) . Now by a direct checking we can make sure, that opera-
tors Uy = Z Y (g,ik) e € g(in)’ where

i, €T

e. ,..=e€. . €. . L6 c
ir g(ix) b=k tg(—k) ® Y—k+1%g(—k+1) ® Lk lg(k) #



36 ENTROPY OF THE SHIFT...

M is the centralizer of ¢, define a unitary representation of the group

S(2k +1) = S(By) and ¢ (Uy) = Xfxsé(g) Further, we notice that au-

tomorphism U3 of the W*-algebra generated by U, (g elys (Bk)) ex-
k

tends to the automorphism 6 of the W*-algebra M. But it is well-known
(see [5]), that 6 is a noncommutative Bernouli shift with the entropy

>_n(aj) + > (8;5)- O
J J

Proof of Theorem 3.1. The statement of the theorem follows from Lemma
3.2 and Proposition 3.2 when sets {a; # 0} and {f; # 0} are finite ones.
In the general case we consider the algebra M,, that is generated by
Ap and m, (S(m)) as a W*-algebra. Using a method by which we have
proved Lemma 2.1, we receive the following estimation

Hy (M)
H, (9%) > 22",
() =
Hence, tacking into account Propositions 3.2 and 3.1, we complete the
proof. O
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