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˙ñ = (x + λ) × ax +Bax × ν + s × ν + ν × Cν,
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ν̇ = ν × ax.
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ν · ν = 1, (x + λ) · ν = k. (3)
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ν = (ν1, ν2, ν3)
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λ = (λ1, λ2, λ3)
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s = (s1, s2, s3)
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a = (aij)
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B = (Bij), C = (Cij)
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x1 = b0 + b1ν1 + b2ν2 + b3ν3, x2 = c0 + c1ν1 + c2ν2 + c3ν3, (4)
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bi, ci (i = 0, 1, 2, 3)
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a13x
2
3 + η1(ν1, ν2, ν3)x3 + η2(ν1, ν2, ν3) = 0,

a23x
2
3 + µ1(ν1, ν2, ν3)x3 + µ2(ν1, ν2, ν3) = 0,
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a13 = a23 = 0, (6)

ηi(ν1, ν2, ν3) = 0, µi(ν1, ν2, ν3) = 0 (i = 1, 2). (7)ó/®�½	·!ÙMµ!¶>¬�­�°
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aij = 0 (i 6= j)
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aii = ai (i = 1, 2, 3)
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ν̇1 = a3x3ν2 − a2ν3(c0 + c1ν1 + c2ν2 + c3ν3),

ν̇2 = a1ν3(b0 + b1ν1 + b2ν2 + b3ν3) − a3ν1x3, (8)

ν̇3 = a2ν1(c0 + c1ν1 + c2ν2 + c3ν3) − a1ν2(b0 + b1ν1 + b2ν2 + b3ν3).ù3±&¯�µ
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b0λ3 = 0, c0λ3 = 0, b2c3 = 0, b3c1 = 0, b0c3 + b2λ3 = 0, b3c0 + c1λ3 = 0,

a3λ2 + c0(a3 − a2) = 0, −a3λ1 + b0(a1 − a3) = 0, a3b2 + c1(a3 − a2) = 0,

a3c1 + b2(a3 − a1) = 0, a1b2b3 + c3(a1b1 − a2c2) = 0, a2c1c3 − b3(a1b1 − a2c2) = 0,

a3B23+c3(a3−a2) = 0, −a3B13+b3(a1−a3) = 0, a1b0b3−a2c0c3+λ3(a1b1−a2c2) = 0,

a3B33 + a3c2 − b1(a3 − a1) = 0, a1(b2B13 − b3B12) + a2(c2B23 − b1c3 − c3B22) = 0,

a1(b1(B13 − b3) − b3(c2 +B11)) + a2(c1B23 + c2b3 − c3B12 + c1c3) = 0,

a1(b1(B12 − b2) − b2(c2 +B11) + b3c3) + a2(c1(b1 +B22) + c2(c1 −B12) − b3c3) = 0, (9)

a1b0(c2 +B11) − a2c0(c1 −B12) − a1b3λ3 + s1 = 0,

a1b0(B12 − b2) + a2c0(b1 +B22) − a2c3λ3 + s2 = 0,

a1b0(b3 −B13) − a2c2λ3 − a2c0B23 − s3 = 0, a1b1 − a2c2 + 2a3(c2 − b1) = 0,

C12 = a1b1(B12 − b2) + a2c1(b1 +B22) − a2b3c3, C13 = a1b1B13 + a2c1(B23 − c3),

C23 = a1b2(B13 − b3) + a2c2B23,

;>æ



��������	����������
��	! "	�#$	����
	&%� '�����
	������$(
����)$	�����*

C11 = C33 + a1(b1c2 − b3B13 + b1B11) + a2(−c
2
1 + c23 + c1B12 − c3B23),
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λ3 6= 0, b3 6= 0, c3 6= 0
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b0 = c0 = b2 = c1 = 0, c2 = b1, a2 = a1, λ1 = λ2 = 0, b1 = −
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B33, b3(a1 − a3) = a3B13, c3(a1 − a3) = a3B23, B11 =
a1 − 2a3

a3

b1 −
c3

b3
B12,

B22 =
a1 − 2a3

a3

b1 −
b3

c3
B12, C12 = a1(b1B12 − b3c3), C13 =

a1

a3

b1b3(a1 − a3), (11)

C23 =
a1

a3

b1c3(a1 − a3), C11 = C33 −
a1b1c3

b3
B12 +

a1

a3

((a1 − a3)(b
2
1 − b23) + (2a3 − a1)c

2
3),

C22 = C33 −
a1b1b3

c3
B12 +

a1

a3

((a1 − a3)(b
2
1 − c23) + (2a3 − a1)b

2
3).

ó�®�±�±>¯�°
±>â:­�°
½�Ã	ÀßÅ�?�? Ï «�°!¶+³
­�°
½�Ã b1, b3, c3 ¬�¹¨µ!¶&Õn­�°
¹û³
­�µ
­�«[¾�±�»�Á
±�°
­�°�¯�¹-¬�­�¾�¯�±�µ!¶ s, λ3½�Á!¶>µ!¶>»�­�¯�µ
a1
@wÑ1®�¯&¶�·�¸�°
¹¨­jÙ�®�·�±�¬�½�Ã�Á
µ
­�Â�®�¯>¶>¬&·�­�°
¹ú¬q¬�½	Â�­jµ!¶>¬�­�°
®�¯�¬
²�¬Ü¾�±>¯�±�µ
¹¨­_¬&À�±�Â!Ã�¯

Á!¶>µ!¶>»�­�¯�µ
¹ûÙ	µ!¶>¬�°
­�°
½�Ã�Å�? Ï ½MÁ!¶>µ!¶>»�­�¯�µ
¹û½
°
¬�¶>µ
½!¶>°�¯�°
¹wÀM®�±�±>¯�°
±>â:­�°
½
´ßÅÇÞ Ï @ ò ¯�±#®�¬>Ã�«+¶>°
±m®¯�­�»¨²Ô³�¯�±�Á!¶>µ!¶>»�­�¯�µ
¹
Bij, Cij

Á
±[®�¬�±�­�»ïÙj»�­�À�¶>°
½
³
­�®�¾�±�»ïÙ_®�»�¹¨®�·!Ùj»�±�¼�Ù�¯aÁ
µ
½
°
½
»�¶&¯�¸aÁ
µ
±�½�«�È
¬�±&·�¸�°
¹¨­v«�°!¶+³
­�°
½�Ã_½jÁ
±�Æ�¯�±�»ïÙ#ºv±�µ
»�¶�·�¸�°
±�­v½
®�¾	·�Ó¥³
­�°
½
­cÁ!¶>µ!¶>»�­�¯�µ
±�¬�½
°
¬�¶>µ
½!¶>°�¯�°
¹wÀ_®�±�±>¯&È
°
±>â:­�°
½
´áÅÇÞ Ï Á
µ
½
¬�­�Â�­�¯a¾jÒ�±&·�­�­3¼�µ
±�»�±>«�Â�¾
½
»ßºv±�µ
»ïÙ+·Ô¶>»¨@6�®�·�±�¬�½
­

a2 = a1
Á
±>«�¬�±&·!Ã
­�¯mÁ
±�¬�±�µ
±>¯�±�»ÝÁ
±�Â�¬�½�Õ�°
±�´I®�½
®�¯�­�»�¹-¾�±�±�µ�Â�½
°!¶&¯#¬�¹¨Ò�µ!¶&¯�¸aÆ�¯>Ù

®�½
®�¯�­�»�Ù\¾�±�±�µ�Â�½
°!¶&¯v¯&¶>¾
½
»Ü±�Ò�µ!¶&«�±�»¨²�³�¯�±
s2 = 0

@�øS±�¼£ÂÔ¶3½�«¦ºv±�µ
»ïÙ�·MÅ�?�? Ï ®�·�­�Â!Ù�­�¯�²	³�¯�± c3 = 0
@

øï¶>¾
½
»¿±�Ò�µ!¶&«�±�»¨²!½
°
¬�¶>µ
½!¶>°�¯�°
¹l­c®�±�±>¯�°
±>â:­�°
½�ÃáÅÇÞ Ï Á
µ
½
»ïÙ�¯a¬�½	Â
x1 = b1ν1 + b3ν3, x2 = b1ν2, (12)
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	���
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¶¨Ù	µ!¶>¬�°
­�°
½�ÃfÂ�¬�½�Õn­�°
½�ÃmÅ�? Ï ²�Å C�Ï °!¶¦½
°
¬�¶>µ
½!¶>°�¯�°
¹wÀ:®�±�±>¯�°
±>â:­�°
½�Ã	À#Å�? C�Ï Ò>Ù+Â!Ù�¯3µ
­�Â!Ù	Ø
½
µ
±>¬�¶>°
¹¾#®�½
®�¯�­�»�­ �

ν̇1 = a3x3ν2 − a1b1ν2ν3,

ν̇2 = a1b1ν1ν3 + a1b3ν
2
3 − a3ν1x3, (13)

ν̇3 = −a1b3ν2ν3,

ẋ3 = b3ν2(x3(a1 − a3) + a1λ3 + a1b3ν1 − a1b1ν3). (14)
/ ¶>Á
½�â:­�»ß½
°�¯�­�¼�µ!¶�·�¹^Åô= Ï ®3Ù	³
­�¯�±>»öºv±�µ
»ïÙ�·ÛÅ�? C�Ï

ν2
1 + ν2

2 + ν2
3 = 1, (15)

b1(1 − ν2
3) + b3ν1ν3 + (x3 + λ3)ν3 = k. (16)ª1«vµ!¶>¬�­�°
®�¯�¬�¶IÅ�?+æ Ï ¬>¹¨µ!¶&«�½
» x3 �

x3 = l0ν
−1
3 + b1ν3 − b3ν1 − λ3, (17)

¼£Â�­
l0 = k − b1

ÅÇÁ
µ
±�½�«�¬�±&·�¸�°!¶&ÃöÁ
±�®�¯�±+Ã
°
°!¶&Ã Ï @lù3µ
­�±�Ò�µ!¶&«�Ù�­�»àÙ	µ!¶>¬�°
­�°
½
­ÛÅ�?�Þ Ï ®IÁ
±�»�±>Ä:¸�Ó¯�µ
­�¯�¸�­�¼�±[Ù	µ!¶>¬�°
­�°
½�Ã_½�«f®�½
®�¯�­�»�¹^Å�?+= Ï ½#®�±�±>¯�°
±>â:­�°
½�ÃÛÅ�?�� Ï��
ẋ3 = −

ν̇3

a1ν3

(a1l0ν
−1
3 − a3x3). (18)

Ñ1Ò&Ä:­�­fµ
­�â:­�°
½
­vÂ�½
ºvº3­�µ
­�°
Ø
½!¶�·�¸�°
±�¼�±[Ù	µ!¶>¬�°
­�°
½�ÃáÅ�?+A Ï ¯&¶>¾�±�¬�±

x3 =
a1l0

a1 + a3

ν−1
3 + cν

a3/a1

3 , (19)

¼£Â�­
c
çÚÁ
µ
±�½�«�¬�±&·�¸�°!¶&Ã�Á
±�®�¯�±+Ã
°
°!¶&ÃK@8ª3®�¾	·�Ó¥³!¶&Ã�½�«Iµ!¶>¬�­�°
®�¯�¬öÅ�?�� Ï ½�Å�?+è Ï Á
­�µ
­�»�­�°
°�Ù	Ó x3

²
Á
±&·!Ù	³
½
»�®�±�±>¯�°
±>â:­�°
½
­

−b1ν
2
3 + b3ν1ν3 + λ3ν3 + cν

a1+a3
a1

3 = L0, (20)

¼£Â�­
L0 =

a3l0

a1 + a3

@
øS¶>¾
½
»÷±�Ò�µ!¶&«�±�»¨²�Ù	µ!¶>¬�°
­�°
½�Ãqù1Ù�¶>®�®�±�°!¶qÅ�?+= Ï Â�±�Á�Ù�®�¾	¶>Ó¦¯#Â�¬�¶mÁ
­�µ
¬�¹wÀM½
°�¯�­�¼�µ!¶�·Ô¶ÚÅ�?�; Ï ½Å C>D�Ï @Kª1«\Æ�¯�½	ÀM½
°�¯�­�¼�µ!¶�·�±�¬_°!¶>´	Â�­�»÷Á
­�µ
­�»�­�°
°
¹¨­ ν1, ν2

¬m«+¶>¬�½
®�½
»�±�®�¯�½q±>¯j¬�®�Á
±�»�±�¼�¶&¯�­�·�¸�°
±�´
Á
­�µ
­�»�­�°
°
±�´

ν3 �
ν1 = α0ν

−1
3 ϕ(ν3),

(21)

ν2 = −α0ν
−1
3

√

ψ2(ν3) − ϕ2(ν3),¼£Â�­
α0 =

1

b3(a1 + a3)
, ψ2(ν3) = b23(a1 + a3)

2(1 − ν2
3)ν

2
3 ,

(22)

ϕ(ν3) = −c(a1 + a3)ν
a1+a3

a1

3 + a3l0 + (a1 + a3)b1ν
2
3 − λ3(a1 + a3)ν3.
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ù3±+Â�®�¯&¶>¬�½
»�¬�¹¨µ!¶&Õn­�°
½�ÃÚÅ C ? Ï ¬n¯�µ
­�¯�¸�­fÙ	µ!¶>¬�°
­�°
½
­cù1Ù�¶>®�®�±�°!¶\½�«f®�½
®�¯�­�»�¹^Å�?+= Ï��
ν̇3 =

a1

a1 + a3

√

ψ2(ν3) − ϕ2(ν3). (23)

61µ!¶>¬�°
­�°
½
­aÅ C = Ï Á
±>«�¬�±&·!Ã
­�¯[°!¶>´�¯�½j«+¶>¬�½
®�½
»�±�®�¯�¸ ν3 = ν3(t)
Á�Ù�¯�­�»ö±�Ò�µ!¶&Ä:­�°
½�Ãj½
°�¯�­�¼�µ!¶�·Ô¶

∫

dν3
√

ψ2(ν3) − ϕ2(ν3)
=

a1

a1 + a3

(t− t0). (24)

ù3±+Â�®�¯&¶>¬&·!Ã�Ãc°!¶>´	Â�­�°
°�Ù	Ó¿¯&¶>¾
½
»Y±�Ò�µ!¶&«�±�»_º3Ù	°
¾
Ø
½
Ó
ν3 = ν3(t)

¬¦®�±�±>¯�°
±>â:­�°
½�Ã#Å�? C�Ï ²	Å�?+è Ï ²Å C ? Ï ²
°!¶>´	Â�­�»�«+¶>¬>½
®�½
»�±�®�¯�½I¬�®�­�À#Á
­�µ
­�»�­�°
°
¹wÀj«+¶�ÂÔ¶�³
½ÚÅ�? Ï ²QÅ C�Ï ±>¯[¬�µ
­�»�­�°
½ �
ν1(t) = α0[ν3(t)]

−1ϕ(ν3(t)),

ν2(t) = −α0[ν3(t)]
−1

√

ψ2(ν3(t)) − ϕ2(ν3(t)),

x1(t) = b1ν1(t) + b3ν3(t), (25)

x2(t) = b1ν2(t),

x3(t) =
a1l0

a1 + a3

[ν3(t)]
−1 + c[ν3(t)]

a3
a1 .

üS­�â:­�°
½
­m®�±+Â�­�µ�Õ�½�¯MÁ�Ã�¯�¸IÁ!¶>µ!¶>»�­�¯�µ
±�¬M½qÂ�¬�­aÁ
µ
±�½�«�¬�±&·�¸�°
¹¨­mÁ
®�¯�±+Ã
°
°
¹¨­qÅ
l0
½
c Ï @)7v·!Ã¯�±�¼�±
²Ô³�¯�±�Ò�¹ÖÁ
±&·!Ù	³
­�°
°
±�­cµ
­�â:­�°
½
­:Ò>¹w·�±\Â�­�´
®�¯�¬�½�¯�­�·�¸�°
¹5»¨²Ô°
­�±�Ò�À�±�Â�½
»�±�Á
±>¯�µ
­�Ò�±�¬�¶&¯�¸\·�½
Ò�±
²

³�¯�±�Ò�¹/¬�¹¨µ!¶&Õn­�°
½
­cÁ
±+ÂY¾	±�µ
°
­�»ö¬YÅ C = Ï Ò�¹w·�±a°
­�±>¯�µ
½
Ø!¶&¯�­�·Ô¸�°
¹¨»¨²Ô·�½
Ò�±
²�³�¯�±�Ò�¹/Á
±�¬�­�µ�À�°
±�®�¯�½Å�?�; Ï ²�Å C>D�Ï ¬aÁ
µ
±�®�¯�µ!¶>°
®�¯�¬�­\Á
­�µ
­�»�­�°
°
¹wÀ ν1, ν2, ν3
Á
­�µ
­�®�­�¾�¶�·�½
®�¸
@QüS¶>®�®�»�±>¯�µ
½
»ã®�·!Ù	³!¶>´MÁ
­�µ
­�È

®�­�³
­�°
½�Ã_Á
±�¬�­�µ�À�°
±�®�¯�­�´áÅ�?�; Ï ²QÅ C>D�Ï ¬[Á	·�±�®�¾�±�®�¯�½ ν2 =
1

2
�

ν2
1 + ν2

3 =
3

4
, ν1 =

1

b3

(

L0ν
−1
3 + b1ν3 − λ3 − cν

a3
a1

3

)

. (26)

ù3­�µ
¬�¹¨»ÖÁ
µ
½
»�­�µ
±�»ãÙ�®�·�±�¬�½
´Ú®�±�¬>»�­�®�¯�°
±�®�¯�½Ú®�±�±>¯�°
±>â:­�°
½
´÷Å C æ Ï »�±+Õ\­�¯j®�·!Ù�Õ�½�¯�¸_µ!¶>¬�­�°
®�¯�¬�±
L0 = 0

½Ü»�¶�·�±�­n«�°!¶�³
­�°
½
­a¬�­�·�½
³
½
°
¹
λ3
²QÁ
µ
½Ü¬�¹¨Á
±&·�°
­�°
½
½Ú¾	±>¯�±�µ
¹wÀÜ¬>¯�±�µ
±�­[µ!¶>¬�­�°
®�¯�¬�±I½�«

Å C æ Ï Á
µ
½
»�­�¯�¬�½	Â
ν1 =

1

b3

(

b1ν3 − λ3 − cν
a3
a1

3

)

.

øS±�¼×ÂÔ¶�²�Ù	³
½�¯�¹¨¬�¶&ÃÜ®�±�±>¯�°
±>â:­�°
½�ÃÝÅ C>D�Ï ½ßÅ C�C�Ï ²�Ù	µ!¶>¬�°
­�°
½
­YÅ C = Ï »�±+Õ\­�¯_Ò�¹l¯�¸jÁ
µ
­�Â�®�¯>¶>¬�·�­�°
±_¬¬�½	Â�­
�

ν̇3 =
1

2
a1b3ν3.Ñ¥¯�®�ÓlÂÔ¶\»�±�Õn­�»¿°!¶>´�¯�½

ν3 �
ν3 = e

1

2
a1b3(t−t0).øï¶>¾
½
»¿±�Ò�µ!¶&«�±�»¨²!µ
­�â:­�°
½
­aÅ C ; Ï »�±+Õ\­�¯\Ò�¹l¯�¸[«+¶>Á
½
®�¶&°
±�¬\¬�½	Â�­

ν1 =

√

3

4
− ea1b3(t−t0),

ν2 =
1

2
,

;&è
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ν3 = e
1

2
a1b3(t−t0),

x1 = b1

√

3

4
− ea1b3(t−t0) + b3e

1

2
a1b3(t−t0),

x2 =
1

2
b1, x3 = ce

1

2
a3b3(t−t0).

ó8¯�±�µ
¹l»ÚÁ
µ
½
»�­�µ
±�»MÃ
¬&·!Ã
­�¯�®�Ã\®�·!Ù	³!¶>´K²�¾	±>¼×ÂÔ¶3Á
µ
±�½�«�¬�±&·�¸�°
¹¨­5Á!¶>µ!¶>»�­�¯�µ
¹
L0
½
c
®�¬>Ã�«+¶>°
¹

Ù�®�·�±�¬�½
­�»
L0 + b1 − λ3 − c = 0,¯&¶>¾v¾�¶>¾3Á
µ
½fÆ�¯�±>»_Á
±�¬�­�µ�À�°
±�®�¯�½mÅ�?�; Ï ²�Å�?�� Ï Á
­�µ
­�®�­�¾	¶>Ó¦¯�®�Ãf¬5°
­�¾�±>¯�±�µ
±�´v¯�±�³
¾�­ (ν1(ν3), ν2(ν3), ν3)

²
¼£Â�­

ν3 ∈ [ν
(1)
3 , ν

(2)
3 ]
@
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