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Nonlinear Calculus of Variations for Differential
Flows on Manifolds: Geometrically Correct
Introduction of Covariant and
Stochastic Variations

ALEXANDER VAL. ANTONIOUK AND ALEXANDRA VICT. ANTONIOUK
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Abstract. We consider flows, generated by nonlinear differential equa-
tions on manifold that could also contain random terms and correspond
to the second order parabolic equations. We demonstrate that the rig-
orous statement of the regularity problems for differential flows on non-
compact manifolds requires the geometrically rigorous revision of defi-
nition of the high order variation with respect to the initial data and
parameters.

The main attention is devoted to the study of influence of the geom-
etry and nonlinearities of coefficients on the regularity properties. To
reach this aim we use the nonlinear symmetries of high order differen-
tial calculus and study a set of corresponding nonlinear estimates on
variations.

The arising conditions on regularity generalize the Krylov-Rosovskii-
Pardoux conditions from linear space to the manifold setting. They
also lead to the smooth and smoothing properties of associated Feller
semigroups.
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1. Introduction into geometrically correct generalization
of high order variations of differential flows
on manifolds.

Though there already exist constructions that agree the geometry
with the second order differentials, generated by It6 formula [10, 12, 15],
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see also e.g. [13, 18, 23] and discussions in [4, 6], the aim to establish the
principal relations between advanced objects of differential geometry (like
curvature) and related regular properties of general differential flows on
manifold is not achieved yet. The question how curvature should arise in
the regularity properties is already asked in literature [13, 21]. In known
approaches the corresponding high order variations are introduced by
writing the covariant and stochastic derivatives of differential flows, see

[10, 12, 18| and references therein. How we will soon show, such
variations of nonlinear flows are actually non-invariant under coordinate
transformations in vicinities, in which travels process y¢, i.e. do not form
invariant geometric objects.

The question still remains: what relation between the coefficients of
differential equation and geometry should be imposed to lead to any order
regularity of processes on manifolds. We are going to demonstrate that
the knowledge of simple symmetries of variations and a little work to
make the geometrically correct definition of the high order ordinary and
stochastic variations leads to the final answers.

We aim this paper to develop results of [2, 3] from the linear base
space to the manifold setting. The main problem concerns the study of
regular properties in the general nonlinear case, i.e. when the classical
Cauchy-Liouville-Picard scheme, primarily developed for the Lipschitz or
quasi-linear equations, does not work.

We consider differential equation on the oriented smooth connected
Riemannian manifold M without boundary, that could also contain ran-
dom terms

t t
vi =t [ Aalazyds+ Y [ Aot oWy (1.1)
70

0

Let us specially mark that we adopt the inconvenient for stochastic theory
notation yf for the solution of this differential equation. This is because
the results of article still hold for ordinary differential equations on man-
ifolds, and, therefore, do not follow the traditional arguments, aimed to
create the stochastic differential geometry [10, 12, 13].

Above Ag, A, represent smooth globally defined vector fields, W/
denotes a family of one dimensional independent Wiener processes, dW 7
means Stratonovich differential, range of index o corresponds to the di-
mension of manifold. Equation (1.1) is understood in a sense, that for
any C? function on manifold the following equation

t
flyf )+ [ (Aof) (w2 ds+§j (Ao f) (i) W7
o+ [ I
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holds as stochastic equation in IR'. In particular, one can take f (x) = zF

to find its local coordinates representations.
The corresponding semigroup

(€“ 1) (@) = E f(yf) (1.2)
provides the solutions to the parabolic Cauchy problem
2u(t z) = Lu(t,z) z—lzw +V (1.3)
8t 9 - ) 9 - 2 - Ay A07 .

and gives therefore a set of actual applications to the problems of infinite
dimensional functional and nonlinear analysis, stochastics, mathematical
physics, differential geometry and operator theory. Henceforth we use
notation V4 = (A,V) for covariant derivatives in direction of vector
field A. We also remark that a simpler non-stochastic case of ordinary
differential equation arises by taking A, = 0 and omitting the symbol
of expectation E on Wiener measure. However the stochastic derivatives
and raise of smoothness properties arise only in the stochastic case, i.e.
only for the second order differential operators.

Concerning the problem of differentiability of equation (1.1) with re-
spect to the initial data or random parameter (on Wiener space, on which
process yi depends ), it is already clear how to write the first order vari-
ations. But how one should introduce the high order variations?

Suppose that some process on manifold y; (of diffusion or any other
nature) travels over manifold and enters some vicinity U C M with co-
ordinate functions ¢ = (cp’)?l:lﬁnM, ¢ : U — R¥M_ Then one can
speak about the coordinates of process yi = (') oy when it stays in this
vicinity.

—_——

MANIFOLD

coordinate
mapping ¢

(y) - coordinates (»") - coordinates
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Let D be some first order differentiation operation, correctly defined
on process ¥y;. It could be of any nature, like partial derivative 0, or
stochastic derivative with respect to the random parameter, the principal
moment is that the first order differentiation obeys chain rule

D(foy) = (f oy) Dy.
Because the local coordinate changes 3" = ¢ (y;) = (¢ 0 ™) (y?)dmM
represent a particular case of locally defined functions, one gets rule

’ aym/
Dy =
Yy Ay

m

Dy
Therefore

the expression Dy becomes a vector field with respect to the
“coordinate” changes (y) — (y') of process “variable” y,

though, of course, the process y; does not determine some coordinate
system, like local coordinate mappings ¢, ¢’ do.

By similar to the classical differential geometry arguments, related
with the construction of covariant derivatives,

there is no other way to define correctly the high order deriva-
tives (D)"y, but consider additional terms with connection
I'(y;) depending on flow yf.

Therefore the correct recurrent definition of the invariant high order
derivative (D) becomes

Dy™ =Dy™, D[(D)'y"]=D[(D)'y] +T,4(y) [(D)'y" Dy, (1.4)

here also arise factors Dy? in the term with I'(y;).

These additional terms in definition of higher order derivatives Dn
guarantee the preservance of vector transformation law with respect to
the (y) — (y') coordinate transformations:

- N TP
Dnm:_Dnm >1‘
(D)"y 8ym()y, vn >

Such (y) — (y') invariance, or, if one returns to the very beginning, the
invariance with respect to changes of local coordinates (y) — (') in vicin-
ity, where process y; stays, imposes a new purely geometric requirement.
This requirement is very important, because it permits to introduce the
invariant norms \ﬁyﬂTy? M by traces with the metric tensor g;;(yy) of
image coordinate (yf). After that the question of a priori estimates on
the regularity of solutions becomes well-posed.
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Consider, for example, the correct construction of high order varia-
tions of process yf (1.2) with respect to the initial data. One should first
Ayi)"

oz
m for (y) — (y') “coordinate” transformations and covector field on index
k for (x) — (2') coordinate changes.

From arguments above it follows that the definition of geometrically
mwvariant high order variations with respect to the initial data x must
include terms with I'(z) and I'(y) to guarantee the preservance of tenso-
rial character on both image (y) — (y') and domain (z) — (z’) coordi-
nate changes of mapping z — y¢. Recurrently the high order variation

note that first order variation represents a vector field on index

Viy™ =V ... Viy™ v=(j1,-,Jn), is defined from the first varia-
tion by
Ayi)™
V$ m __ t ,
kY oxk

€T T _ m xT T 8 q
Vi (WEy™) = VE(VEY™) + T, () Wiy =

ozk
2, p Oy’
= 0p(VIy™) = > T @)VE g™ T, () Voo (15)
jey new term

old covariant derivative

From the point of view of classical Riemannian geometry such defini-

tion of the high order invariant variation of y with terms I'(x), I'(y) and
X

. provides generalization of the classical covariant Riemannian deriva-

tive. Unlike all already existing torsion, polynomial connection and other
generalizations of variation, defined primarily at point z, it depends not
only on initial point of differentiation x, but also on behaviour of process
at point yf.

In terms of commutative diagrams approach, e. g. [10, 20|, this defini-
tion does not proceed the traditional scheme for introduction of the high
order tangent bundles over diffeomorphisms M >z — f(z) =y € M

T T T T

M, — T.M — T?M — .. — 1TI'M
Lf LTy L7 f Ly
T T T T "
M@y — TymM — T;,M — .. — TjyM

The additional term in (1.4), (1.5) makes an intermediate projection prg
onto the corresponding horizontal component H (T "(x) ) C T”( )M iso-

morphic to the previous tangent space H (T]’}(x) ) ~ T}"”(z)lM Therefore
new type variations (denoted by " f below)
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T

mM — TMHM = = TrtiMm
LT f | T(T"f) LT f
T

Vn € IN

are recurrently forced to remain in Ty ,)M. To obtain the final picture,
this commutative diagram should be transformed further to the tensorial
bundles and covariant derivatives at point . So one will be able to restrict
attention to the changes of coordinates and corresponding covariances
in (1.4), (1.5) and avoid the work with the differentiations in arbitrary
directions on manifold, usually raised by functor 7' [10, 12].

Therefore for differential flows on manifolds we come to the more
general concept, than the traditional tensor: we have to distinguish two
different ways of dependence of tensor on point x: directly u(z) and via
process u(yy).

Definition 1.1. Object ugé//zg s a generalized tensor if its coordinates

(i/a) _  d1..ip/ai..ar
Uiy = Wiy /by b

form TY'M tensor on multi-indexes (i), (j) with respect to the local coor-
dinates (xz*) and form T™*M tensor on multi-indezes (a), (b) with respect
to the local coordinates (¢™).

In other words, after the simultaneous change of local coordinate
systems (zF) — (zF') and (¢™) — (¢™') one gets the transformation law

(ifay _ 021 021 0@ 06" (i jar
/0 9z 9z() dgpla) §p) U/

u (1.6)

9z B oxh ox'v

O

where Jakobians have coordinate sense

For differential flow, like x — yf, the new (¢™) coordinates of the
generalized tensor depend on coordinates (2¥). A simple example is pro-

vided by superpositions ugg)) (yf)vg)) (x), here the coordinate changes in

domain (z) — (z’) do not influence on uEZ)) (y7), but one should write

the additional Jacobians near ugg)) (y#) when making coordinate transfor-

mations (y) — (y'). Another example is given by the first variation on
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y™(x,t)
Ok
and covector field on index k in domain (z).

initial data — it represents a vector on index m in image (yy)

Next definition concretizes the idea of high order variations for the
classical ordinary covariant Vi, and stochastic derivatives D, of general-
ized tensor. Recall that random function F'(w), defined on the Wiener
space w € Co(IRy, R?Y), is stochastically differentiable [11, 18] in the di-
rection of bounded continuous adapted to the canonical filtration process
z(w) € IR if on the set of full measure there exists derivative

) F({wt—i—so/tzs ds}tam). (1.7)

Definition 1.2. The geometrically invariant ordinary Wi and
stochastic ID, derivatives of generalized tensor are defined by

v (i/0) _ e, (i/0) il o= g5
Viu(ln = Viuln + 3 T s(@@)ully " Vie
pE(a)
'y z/a )
- Z L, Vi), Ve®©, (1.8)
(i/a) _ 1 (i/a) 2 (/o) 5
Dy = Dxugip) + Z L Yy~ Da¢
(/) 5
- Z Ty iy, D=6’ (1.9)

PE(d)

Above expression (i/a)|,—y means that in the multi-index (a) =
(a1,...,ap) instead of some index p € {ay,...,as} it is substituted index
v, which is a subject of summation on the same index ~ of connection
r 7’) sorT p76'

The additional terms in (1.8) and (1.9) make the resulting expression
to be tensor with respect to the coordinates in image (¢™). One may also
note that the connection symbols above depend on parameters of image
(¢(x)), i.e. give nontraditional generalization of covariant differentiations.
Moreover the dependence of yf on the random Wiener space parameter
w € Cy(IR,, R?) does not evoke the problem of geometric invariance on
parameter w that takes values in IR?. The tensorial character of new
derivative can be easily checked [4, 6].
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Theorem 1.1. The invariant derivatives of generalized tensor are gen-
eralized tensor again, i. e. the tensor laws hold

(i/a) 9z 9z’ 3(;5 (a) 0¢ ) gk’ (i /a)

VEUG/D) = 50 0200 96@) 9l azk UG YY)

(@) (a) §p®) ,
(ifa) _ O 8‘77 8¢ a¢ (&' /a")
D, u(]/b) 92@) o) a¢ 8¢(b Zu(j’/b’)-

Proof. simply applies the definition of connection I' and its transforma-
tion properties. Ul

2. Recurrent form of high order variational equations and
place of curvature in the regularity problems.

Having in hands the correct procedure of differentiation of tensors of
yy, like defined by coefficients Ag(yf), As(yf) of equation (1.2), we can
ask about the place of curvature in the regularity properties.

The derivative on the initial data of the diffusion equation (1.2) can
be obtained by direct differentiation and fulfills equation

= (VEAG ()~ T3) 92 A
F(VEAT ()~ T,7h0) S0 45w
=T,y )8 dy? + Vi AG (y)dt + VEAT (y)oWe, (2.1)

ak

where by adding and subtracting terms with connection we changed to the
generalized derivatives of vector fields Aq(yf) of image (y) and applied
the symmetry of connection on lower indexes. We also used that near
coefficients of connection stays the differential oy = Ag(y)dt + A, (y)oW?
of process (1.2).

Because stochastic derivative (1.7) has properties [11, 18]

D.(fo(F,...,Fn))=> (9;fo(Fy,..., Fy))D.F},

J=1
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t t t
DZ/UU(S)M/V;’ = /(Dzug)éwg + /ug(s)z;’ ds
0 0 0
we can also write the equation on the first order stochastic derivative

5Dy (@) = (DAP(y) + AT (y)=")dt + DL AT (y)sW°
— (ID.A7(y) — T, (y) Doy AL + AT (y)=")t
+ (D AP (y) — T, (y) DoyP ALY S
= (DL AP (y) + A (y)27)dt + DL A ()W — T, D.yPsyt, (2.2)

where we again add and subtract terms with connection to form the in-
variant stochastic derivatives (Definition 1.2) and separate the differential
dy near connection.

Both equations (2.1) and (2.2) demonstrate that up to the parallel
transition term with I'(y) the increments of first order variations are deter-
mined by invariant derivatives of coefficients. We take this observation as
the recurrence base in the search for the high order variational equations.

Let XT" denote some mixture of ordinary and stochastic variations,
ie.

X7 =Dy", Dy=Dy,... Dy for v={ki,... kn}, (2.3)
where we introduced notation

{ Vi, if k is the “ordinary” index;
Dy =

2.4
ID.,, it k is the “stochastic” index. (2.4)

Suppose that each equation on invariant variation has form, similar
to the first order variational equations (2.1) or (2.2)

6(X3") = =T (y) XBoy? + M,"20W° + NJ'dt (2.5)
with some coefficients M.";, NJ'. These coefficients we would like to

determine by induction. For convenience of notations let us introduce an
additional process X, that formally corresponds to the index v = ) in
(2.5)

0Xy' = =T, (y) X[ oy + AT (y)oW? + Ag'(y)dt.

The main result about the relation between different order variations
gives next theorem, that reveals the role of curvature in regularity prob-
lems, see also Remark 2.1.

Theorem 2.1. The relations between coefficients M",, NJ* for the pro-

cess X' could be written in the terms of new type derivatives in the
following compact form
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1) recurrent base:
Mg, = AZ(yi), Ny* = AT (), (2.6)

2) recurrent step for v =0 and for v # ()

DpM,"™, fory =10,

Wik} o { DkaWé + pn}ng(Dkyé)Ag7 for v 7& @’

(2.7)

m _ DkNén‘F)\ATZg, fOT”)/:@,
YR T DRNTY + AM, 27 + R XN (Dyyt) AS, - for v # 0.
(2.8)

Here in (2.8) the constant A = 0 for the ordinary variation Dy, i. e. cor-
responding process has form X,y = Vi Xy, and A =1 for the stochas-
tic variation Dy, i. e. when process X, yry = Dy, Xy is constructed by
stochastic differentiation of X .

As an obvious consequence of recurrent relations (2.6)—(2.8) one gets

Corollary 2.1. The structure of coefficients M, and NJ* is the fo-
llowing: for v={k}, |y| =1
M, = Dy AT (y) = VAT (y) - Dry’,
Np™ = D Ag' (y) + MG 2],

where A = 0 for ordinary index k, A =1 for stochastic k.
For higher order terms we have by (2.7), (2.8) analogous representa-
tion

M, =VIATD + Y Lhp Doy Day, (29)
BrU...UBs=y, s>2

N =VARD S L3 Day.. Day
B1U..UBs=, 5>2
+ )\ Z Kﬂlv--wﬁa,al,---,é‘b

B1U...UBgUe1U.. .Ugp="y

X Dﬂly. .. Dgay . D€1\k1zk1 cee Deb\kbzkb- (2.10)

The summations in (2.9) runs on all nonintersecting subsets §; U ... U
BaUeiU...Uey =~. Functions L', L? and K depend on Ay, A,, R and
their covariant derivatives of order less than |y|. In (2.10) notation D\
appears only for the case of stochastic derivatives D = ID, on indexes
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k1,...,ky (then A = 1) and means that in the set ¢ = {k1,..., k} some
point k € ¢ is removed. If the set € consists of one point k, then the
derivative D\, disappear and the corresponding summand is multiplied
by zx. If no stochastic indexes appear in set ~, then A = 0.

Remark 2.1. Known approaches to define the variation to be covari-
ant Riemannian, directional or stochastic derivative did not account the
invariance on process y¥ [10, 12, 18] and inevitably led to the growing
number of non-invariant terms in the corresponding equations. There-
fore it was principally hard to trace the influence of curvature in regular
properties, especially in the noncompact manifold case.

The additional term with I'(y) in the Definition 1.2 of the new invari-
ant derivative compactificates these non-invariant terms to the observable
expressions with curvature. So it becomes possible to find the influence
of curvature and non-linearities of diffusion equation on the any order
regularity properties.

Proof of Theorem 2.1. The first step with v = () is already done in
(2.1) and (2.2). We only demonstrate the recurrence step. The proof of
stochastic ID, and ordinary W¥ variations case is made separately.

1. Ordinary variation case. Below we omit, where possible, the
dependence of connection I' on variable y, however the dependence on x
is always displayed precisely.

Let us simply substitute the definition of invariant derivative under
Stratonovich integral

t ¢
oyP
Jowexy = [o{opxy +ow sl - Sl )
0 0 sey
(2.11)
Now we use the properties of Stratonovich integrals
¢ ¢ ¢
/X5</Y52> :/XY(SZ,
0 0 0
: : . (2.12)

o / MGN = / (07 M)SN + / MG N).
0 0 0
For the first term in (2.11) by inductive assumption (2.5) we find that

t t

(2.11), = / 5 <6;”§ / {~L,™ XPoy® + MW7 + N;”dt})
0 0
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t

ar 'y ay p q D ay
=) Byt o % /F X5(Gw) @)
0
t
- [ryorsy + [@pnowe opNpa. 21y
0

Let us rewrite the second term in (2.11) using Stratonovich-It6 formula

(5(XYZ) =YZX + XZ§Y + XY X

inductive assumption (2.5) and properties of Stratonovich integrals (2.12)

t t n
mayp 8yp Y
(2.11)2 I/Tp e 5(Xq)+/F Xq(s /8_ ()
0 0 0
t
- / P a9y k;{ r qs X’l; 5ys + M’yqa(SWU + Ngdt} (2.15)
0
/ 0 / oyP or.m
q Y 9Y xvaPpag ¢
+/ o X 5<8 k) * ] baF Xy oy’ oy (2.16)
0 0

With the last term in (2.11) we again apply the inductive assumption
(2.5)

t

1= =Y [T @150 b

3670
+ M SWO NI dt}. (217)

As the last preparation, we rewrite the first expression in (2.14) in terms
of invariant derivative

t t

(2.14)1 = —/Fp qVngéyq + /Fp qffna kXﬁ/ 5 q
0 0
—Z/ T (2)X], |y (2.18)
sey 0

Contracting the second expression in (2.13) with the first expression
n (2.16), the second expression in (2.18) with the first expression in
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(2.17) and forming from the second and third terms in (2.14), (2.15) and
(2.17) the invariant derivatives of coefficients M and N, we have for the
remaining terms

t
(2.11) = — / T, W X? 8y
0

t
+/ {VkM7@5W” + VkN;ndt}

t
/ O s 0[O O ()
k 8yq ayZ
0

DT W) — re@<y>rpsq<y>}. (2.19)

The terms in brackets in (2.19) appear correspondingly from the second
term in (2.16), first term in (2.13), first term in (2.18) and first term in
(2.15).

The expression in brackets {...} is a curvature tensor at point yf, and
we conclude

t t
/ (WX = / "™ (W X2)5y? + R4, X7 gyka “
0 0

+ VM, 0WT + VNI dL,

i.e. the recurrence step for ordinary variation on initial data W7 is
proved.

2. Stochastic variation. We proceed in a similar way.

By substitutions of inductive assumption and definition of invariant
stochastic variation we get

§(ID.XT) = 6[D. X" + T, X2 D,y

t
- 5<DZ [_ / T XESyd + MW + N;ndt]) +5(T,™ XPD,y")
0

or,m(y)
oyt

H(DM)WT + (M, 27 + D.N™) dt

= I, D, XP6y? — T, XP5(D,y) —

l
» o X5 D,y X¥oy?  (2.20)
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or,"(y)

oyt
Above we applied the properties of Stratonovich integrals (2.12), in par-
ticular that for stochastic derivative

+ XPD.y'6y" + T, XP6(D.y?) + T2 D.y?0(XF).  (2.21)

P gy

t t

DZO/tM(SNO/(DZM)éN+0/M5(DZN).

Next we contract the second terms in (2.20) and (2.21), extend deriva-
tives D, to the invariant derivative ID, and substitute inductive assump-
tion (2.5) into the third term in (2.21) to find

O(ID.XT") = =Tt (ID. XY — T, X! Dy )dy*

orm arm
pt “"pg P 25,4
" ( dys o >X”Dzy %
+ (DM, —T;"* M.}, Dy ) oW?
+ (ID.NT" —T;"*N' Dy )dt + M2 2% dt
+ T, Doy [-T.F, D y'oy’ + M., 6W? + NEdt]
= I, WD . X6y + ID. M "2 6W°
+ (D, NJ" + M,"27)dt + Rp"éqX?;Dzygéyq.

Like in the step 1 of proof, one comes to the curvature tensor. ]

3. Smooth and smoothing representations of
semigroup derivatives.

Now we ask about the role that plays new type ordinary and stochastic
variations in the regularity properties. In [4] it was proved representation

(V' Pfle) = Y BV S, (V). .o(V) ). (3.1)

i1+...+is=1,
s=1,...,0

Notation (3.1) means:

Vi ... Vi Pif(r) = Z E VY ... VY D)V gt V2 e
y1U..Uys={k1,....k; }
(3.2)
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8 i
Yi . Further we will

We also denoted W*y? for the first order variation
x

use both coordinate (3.1) and coordinate-free (3.2) notations.
To obtain raise of smoothness representations, let us note that due to
the chain rules the principal parts of equations on the first order ordinary

and stochastic variations (2.1) and (2.2) coincide. Therefore, by variation
of constants method we can find a special stochastic direction zj such that

ngy,’fn = thyzn (33)

A simple calculation of the Stratonovich differential by (2.1)
8yt 8yt m ay m (4 m
5<tW) St - t{I‘p v om0yt + VAT ()oWT + VA (y)dt}

with further substitution of (3.3) and therefore of DDz AT'(yf) =
tV A7 (yf) permits to transform the above relation to form (2.2) if we
choose the inhomogeneous part so that

W — Ap ) () (3.4
axk = Ag Yt )2k . .
Henceforth we use notation z for a special choice of stochastic direction

(3.4).
Similar to [7], choice (3.3) leads to the first order raise of smoothness
representation:

oy 1
ViPif (@) = BV f() - 5o = {EVALWE) - Doy’
t
1 T 1 T <o (e
— JEDs () = {BA ) [Fawe, (39
0

here we used the integration by parts characterization of Wiener measure
[11, 18]:
oo

ED.F = EF/z‘S’dW".
0

Thus for non-exploding stochastic integral fot ZgdW? and continuous
function f in the r.h.s. above the semigroup P;f becomes one time differ-
entiable on x for all £ > 0.

To find higher order representations we need the invariant form of
integration-by-parts formula for generalized tensors (Def. 1.1).
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Theorem 3.1. For tensors F(;) and GEZ)), depending on the process yf
the integration by parts formula holds

[o.o]

@y a® _ _g @ p a® @ a® [ ogme
E(D.F})) Gl = ~EFy) D.G) + B Fj, G(a)/z dawe.  (3.6)

0

Here the summation on repeating multi-indexes is implemented.

Proof. Let us take two tensors, depending on (yf). By Definition 1.9

(@)y~(0) _ (a) s (a)]s=
E(D.F;))G) = E{DZF(b) + 2(:) T, (Day")F )=
se(a

_ @p a® L p@a® [ oo
- {F(b) D.G) + Fy Glo) / 7AW

0
(a) ~(b) s (a) ~(b)]s=
+ Z Fqu(Dzyq)F(b) G(a)\s:p N Z Ly q(Dqu)F(b) G(a) p}-
s€(a) se(b)

This implies formula (3.6). Above we used integration by parts for
Wiener measure and redenoted indexes p and s. O

Now we can find high order raise of smoothness representations, that
give P, : O™ — C™™ for n = 0, m € IN. This result generalizes |7] to
the manifold setting.

Let us introduce the following notation:

t
Y, = tV} — Dy, + /zgdW",
0

where

Dy, = D5, (3.7)

for the invariant stochastic derivative in particular direction Zj chosen
in (3.4).

Theorem 3.2. High order covariant derivative of semigroup P; permits
representation:

LEfY, 1. (3.8)

VﬁPtf(:c) = )
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Above Y, =Y, ... Y}, for aset v = {ki,..., ky}.

Proof. proceeds in analogue to [7] with use of invariant derivatives W,
IDj; and integration by parts (3.6). O

4. Nonlinear estimate on variations and manifold form
of dissipativity and coercitivity conditions.

From representations (3.1) and (3.8) we see that the smooth and
smoothing properties of semigroups require to study the new type vari-
ations of processes X, (2.3), when stochastic derivatives are taken in
particular directions zj (3.3),(3.4).

To proceed further we use an important observation about symmetries
of high order derivatives of nonlinear functions, e.g. [2]-[3]: in the high
order differentials

d"F(y)=F'(y)dy+ > FOydiy.. dy+F(y)(dy)"

Ji+...+7i=n,
=2, n—1

simultaneously arise n‘* order differential and 1%¢ order differential in
nt" power, thus the differentials are comparable: d"y ~ (dy)". This
symmetry is also manifested in the intermediate terms d/y...d%y ~
(dy)?1F++Ji ~ (dy)™ and hold for any n.

An additional property of the invariant variations

D(uly) oyf) = (Vhuly) o (uF) - Dy™, (4.1)
that could be easily checked from definition, permits us to look closely
on the variational equations (2.5). We see from the chain rule (4.1) and
Corollary 2.1 that the high order variation 6 X" in the 1. h.s. is propor-
tional to the product of lower order variations Xg, ...Xg,,
B1U...UB; =, arising in the r. h.s. of (2.5). More precisely, accounting
property (3.3) of z; we come to the chain of symmetries

. . 1~ . 1—i 1
(V)i ~ (V9f) ~ (D)~ D'y ~ D, (42)
where o U 8 = {1,...,i} represents subdivision of set {1,...,i} on the

part, that corresponds to the ordinary differentiation of order o and
stochastic differentiation of order 3. Henceforth we introduce notation

D, — Wi, if k is the "ordinary” index,
k= IDy,, if k is the "stochastic” index,
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where IDj, means the stochastic derivative in special direction Zg (3.4).
Corresponding expression 7D*Y8 y{ represents the coordinate free nota-
tion for the high order variation, where multi-index « corresponds to
ordinary differentiation, and [ to stochastic one, a U 8 = {1,...,i} for
some ¢. The upper indexes in 7D” mean the coordinate-free notations.
Consider the nonlinear expression that reflects symmetry (4.2)

, 1 iy
Q)= >, B o)l D"y /1 r > 2(ntn)

auﬁ:{17"'7i}7
laf<n, |B|<n’

(4.3)

and simultaneously represents some quasi-norm on the high order regu-
larity.

Remark that factor r/i makes expression (4.3) to be homogeneous
with respect to the nonlinear symmetry (4.2). Above o is some fixed
point of manifold, that plays a role of reference point, analogous to 0
in IR%.

Because the symmetry (4.2) manifests also in the variational kernels in
representations of semigroups derivatives (3.1) and (3.8), the knowledge
of these symmetries and corresponding estimates on nonlinear expressions
(4.3) becomes essential for the study of regularity properties |2, 3.

Theorem 4.1. Suppose that the following conditions on the coefficients
of equation (1.2) and geometry of manifold hold

e dissipativity: 3o € M such that VC € R' 3K € IR' such that
VeeM

d
(Ao(x), Vp3s(w,0)) + C Y |45 (2)|* < Ke(1+ piy(x,0)), (4.4)

o=1

e differential coercitivity: YC, ¢’ € R' 3Ks € R' such that
VeeM,Vhel,M

d
(VAg(@) [k, h) +C Y VA, () []]?
o=1
d
+ O (RalAg (@), h) Ao (), B < Kc| b2, (4.5)

o=1
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where Ag = Ag + 3 Z Va,As and R(A,h)A = R, A”Aghq

Henceforth notation VH[h] means the directional covariant deriva-
tive, defined by

(VH(2)[h])" = V;H'(z) - W, (4.6)

e nonlinear behaviour of coefficients and curvature: for any
n there are constants ke such that for all j =1,...,n andVx € M

(V) Ao(2)]| < (1 + par(z, 0))Ke,

(V) Ao (2)]] < (1 + par(, 0))%e, (4.7)

(VY R(z)|| < (1+ par(x, 0)Kn

A7 ()l

dk; such that inf
(1+ p2(x,0))k

> 0. (4.8)

Then is some k = k(kg, ki,ky,kg) such that if in (4.3) monotone
polynomials p; > 1 are hierarchied by

Vit.tde=i<n [l PIEA+ P < (PP
(4.9)
the nonlinear estimate on ordinary and stochastic variations holds

IK Vi>0 QY (yt) <e"k'Q, . (y,0). (4.10)

Remark 4.1. Conditions (4.4)—(4.5) generalize the classical Krylov-Ro-
sovskii-Pardoux conditions [16, 19] from the linear base space to mani-
fold. They relate the nonlinearities of diffusion equation with the geomet-
ric properties of manifold, without traditional separation of geometry.

Proof of Theorem 4.1. Let us first explain the idea of proof, that devel-
ops [3]. One should take the differential of nonlinear term in (4.3) and
estimate it by the same expression from above to get the exponential
estimate (4.10). For this we first find the recurrent on ~ form for the
differential of norm of solutions to (2.5). Collecting the representations
of these differentials, we can then prove nonlinear estimate (4.10).

As an important moment of the proof one should prepare the esti-
mates on differential of p%,(yf,0) in a way, that avoids the complicate
formulas of geodesic deviations and introduction of Jacobi fields.
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Theorem 4.2 ([9]). Suppose that the generalized dissipativity and co-
ercitivity conditions (4.4)—(4.5) hold.
Then there is constant K such that

d
1
{Ah+ 43+ 5 D (A + 40} (a.y) < KpP(a.y). (411)
o=1
Similarly ¥ C' 3 K¢ such that

Azp?(z,y))?
L% (x,y) +CZT;/) < K(1+ p?(z,y)). (4.12)

Operator L (1.4) is generator of diffusion (1.2).

The proof of this result may be found in [9].
Step 1. Consider one of the summands in the expression (4.3), cor-
responding to set « U S = {1,...,i} without factor t%ﬁl' We put for
r
convenience — = 2¢ and use notation p(y!) instead of p(y;,0). By Ito
i

formula

h(t) = Epi(p? (y7)) 1D y; |[** = h(0)

t
LE / pi(p? () d|[IDOVB |2 (4.13)
0
t
{E / |82 9 dpi (62 () (4.14)
1 t
g / dipi (PP ), | IDVP 2. (4.15)
0

In the last term the brackets [X, Y] mean the quadratic variation of
processes X and Y. Proceeding further and applying It6 formula we have

t
(1.13) =g | Bpi(p )Ty 0D |
0
t
0=1) | (PG P a1y | D
0

(4.16)
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t
(4.14) = / E|| DYy %0 (p* (i) dp? (i)

0
1 t
45 [ BID P RN W) A ) s (41)
0
1 t
(@.15) = 5 [ BRI Vo), [ ).
0
(4.18)

Step 2. To estimate (4.13) we use the following Theorem, proved
in [6].

Theorem 4.3. The differential of norm of process X' (2.5) has form
d| XT)1? = 97 (x) { g (XM, + X2M,T5)dW
+ gmn (XN + XN+ M M, )dt

1
+ S omn(XIP2 + XIPP )dt}, (419)

where expressions Py" are defined in the following recurrent way

P = Dy(Va, A7) + R, AL AL (D), (4.20)

p {q

iy = DeP + 2R M P(DDy") AL + (VR ) XE(IDyy" ) ALAS
+R, qu?y”(ZDkAﬁ)Ag + R XE(DDry")(Va, As).  (4.21)

Now, Corollary 2.1 permits to find the structure of coefficients PJ".
For |y| =1 and X} = IDy™ from (4.20) we have

Pt =ViIVa, AL DDy’ + R(Ag, DDry)As.

Due to in (4.21) Py = DrPy + ... (coefficient with highest order

differentiation of y: ID,y), the coefficients P* permit representation
P, =VVa, Ay D" + R(Ay, Dyy) Ay

+ > Lsy,..s. - D5y ... Ds,y,
01U...Uds=", s>2
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with coefficients Ls, 5, depending on Ap, Ay, R and their covariant deri-
vatives. This expression contains symmetries (4.2) in dependence on
lower order variations ZDsy. Substituting this into (4.19) we have

d|[ D Pyf |2 = 2D Py, Vi A, DY) o0 AW (4.22)
+2(D* Py, VY Ay ]) ot (4.23)
d
+ Zl |V Ao [ID* Py ”;z(o,i)@)Ty dt (4.24)
d
+ Z<R(AJ,ZD“U%)AU,ZD“U%T(o,i)@T dt (4.25)
T y
o=1

+ > L} 5.0 (IDPy, DYy ID%y) dW  (4.26)

01+...+ds=aUp, s>2
+ Z Lj, . 5.0 (DD Py, D%y . ID%y) dt (4.27)

01+...+ds=aUp, s>2

AN Kb e (DY, DOy Dy DG, DR Nt
/817"'7/8(17

€1,..,Ep
(4.28)
In formulas (4.26) and (4.27) sets § contain both ordinary and stochas-
tic indexes. Summation in (4.28) runs on all subdivision of set {1,...,i}
on nonintersecting subsets f1 U...U B, Uei U...Ugy, = {1,...,i} see
(2.10). Like before the coefficients L3, L* K! depend in a polynomial
way (4.7) on covariant derivatives of Ap, A,, R and display symmetry
(4.2) on variations and ZD°\FZj, terms (on both index of differentiation
and lower index at z.).
From (4.22), (4.26) it follows that expression for quadratic variation
of |[IDPy#||? can be estimated as follows:

d
d [[|IDPyf |12, 1D yf |2 ] < 4D Py ||” Y VY AL [Py |Pdt
o=1

(4.29)
+ Y LY sl DY (D Dy D) | dt
S1+...+0s=alUp,
s>2
(4.30)
+ > LY, 5.0 WD Pyr Do yr . DD%yr)|2dt.  (4.31)
01+...+0s=alUB,s>2
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Collecting terms, which appear from (4.23), (4.24), (4.25) and (4.29)
we have

t

(4.13) < 4¢ / Epi(0" (4 ) [Py [P~ (@D Py, v AplD* ) dt
0
(4.32)
! d
+(2q9+4) /Epz HZDaUﬁya:H2q I)ZHVA ZDaU,@ ]” dt (4.33)
0 o=1

t d
-y / Epi (o2(57)) Dy | 20D S (R(A,, DPy) A, TDy) dt
0 o=1
+I1 + I, + I3, (435)

where

L= le(g+1) / ST ELL s p0W)

01...05
X || Pyf || Dy L Dy || dE; - (4.36)

~+

I =g / S°OERKY 4o piR ) |V
0 BrBa,

€1...€p

X |DPryf .. DPayp DTV, L DR E || dt; (4.37)

Iy =3ala=1) / Y. ELY 5000 W)

01...05
X ||y P D0y L Dy |Pdt. (4.38)

Step 3. Terms (4.17) and (4.18) are estimated in a similar way. Term
(4.17) is transformed by monotonicity of polynomials p;(-). Applying Itd
formula to p?(yf)

d t

AE) = @) + Y / (AL + 42)02)(y7) dW'?

o=1 0
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d

t
1
+ [l A 3 AL+ AP s (439
0

o=1

we can continue

(@17) = [ By P (vl )£ )
0

d
+ PP WENO D) Sy (Ao ) f

0':1

QL

PP} dt.

(4.40)

t
< [ BID Sy PR >>{cp v
0

Due to representation (4.22)-(4.28) of | ID®Py?||? and Tt6 formula
for metric p(yf) (4.39) we obtain

d[p®(y?), 1Dy 7] —2ZAap (yf (D g AV Ao Dy

o=1

+ ) LY s .M yr . D%yl dt.

Using inequality 2a||z|| ||y|| < “2‘;—”5”2 + |ly|I?p* we estimate

t
(4.18) < / E p)(0%(47)) 20"V |2
0

]ZAap () (TP, ¥ A [Pyt

o=1

t
+ / E ) (0(y7)) | D"y |20V
0

‘ZAUp (yf) Z L(Sl, 53<ZDO‘UByt,ZD61 .Zl)ésyf> dt

01...0s

t
2
/ ||_’DOcUﬁ mHQqZ H af (yt H dt (4‘41)
0

P2 (yf)

o=1
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t
+C/Epé(p2(yf))p2(yf)Hﬂ?auﬁyfllz(q”IIVAU[ZZ?“U%;}”] I* (442)
0

t
+C / Ep) (0% (5)) 02 () [ZD°VB 20—

0
x YO LY s DMyl Dyt (4.43)
61...05

Term (4.41) is added to (4.40) and estimated by fot h(7)dr after applica-
tion of (4.12). The term (4.42) is combined with (4.33), leading, together
with (4.32)—(4.34), to the coercitivity condition with constant K.

Step 4. To insert weights 1/t2%! into Q, () and return to the proof
of nonlinear estimate we need the following generalization of Gronwall-
Bellmann lemma, first found in [3, §].

Lemma 4.1. Let hg =0 and
t t
he < M /ht dt+/[Lt+ht1_1/aKt]dt (4.44)
0 0
with Ly, Ky > 0 such that

¢
L
/—asds<oo and sup K < o0
s
0

s€[0,t]
. Then
t
h L aMt
sup —s §aeMt/—asds+ ¢ — sup K. (4.45)
selo,t] S S ar selo,)

0

First note that due to (4.7) the highest order of behaviour of functions
L7, K, L5 and L® in Iy, I, T5 and (4.43) is (14 p2(y%))¥ with some K/,
arising from (4.7).

Using inequality
l—l/2q< 2(1)1/2(1

Epz®~ty < (pr2q> Epy

we estimate Iy by
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1-1/2q
R [ Y (Bam ) (Baih)a 2k
0 ﬁl ﬂaa
€1,--€b
1/2
X DR ys . Dy D ) . (4.46)

To obtain form (4.44) we estimate I;, I3 and (4.43) using inequality
p Tyt < Eema™ o+ Sy with m = 2q and n =1 or 2. Thus we have

t t t
h(t) < Cy / h(T)dT + Cy / L, dr +Cs / W) Y2 dr,  (4.47)
0 0 0

3 Epi(1+ 22K DOy DOy, (448)
617-“765

Ke= 3 (o)1 + 0?2k
B1y--sBa,

€1;--€b

1/2
x| DPrys DD\, DR ) (4.49)

Step 5. To apply Lemma 4.1 it remains to estimate L, and K- terms.
To estimate L, term we use inequality

I, -, I (s )V (g, )

Due to 2¢ =m/i and 01 U...Uds = {1,...,i} we have

m/i m/i

11)51 4
1571

L
<> E(p\(sl\(fﬂ)HmlD "y
19

1
X (P|65|(P2) Hwﬂjésyf

104
< Z E<_p|51‘ H |67 :ZZ)(slyf

617 ) 57
s>2

< 3 Ep(p?)(1+ pA)knss D>y}

o

m/\51|) [01]/4
X

m/|53|> |5s|/i

m/|61]
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|95 L s
+ Z.s p|5s|(/)2) Hmﬂ) Yy

m/|5s|)

. (4.50)

where ¢ means the stochastic part of set §. Above we inserted the non-
linear hierarchies of polynomial weights (4.9) and used Young inequality
|21 2] < 21| g + oo+ 20|77 /gn with 1/ + ... +1/q, = 1.

Due to s > 2 in (4.50) variation ZD*YPy? splits to at least two lower
order variations, presented in expression Qﬁll. Therefore

L ’ ’
L 450) < Q)+ OQU ). (45D)
7'2(1|ﬁ‘ n n

Step 6. It remains to estimate (4.49) from above. First we estimate
K term by

a b
’ ) N 1/2q
Kr <3 (Bp1 4 022K T o TT 1oz, 1)

B,e j=1 7=1
(4.52)
Consider one term in (4.52) of the type ]\ﬂ)aj\kj'ikj |24. Due to (3.4)
= [A7 )] (4.53)

Then
0
e\kz _ gpe\k -1, 9y
D=1 [(A )817’4
= > (A—l)fzpul%.szyf...szyf. (4.54)

X
iU, .Upp=ce\k,
p1]>0

Above summation runs on all subdivisions of set £\k on nonintersecting
subsets p1U...Upy = e\k with £ = 1,...,|e\k|, and set u1 may be empty.
Using (4.8) we have

b
[T 1D\, )%
j=1

b
<II X o+l

J=L U Upe=e;\k;,
lua|=0

dy 1|24
ZDMWH ”ﬂ)ueyH?q
i

b

2qK1 (Y [ej]-b) oy
I T i=1 V1
= > (+pyf) HJD B

b
viU..Uypy= _Ul(éj\k]‘)
j=

2q
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oy

24 Vb+1,,]|129 Ve, 1|29
ok || Pyl D7yl (4.55)

d ideeo

Above we separated first multiplicators ZD“% in (4.54) to the first b

Giij’ j =1,...,b. In the last line of (4.55) index ¢ in the
summation runs from 1 to Zb: lej\kj| = i lej| — b, and, for the first b
terms of the product, the sezsﬂul, . rrg; be empty: |v1],...,|v| > 0.
For remaining terms |vpi1], ..., |vg] > 1.

Using (4.55), we continue estimate (4.52) of K, by

terms IDYi

K, < > [Epi(1+ ()" R
ﬁlu...UﬁaUc”lU...UEb:{l, ,'} 7=1
2qk1(Z lej1—b) 8y 2q ay 2q
X Z (1+p%(y5)) =1 HZD”1 Bkl HZD”” Bk

b
nU..Uyp= _Ul(&‘j\kj)
j=

1/2¢
x [ eyl Dyl ] L (4.56)

b
We choose k = max (k’, ki(Y |gj| — b)) and continue
j=1

(4:56) = > [ Epi(1+ p(yi) K

ﬁlu...UﬁaU€1U...U«Eb:{l,...,’i}

xY Dy ey
l/1U...UVg=U(€j\kj)

0y
oxk

2q

oy ||2¢ 1/2q
o ey RN e R 2]
=¢C 2 > [En+RwnE
Blun'Uﬁaualumugb:{l’””i}V1U4..Ul/g=jél(€j\k]')
dy |24
< Dy P D ey D

Jdy
Oxkv

/2q

2q 1
x|y asT)

Now, due to Aﬂl(gj\kj) = (L. N(BLU. . UB U kL, h}), we
o

rewrite the double sum as
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2. 2

B1U...UBgUe1U...ep={1,...,0}

b
rU...Uyp= _Ul(Ej\k‘j)
j=
B1U.-UaUn U Urem Lo i\ (ktky) 10 Upg= {0 P\ (b1}

The last sum runs on all subdivisions of set {1,...,i}\{k1,..., kp}

on nonintersecting subsets 1, ..., us such that |p1],...,|m| > 0 and
(ol e = 1.
Thus we have
(4.57) < > | Epi(1+ p(7))*"

NlUUlM:{L:Z}\{kl,»kb}

Ay ||2¢ oy
H1 1223
% HZD Bkl HZD ko

2 1/2
ey Dy |2e]
(4.58)

We see that the general number of stochastic derivatives in (4.58) is
reduced on b (because due to (4.53) the stochastic indexes k in zj were
replaced by ordinary variations), in comparison to the initial nonlinear
expression QZ’. So in this terms the stochastic indexes are transformed
to the ordinary variations and order of ordinary derivatives increases at
least at 1 in comparison to the initial nonlinear expression QZ’. Therefore,
proceeding like in (4.50) with the use of hierarchy of polynomial weights
(4.9) and property |u1|+. ..+ || = i—b, we come to the lower stochastic
order nonlinear expression

(4.58) < > [Epz-(l + P () K
paU. Upe={1,...;i}\{k1,....kp }

1 6y 2q 1 2q
(1 m
o Ereaa vl I et

Tl
1 dy
=€ mzw Plual+1 || ] Ozt

1/2q

m/(lpa|+1)N (lwal+1) /i
it

1 dy
Ko
X (Ep|“b|+1HT|Mé|ZD Oxke

(E Hm/\ub+1|>|ub+1|/i
—_— X
Plupsal P Y

1
% (EpW' Flugl

+1 1 oy
< Mt [ <\,u1| H_ "
se #Zﬂ BT Pl P gn
1y e

m/(\#b\“)) (lmel+1) /i

TDHb+1

m/\w\) W\/Z} 1/2q

ﬂ)wa

m/(|pal+1)




478 NONLINEAR CALCULUS OF VARIATIONS...

] 7 < e (Saiznn)

(4.59)

Here we multiplied and divided on 7¢~? and applied estimate 707¢ <
e(i—b)T.

Step 7. Summarizing steps 56, we have estimate on one of terms in
expression Q" (4.3):

1 ozUﬁ x m/i
S

sup Ep;
s€[0,¢]

< Ce™MH sup (Q 4 (s) + Q1 (s +Z7m

s€[0,¢]

where we used estimates (4.51), (4.59) on terms L,, K; in (4.45). There-
fore

sup Q' (s) < C'eM" sup (Qny(s) +Qp Z i

s€[0,t] s€[0,t]

Iterating the above recurrence, one comes to

sup QU (s) < KeM' sup QY (s).
s€0,t] s€[0,t]

The last expression Q% 4 does not contain stochastic derivatives,
therefore we can apply the nonlinear estimate on ordinary variations
Qm(s) < eM3Q,,(0), found in [6]. The last estimate could be also
seen in a lines of current proof, if one neglects all complications with
stochastic derivatives and uses standard Gronwall-Bellmann inequality
after (4.43). O

5. Regular properties of semigroup.

Now, by application of nonlinear estimates we get the smooth and
raise of smoothness estimates on semigroup. Introduce the space of con-
tinuously differentiable functions C#(k)(M ), equipped with norm

R NV f @)l
1flen = max noerr G(P2(2,0)
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Monotone strictly positive weights ¢; of polynomial behaviour fulfill hi-
erarchy

TkVi=1,....nVu>0 gi(u) >0+ u)Xa@).  (5.1)

Due to the triangle inequality for metric the choice of particular point
0 € M becomes inessential.
Main statement is the raise of smoothness property of semigroup in
scale C™, .
ak)

Theorem 5.1. Suppose conditions (4.4)—~(4.8) hold. Then there isk > k
and K, N(n,m,k) such that

el n—+m

and smooth (m = 0) and raise of smoothness (m > 0) estimates hold

KeNt

||Ptf||cn+m — tm/2

@K an 1) sanam (K

Ifllen

Proof. First we discuss the raise of smoothness estimates. Remark that
the statement of theorem in the raise of smoothness part is recursive on
m. Indeed, by multiplicative property of semigroup P; = (P, /m)m and
inequality

K/ N't
[P fllnsm = [[(Peym)™ fllonem < 7 1(Pr/m)™ fllgnerm—

K/K// (N'+N")t B KeNt
< [ Pm) ™2 flloniner < o S

[ fllen-

Therefore it is sufficient to demonstrate the first order raise of smooth-
ness estimate.

Raise of smoothness representation. To show that semigroup acts from
C" to C""! we take one of representations (3.1) and differentiate it one
time.

VAV P ()= > BV S, (V) e .o (V) y))
j1+---2—§31:i+17

= E(VY)" T f(yf), V! @ ... ® V7yF) + {terms with s > 2}. (5.2)

Then we use that by (3.3)

(V) F )V = (V) f(5F) = ;DY) (37
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and, similar to (3.4)-(3.8), disintegrate by parts (3.6) terms with the
highest order (i 4 1) derivative of initial function

t
VAV RS @)=B((V) ) ;D () (e, W) )
0

(5.3)

+ > E(V)f(y0), (V)i @ @ (VE)yf). (5.4)
Jrtetjs=it1, s>2

Choice of weights p; and unification of estimation on (5.4)—(5.3) terms.

An easy check demonstrates that the choice of weights p;(u) = P(u)(1+

]u|)mk(1/ J=1/%) fulfills hierarchy (4.9). For this choice p; = P, therefore
we have from nonlinear estimate (4.10) that

T 1 i, T i
EP(p*(yf,0)) 75 () vi 1 < KeN'Qj (y,0)
= KeN'P(p(2,0)) (1 + p(x,0)) Vi, (5.5)
where, in order to find Q?(y,0), we used that the initial data for ordinary

variations are

T\m _ ox™ _sm
Vk(yt) |t:0 - BCL‘k - 5k7

ij(yf)mLiO: Vk(ijm)| = 9 (87") — T ()8 + T, (y5) 0787 =0,

' t=0
(VoYiye| =0, Vi>1.

t=0

Next we remark that all terms in (5.4)—(5.3) have form
E((VY)* f(yi) 0 @ (V)2yf @ . @ (Vo) ), (5.6)
where 71 represents

1. High order variation (W*)/1y¥ for (5.4);

1~

2. Stochastic variation Z]Dyf for (5.3)1;
¢

3. Stochastic integral [Z7dW? for (5.3)s.
0

Raise of smoothness estimates. Now we can apply (5.5) to estimate
derivatives (5.6) in topologies CZ (M)
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(V)P f ()] po.ivn
qi+1(p*(z,0))

3 1B (V) F() 0 @ (W2)2yf @ ... @ (W2)iey) |
terms (5.6) qi‘H(pQ(x ))
1CV9)* £ () 0.0
gz,;(“% (P (42.0)) )
 Bas(0 (s, o) [ LIV )27 |- ()|
gi+1(p*(x,0))
(Eqs (6> (2, 0)) [0 /1) "
t;stH gi+1(p*(x,0))

xHEqs (2, ) I(W)eyg [3e) /" (5.7)

where we substituted intermediate weights gs(p?) and at last step applied
Holder inequality.

Because term with n is ordinary or stochastic variation with factor
1/t, the nonlinear estimate in form (5.5) applies. The estimation of the
stochastic integral reduces to the nonlinear estimate on the first order
variation, if one uses standard estimate

E(/ 77 dwg) < thq—lE/yst?qu (5.8)
0

0

and recalls representation (3.4) and condition (4.8)
t

(5.8) < thq_lE/(l + P2 (yE, o)) |[Wyp|[2ds
0

< KteMN(1 + pZ(:c,o))qul.

Above we applied again applied (5.5).
Therefore the last fraction in (5.7) is estimated by (5.5)

(Egs(p*(y2, 0))[[nU1) |[17)n /7 7
gi+1(p*(x,0))

(Bai(p? (7 0)) | (W7 |20
(=2
1 1 for 5 of types 1,2

< ——— . {factor 1
= qiv1(p?(z,0)) 7i for 7 of type 3
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x (Mg (0 (,0)) (14 (, 0) /I )

x TT(M 5P (e, 0)) (14 2 a, 0)) TG D
(=2

_ const_ny g(pP(2,0))(1+ p(,0)) KHKETIZY g (N

Vi giv1(p*(x,0)) RV

where we used hierarchy (5.1) with additional weight k = k + ki for the
differentiability order n + 1. Moreover, applying (5.5), we used that in
notations of (4.3) ¢ =1, n=jgand j;1 + ...+ js =i+ L.

This leads to the statement.

2. The smooth estimates (m = 0) are demonstrated in [6]. They are
verified like above from representations (3.1), without additional (i+1)"
differentiation and integration by parts like in Step 1.

The final conclusion about continuous differentiability of semigroup
follows from estimates on the continuity in mean of variational processes
with respect to the initial data. This fact can be proved under conditions
(4.4)—(4.8) in a similar to nonlinear estimate (4.10) way with application
of symmetries (4.2) to deal with non-Lipschitz coefficients, like in e.g.
2, 3].

This becomes possible, because, by Theorem 2.1 and asymptotics
(4.7), variational equations represent non-autonomous and inhomoge-
neous equation with respect to the high order variation, if all lower order
variations are already constructed. The behaviour of non-autonomous
part is controlled by dissipativity and coercitivity condition. In a similar
way the nonlinear symmetries (4.2) and polynomial behaviour of coeffi-
cients (4.7) give a set of optimal estimates on inhomogeneous part, like in
(4.10). Therefore, like in [2, 3], variational processes are easy constructed
as strong solutions to systems (2.5), (2.7)—(2.8)

Turning to the C* differentiability of process y{ on initial data, it
is necessary to demonstrate that the solutions of variational equations
represent high order invariant derivatives of process yf. By schemes of
[2, 3] this can be obtained by application of nonlinear symmetries (4.2) in
a recurrent on the order of differentiation way. However, because we work
in the finite-dimensional situation, we can also apply more stochastic
in nature techniques of stopping times, e.g. [17], that guarantee that
derivatives of finite dimensional process with locally C*° coefficients are
represented as solutions to corresponding variational equations before
exit times. O
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