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Introduction

The Wiener criterion for a relaxed Dirichlet problem has been firstly
investigated in an Euclidean framework for linear ellptic coercive op-
erators with bounded measurable coefficients by Dal Maso and Mosco,
[18,19]. The result of Dal Maso and Mosco has been generalized to the
case of the subelliptic p-Laplace operator with p > 1 (i.e. constructed
by means of vector fields satisfying an Hérmander condition), also when
we have a source term in a suitably defined Kato class, in [4,5,11]. The
Kato class of measures relative to a Riemannian bilinear Dirichlet form
has been introduced in [10] and the definition has been refined in [6],
where Schrodinger problems relative to a Riemannian bilinear Dirichlet
form with a potential in the Kato class have been investigated.

A generalization of the definition of strongly local Dirichlet forms to
the p-homogeneous case has been given in [7,13,14]. The definition of Rie-
mannian (p-homogeneous) Dirichlet form is given in [15] where the local
regularity and the Harnack inequality for the harmonic functions is stud-
ied; moreover the Kato class relative to a Riemannian (p-homogeneous)
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Dirichlet form has been defined in [5] where the local regularity and Har-
nack inequality have been proved for the harmonics of a Schrodinger type
problem with a potential in Kato class. We recall also that a Wiener cri-
terion at the boundary for harmonic functions relative to a Riemannian
(p-homogeneous) Dirichlet form has been proved in [7].

In the present paper we are interested in the Wiener criterion for the
solutions of the relaxed Dirichlet problem relative to a Riemannian (p-
homogeneous) Dirichlet form. The interest of relaxed Dirichlet problems
is twofold:

(1) From the Wiener criterion for relaxed Dirichlet problems a Wiener
criterion for regular point of the boundary follows (at least for
boundary data derived from functions in the domain of the form
relative to the entire space in consideration)

(2) The class of relaxed Dirichlet problems is closed for I'-convergence
and in particular the I'-limits of Dirichlet problems in open sets
with holes and homogeneous Dirichlet condition on the boundary
of holes are relaxed Dirichlet problems.

The paper is organized in sections. In the second section we give the
definition and the main properties of p-homogeneous Dirichlet forms in
the general and in the Riemannian case. In the third section we give the
definition of Kato class relative to a Riemannian p-homogeneous Dirichlet
form. In the fourth section we introduce the relaxed Dirichlet problem
and the relative capacity. In the fifth section we give our main result
concerning the Wiener criterion for a relaxed Dirichlet problem and finally
in the sixth section we give a sketch of the proof of our result.

1. Dirichlet Functionals and Forms

For the definition and properties of bilinear Dirichlet forms we refer to
the book [20] and for the Riemannian case to the paper [9]. We observe
that in the nonlinear case we do not have an extension of Beuerling—
Deny decomposition formula then we try to define directly a strongly
local form.

Firstly we describe the notion of strongly local p-homogeneous Dirich-
let form, p > 1, as given in [13,14].

We start with the notion of Dirichlet functional. We consider a locally
compact separable Hausdorff space X with a metrizable topology and
a positive Radon measure m on X such that supp[m] = X. Let ® :
LP(X,m) — [0,+00], p > 1, be a Ls.c. strictly convex functional with
domain D, i.e. D ={v e LP(X,m): ®(v) < +oo}, such that &(0) = 0.



M. BiroLl, F. DAL FABBRO, S. MARCHI 3

We assume that D is dense in LP(X,m) and that the following conditions
hold:

(H1) D is a dense linear subspace of LP(X,m), which can be endowed
with a norm || - ||p; moreover D has a structure of Banach space with
respect to the norm || - [|p and the following estimate holds

arflvl < @1 () / ol dm < ealjol

for every v € D, where ¢1, co are positive constants.

(H2) We denote by Dy the closure of D N Cy(X) in D (with respect to
the norm || - |p) and we assume that D N Cy(X) is dense in Cp(X) for
the uniform convergence on X.

(H3) For every u,v € DN Cy(X) we have u Vv € DNCy(X), uAv €
DN Cy(X) and

O(uVo)+P(uiv) < P(u)+ P(v)

The functional ® satisfying the assumptions (Hy), (Hz), (Hs) is called a
Dirichlet functional.

We recall that (under the above assumptions) we can define a Cho-
quet capacity cap(FE). Moreover we can also define in a natural way
the quasi-continuity of a function and prove that every function in Dy is
quasi-continuous and is defined quasi-everywhere (i.e. up to sets of zero
capacity), [14].

The assumptions (Hi), (Hz), (Hs) have a global character; now we
will recall the definition of strongly local Dirichlet functional with a ho-
mogeneity degree p > 1. Let ® satisfy (Hy), (Ha), (Hs); we say that ®
is a strongly local Dirichlet functional with a homogeneity degree p > 1
if the following conditions hold:

(Hj) @ has the following representation on Do: ®(u) = [ a(u)(dx) where
« is a non-negative bounded Radon measure dependlng on u 6 DO, which
does not charge sets of zero capacity. We say that a(u) is the energy
(measure) of our functional. The energy a(u) (of our functional) is convex
with respect to u in Dg in the space of measures , i.e. if u,v € Dg and
t € [0,1] then a(tu+(1—t)v) < ta(u)+(1—t)a(v), and it is homogeneous
of degree p > 1, i.e. a(tu) = |tPa(u), Vu € Dy, Vt € R.

Moreover the following closure property holds: if u, — u in Dy and
a(uy) converges to y in the space of measures then x > «a(u).

(Hjs) « is of strongly local type, i.e. if u,v € Dy and u — v = const on an
open set A we have a(u) = a(v) on A.
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(Hg) a(u) is of Markov type, if 3 € C1(R) is such that #'(t) < 1 and
B(0) =0and u € DNCH(X), then S(u) € DNCy(X) and a(F(u)) < a(u)
in the space of measures.

Let ®(u) = [, + a(u)(dz) be a strongly local Dirichlet functional with
domain Do Assume that for every u,v € Dy we have

lim a(u + tv) — au)
t—0 t

= p(u,v)

in the weak* topology of M (where M is the space of Radon measures
on X) uniformly for w,v in a compact set of Dy, where u(u,v) is defined
on Dy x Dy and is linear in v. We say that a(u,v) = [ p(u,v)(dz) is a
strongly local p-homogeneous Dirichlet form.

We observe that (H3) is a consequence of (Hy), (Hz), (Ha)-(Hg). The
strong locality property allow us to define the domain of the form with
respect to an open set O, denoted by Dy[O] and the local domain of the
form with respect to an open set O, denoted by Dj,.[O]. We recall that,
given an open set O in X we can define a Choquet capacity cap(F;O)
for a set £ C E C O with respect to the open set O. Moreover the sets
of zero capacity are the same with respect to O and to X.

We summarize in the following Proposition the main properties of a
strongly local p-homogeneous Dirichlet form

Proposition 1.1. Let a(u,v) = [y p(u,v)(dz) be a (p-homogeneous,
strongly local) Dirichlet form. For any u, v belonging to Djy.[X] N
L>(X,m) we have

(1) p(u,v) is homogeneous of degree p — 1 in u and linear in v

(ii) for any a € RT

1(,0)] < au+v) < 227 a Pa(u) + 22~ P Da(v)

(#id) p(u,u) = pa(u)

(iv) (Leibnitz rule on the second argument) for any v,w € Dj,[X] N
L>(X,m) we have vw € Dy,[X] N L>®(X,m) and

p(u, vw) = vp(u, w) + wp(u, v)

(v) (Schwarz inequality) For any f € LY (X, a(u)) and g € L*(X, a(v)),
u,v € Dipe[X] and 1/p+1/p' =1, fg is integrable with respect to
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the absolute variation of u(u,v) and Va € RY

/X (ol (s, v) | (d)
<orlg / 17 ) (dx) + 20 ar@ D) / gPa(v)(dz)

(vi) (Chain rule) If u,v € D[ X] N L®(X,m) and g € C*(R) with ¢’
bounded on R, then g(u), g(v) belong to Dioe[X] N L (2, m) and

p(g(u),v) = |g' (w)[P>g (u)p(u, v),
(u, g(v)) = g (v)pu(u,v)

(vii) (Truncation rule) For every u and v in Die[X] we have u™, vt €
Dloc[X]
M(’LL+, 1)) = 1{u>0}u(u7 U)v
p(u,vh) = Lesoyu(u, v)
(where we denote again by u and v the quasi-continuous represen-

tative of u).

Assume now that a quasi-distance d is given on X. We denote by
B(z,r) the (open) ball for the distance d with center « and radius r. We
assume that

(Hg) the topology induced by d is equivalent to the original topology
of X. Moreover, given a compact subset K of X, there exist constants
c1 > 0, v > 1 such that for every z € K and every 0 < r < ry we have

m(B(z,r)) < cim(Bl(z, s)) (f) (1.1)

s
(Duplication property)

Remark 1.1. (a) If we assume that for every z and y in X with x # y
there exists a function ¢ in Dy N Cy(X) with L>(X,m) energy density
such that ¢(x) # ¢(y), then

d(z,y) = sup{p(z) — (y)},
where the sup is on the set
{¢ € DoNCo(X), p(p) <mon X},

if finite, is a distance on X such that u(d) < m.



6 WIENER CRITERION...

(b) Under the assumption (Hg) X is a space of homogeneous type,
[17]. We also observe that the following property

0 < m(B(x,2r)) < com(B(z,r))

(where x belongs to a compact set K, 0 < r < 2rg) implies the duplica-
tion property in (Hg) .

The following assumption (Hyg) gives a relation between the metric,
the measure on X and the measure valued map «a.

(Hg) We assume that, given a compact subset K of X, there exist con-
stants co > 0 and k > 1 such that for every x € K and every 0 < r < rg
the following Poincaré inequality of order p holds

/ lu — @, |Pm(dz) < cor? / a(u)(dx) (1.2)
B(z,r) B(z,kr)
for every u € Djoe|B(x, kr)], where

T = [m(B(z, )] / wm(dz).

B(z,kr)

Let us assume p < v. Under the above assumptions the following
Sobolev inequality holds

P

1 . 2
(m<B<x,r>> [ wr m““’)

B(z,r)
(m / a<“><dx>>
B(z,kr)
- Pm(dx

B(z,r)

where x € K, 0 < r < rg and p* = % and ¢ depending only on ¢y and
co. If v > p, then (1.3) holds again where p* is any finite positive number
greater than p. Moreover from (1.3) we have the compact embedding of
the space Do(B(x,r)) into LP(B(x,r),m), see [8,12] for the bilinear case
and [21] for the general case. A Dirichlet functional on a quasi-metric
space X with a quasi-distance d, for which (Hy)—(Hs), (H7), (Hg) hold,

is called a Dirichlet—Poincaré functional. A Dirichlet—Poincaré functional
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== [, + a(u)(dz) on the space X endowed with a distance d, such
that de Dloc[X] and a(d) < m in the measures, is called a Riemannian—
Dirichlet functional (for an example of distance satisfying the above as-
sumptions see Remark 2.1). The corresponding Dirichlet forms (if they
exist i.e. if (Hy) also holds) are called respectively a Dirichlet—Poincaré
form or a Riemannian—Dirichlet form.

Remark 1.2. If u € Dy[B(z,r)] the Poincaré and Sobolev inequalities
on B(x,r) holds without the presence of the term

71 Pm(dx
m(B( ) | tupmia

B(z,r)

Consider a Riemannian-Dirichlet functional [ a(u)(dz), we denote
by d the distance on X. Let ¢ be a C'-function decreasing and such
that ¥ = 1 on (0,s), ¥ = 0 on [t,rg], 0 < s <t < 1, 0 < p < 1,
P < (tc taking into account that a(d) < m and using the chain rule
we can prove that ¥(d(z,-)) is a “cut off 7 function between the balls
B(z,s) and B(x,t) with the same properties as in the classical Euclidean
frame.

Proposition 1.2. Given any two concentric balls B(x,s) and B(z,t)
with 0 < s < t < rg there exists a function ¢ € DyNCy(X) such that 0 <
v <1, ¢o(y) =1 fory € B(x,s), suppp C B(z,t) and a(p) < ﬁm,
where ¢ is any fixed constant with ¢ > 1.

Remark 1.3. As a consequence of the assumptions on X and d and of
the Poincaré inequality we have the following estimate on the capacity of
a ball [7]: for every fixed compact set K there exists positive constants
¢4 and c5 such that

m(B(z,r))

64717 <p- cap(B(x, T): B(I’, QT)) <c¢s
r

m(B(z,r))

where x € K and 0 < 2r < rg.
Examples of (p-homogeneous) Riemannian—Dirichlet forms are:

(a) The forms relative to a subelliptic p-Laplacian also in the weighted
case

(b) The form (if it exists) relative to the p-energy on a measure metric
space, whose corresponding Sobolev space satisfies on the assump-
tions on Dy (such a form exists if the corresponding Sobolev space is
uniformly convex), and in particular the form relative the p-energy
on a Cheeger type metric structure [16].
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2. The Kato class and the relaxed Dirichlet problem

We give now the notion of Kato class of measures relative to a Rie-
mannian p-homogeneous Dirichlet form. In [5] the Kato class was defined
in the case of the subelliptic p-Laplacian and in 6] the following definition
of Kato class relative to a Riemannian p-homogeneous Dirichlet form has
been given:

Definition 2.1. Let A\ be a Radon measure. We say that \ is in the
Kato space K(X) if
lim A(r) =0 (2.1)

r—0

where
,

B IN(B(z,p) ,\Y®V dp
Alr) = “Eé/ <m<B<x,p>> 4 > )

Let Q C X be an open set; K () is defined as the space of Radon mea-
sures A on Q such that the extension of A by 0 out of  is in K(X).

In [6] the properties of the space K (£2) are investigated. In particular
it is proved that if ) is a relatively compact open set of diameter %, then

M k() = AR)P!

is a norm on K (£2) and we can prove, as in [4] for the bilinear case, that
K () endowed with this norm is a Banach space. Moreover in the above
paper it is proved that K (Q) is contained in D[], where D'[Q] denotes
the dual of Dy[€].

Let a(u,v) = [y p(u,v)(dz) be a Riemannian p-homogeneous Dirich-
let form of domain Dy and let €2 be a r.c. open set in X. We denote by
o a Borel (positive) measure on €2, that does not charge sets of zero ca-
pacity. Let g be a continuous function on the closure of €2, which belongs
also to Dy[€2] and A a measure in the Kato class (relative to Q).

Definition 2.2. The function u € Dy, [Q N L] .(Q,0) is a local solution
of the relaxed Dirichlet problem relative to u, Q, o, g and X if u — g €
L? (Q,0) and

loc
/ (s, v) (der) + / fu — glP~2(u — g) vo(dz) = / vAdz)  (22)
Q Q Q

for any v € Dy[Q] N LP (2, o) with compact support in Q (we observe that
the condition (u — g) in LY (2, 0) can be imposed due to the fact that u

loc
is g.e defined on every compact subset of §2).
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We introduce now a notion of o-capacity related to our relaxed Dirich-
let problem:

Definition 2.3. We say that a Borel subset E of an open subset B C 2
is o-admissible (with respect to B) if there exists a function v € Dy[B]
such that (w — 1) € LP(B,o|g), where o|g is the restriction of o to E.
If E is not o-admissible, then we define cap,(F,B) = +oo. If E is
o-admissible, then we define

p — cap,(F, B) = min { /a(v)(dx) + / v — l\pa\E(d:c)}

B B
where the minimum is taken on the set
{v € Dy(B);(v—1) € LP(B;o|g)}

The function vy which realizes the minimum is called the o-potential of
E relative to €.

Remark 2.1. Let w be an open set with closure contained in €2 and
define o, as the measure defined by

ou(E) =m(F) if cap(FNw®) =0

ou(F) = +o0o otherwise

Let xy € Ow such that B(zg,2r) C Q. Then B(zg,r) is admissible in
B(xg,2r) with respect to o, and we have

capgw(B(xo, r); B(xg,2r)) = cap(w® N B(xo,r); B(xo, 2r))

3. The Wiener criterion for the relaxed Dirichlet problem

At first we give the definition of regular point for the relaxed Dirichlet
problem

Definition 3.1. A point xo € Q is a reqular point if every local solution
u of the relaxed Dirichlet problem relative to a neighbourhood of xqy in €2
and an arbitrary g, A satisfying the condition required in Definition 2.2,
is continuous at xo and u(xg) = g(xg).

Remark 3.1. The regularity of a point x( for (2.2) does not depend on
Q’ g? A'

We now give the definition of Wiener point:
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Definition 3.2. A point xg € Q is a reqular point if
i d
1
[307% — oo
, p

where
_ cap(,(B(xo, p)7 B([I}(), 2p))
cap(B(zo, p), B(xo, 2p))

We are now in position to state the main result of this paper:

Theorem 3.1. The point xq is regqular if and only if xog is a Wiener
point.

Remark 3.2. Using the same notations of Remark 2.1 we have that in
the case ¢ = g, it is equivalent for a point xy € Jw to be a regular
(Wiener) point for the relaxed Dirichlet problem relative to o, or to be
a regular (Wiener) point of the boundary for the Dirichlet problem in w.
The proof is easy if g € Dy[Q}], but it is enough to prove the equivalence
for g = 0.

4. Sketch of the proof of Theorem 3.1

We begin by the proof of the sufficient part of our criterion
First we prove that a suitable truncation of a solution u of the relaxed
Dirichlet problem is a subsolution of the Dirichlet problem:

Proposition 4.1. Let A be a Radon measure in Q such that A € D'[Q)],
and let u be a local solution of (2.2). Then

t/MW¥kﬁﬂMmﬂé/wMM@

Q Q
Yo € Do[Q], v >0 a.e. in Q, where g= < k in Q.

We think that the result of above Proposition has an interest in itself.

We observe now that we may assume without loss of generality g(xo)
=0.

The second step is to prove that the result follows from an inequality
for the energy of a suitable function.

Let zgp € Q. Assume that w € Do[Q] N L] (Q,0) is a local weak

solution of (2.2). Let r < %, B(zp,2R) C Q. From Proposition 4.1
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uy, = (u— k)™, where k > supp(,, o) 9, is a local weak subsolution of
the relaxed Dirichlet problem with ¢ = 0, that is it satisfies

| o< [ ebi@

B(zo,2r) B(zo,2r)

Vo € Do[B(zg,2r)], ¢ > 0 a.e. in B(xg,2r). Then it is locally bounded
in B(xo,2r) (see [6]). Let us define

M(r)= sup ug
B(xzo,r)

Let £(r) be a positive increasing function such that £(r) — 0 when r — 0
and suppose

(k1) &(r)"PA(r) - 0whenr —0ifp>2

(ka) &(r)2A(r) = 0Owhenr —0if 1 <p<2

For example we can choose {(r) = A(T)% ifp>2and{(r) = A(r)% if
1 <p<2, when 1—¢€>0. Let us observe that we will suppose r small
enough to have &(r) < 1.

Let
1

M(r) — ug +&(r)
Proposition 4.2. Let p € (1,v], r < gz and n € Dy[B(xo, 5)] N
L*°(B(wo, 5)) with a(n) < .5 a.e. in Q, for a positive constant c. Then

there exists a constant C > 0 dependent only on 0, p but independent on
xg, r such that

v =

(BT Q/ a(nv™)(dw)
" m(BZO, ) /‘”1 — M{(r) = &(r)["nPo(dx)
<o)+l { Mo - u(5) +e] + 5o

1V(p—D)](p—1)

< C(A(r) P —I-A(r)p_l)
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We prove now that the result follows from Proposition 4.2. From
Proposition 4.2 we obtain the following inequality

MG < 175 (5)™ | M+ ) + 200

From the above inequality and a well known iteration result [22] the
sufficient part of our Wiener criterion follows. We can also obtain an
estimate on the rate of convergence of u(z) to g(z¢) as x converges to
zo. In particular if g is Holder continuous, A(r) < Cr” then the rate of
convergence is of the type |z — zo|”, with 0 < 7 < +y suitable.

Then to prove the sufficient part of our Wiener criterion is enough to
prove the inequality in Proposition 4.2.

The proof of Proposition 4.2 is divided in different steps. In the
first step choosing as test function n? (%)(1’_1) where w = v=! and 7 €
Do[B(zg,7)] N L®(B(wo,7)) with n = 1 in B(xo, 2r) and a(n) < crPm
for a positive constant ¢ we prove that

[ atgwnn = [ atgw)) < "B

B(zo,r) B(zo,r)

From the above inequality we obtain that there are constants C' and oy
such that for |5| < 09, and 0 < r < 219

: i ; v om(dz
(W / ° m(dx)> <m(3(;ﬁ0,r)) / (d )) <c

B(zo,r) B(zo,r)

The second step is the proof of a weak Harnack inequality for v. We
have that v is a subsolution of the problem with ¢ = 0. Then, using the
estimate in [6] we obtain

M) - M (L) +em)]
c
= 7 (Blzo,3r/4)

/ vim(dz) + C[f(r)f(pVQ)A(r)]q

B(zo,3r/4)

for any ¢ > 0. If we take in particular 0 < ¢ < o9, from the above
inequalities we have

1
m(B(zg, 3r/4))

r

[ vt < [y - v () + <o)’

B(zo,3r/4)
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whenever 0 < g < g9 . We have taken into account that

q

) +e0)] [gm @ 2am)]” <

The third step is the proof that the above inequality holds also for
q > o0o. Let 7 < 0 such that p(t+1) > 1. Let 5 = 7mp+p— 1. Let us
observe that 3 is positive. We use as test function

r

[M(r) — M(2

1
2

e=n"%>0

where n € Do(B(xg,7)) N L>®(B(xg,7)), n > 0 and

o= ("~ Grrren) )

and we obtain

/ a(nvf)(dx)gKm[ / oo (n)(d) + S(r)

B(zo,r) B(zo,r)

where K(7) ~ |7|P 4+ 3P and £(r)~ @YD A(r)|\|(B(zo,7)) =: Z(r). The
Sobolev inequality and a finite iteration of Moser type gives the result.

In the last step we conclude the proof choosing as test function ¢ =
nPug where n € Do[B(zo,5)] N L>(B(zo, 5) with a(n) < Sm for a
positive constant ¢ and using for a suitable choice of the exponents in the
Holder inequality.

We have now to sketch the proof of the necessary part. The proof
is by contradiction. For a given o we consider the o-potential B(xg, R)
in B(xo,2R) denoted by vy and we denote wr = vg + 1. Let 2y be a
regular point such that

2R 1
p — cap,(B(@o, p), B(wo,2p)) \ 7T dp _
/<P—Cap(3(wo7p)73(xo,2p))) ) =7

Using this relation we obtain

The above relation gives a contradiction with the assumption of the reg-
ularity of xg, which implies that wg(zo) = 0 with continuity. We remark
that the proof follows the lines of the proof of the necessity part of Wiener
criterion at the boundary in [7] and of the one given in the subelliptic
case in [11]
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