AVERAGING OF THE PERIODIC BY TIME BOUNDARY
VALUE PROBLEM FOR THE NONLINEAR WAVE EQUATION

IN A PERFORATED DOMAIN
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ABSTRACT. In a bounded domain with infinitely increasing quantity of infinitesimal holes
whose asymptotic behaviour is described formally, the homogeneous Dirichlet problem for the
equation with additional power nonlinearity on the time derivative of the solution is averaged.

1. Setting of the problem. Let 2 be a bounded domain in R™ (n > 2). We
denote Q. a domain obtained by removing from  a number N(¢) of closed subsets S,
ie. Q. =Q\ S, S.=US! (i =1,N(¢g)). Here € > 0 is a parameter wich tends to zero
on some subsequence, herewith N(g) — oo. Let T' = const > 0. It being investigated a
behaviour when € — 0 of a solution w.(t, z) of the problem

u! — Aug + |ul|P72ul = f.(t,z) in Q.,

ue(t, '>|8Qg =0, u:(0,2) = u(T, ), (1)
u(0,x) = ul(T,z), = € Q,

where u!. = Ou./0t, u! = 0*u./ot?, Q. = {(t,x) € (0,T) x .}, f-(t,x) € L¥(Q.),
P =p/(p—1),2 < p < oo. For each value ¢ it has the unique solution [1]

(2)
o Lp/

et ) = G (@) + G (t, z), (@ Ef/a (t,2)d
u. €W (), 4. € L*(0,T; H1 Q)N

WhP(0,T; LP(€2.)).

The behaviour of a closed set S. C € when ¢ — 0 being described by the following
basic hypothesis [2]:

there exists such a sequence of functions w,(z) that

1) w. € H(Q)N L¥(Q), lw.l[p=o) < Mo, 2) w.lg, =0,

3) w. — 1 weakly in H*() and almost everywhere in €, (4)
4) — Aw. = p. — 7. where pi., 7. € H_l(Q)a e — p stron-

gly in H71(Q), (7z,v)q = 0 for each v €eH' (Q) if v|g = 0.
Brackets (-, -)q denote the scalar product in L*(2) with respect to the Lebesgue mea-

sure dz and correspondent duality relations. Designations (-, )., (+,*)o., (-, )g are anal-
0gous.



The function .(t, z) is defined by the integral identity [1]

[ =0, + (T, 7)o, + (F(E) = £ v)o, Jdt =0, 3)

where F(u) = |u[P~2u, v(t, ) is an arbitrary function such that

ve W0, T L7 () N W (0, T; LP ()N

NH'(0,T; H" (%)), (4)
v(0,2) =v(T,x), V'(0,2) ='(T,z), (v(,z)) =0, x€ Q..
2. The estimates of solutions. Periodicity of a function ¢ by ¢ with the period T

is denoted by inclusion ¢ € 7;[0,T]. Let us choose a sequence of such 6,(t) € C*(R) N
7:[0,T], N >n > T that 0,(—t) = 0,(t), supp 0,, = U[kT—(2n)" ', kT+(2n)~']| (k € Z),

7 0,(t)dt = L. We put (9« 9)(t) = [ @(t — )u(7)dr = (1 * @)(t) for any ¢, ¢ €

7;[0, T]N L*(0,T). Since @, x0,, € C*(R; H' (Q2.)NLP(Q.))NT[0,T], {(t:*6,)(-,x)) = 0,
in (3) we can take v = @, * 6, * 6,,. Herewith (F'(a.) — f.,d. % 0, % 0,)o. = 0. As a result
of passing to the limit by n — oo and in view of (2), we obtain

1 1
0oy = (For@ae, Nl [r@n) < [1£I[500,

(5)

el 202y < Collitle@n) < Coll el g}y, Co = comst.
If sup|| fe|l s (g.) = M < oo, then the following estimates are valid:

||7~/s||LP(QE) < ]\41/(1771)7 HﬂEHLP(Qg) < COMl/(pfl) Ve. (6)

Putting further

¢ T
v(t,x):/ (1, z)dr — / — T)Ue(T, x)dT,
0 0

we have the function satisfying all the conditions ( ). Substituting it into (3) we obtain
1Vl 32q,) = @l 20+ (fe=F (@), te)q. < 1QIP /Pl 3 q.) HIELI g, el | Lo +
1 fell b @y l1EellErny < 1QIP™DPMP/®=D 4 2Co MY = CF, where Q = {(t,2) € (0,T) x
1}, i.e. the estimate is valid

]|, < C) Ve. (7)
L2(0,T3H (Q2))

3. Passing to the limit. For an arbitrary function v given on 2., we denote v its
propagation on €2 by definition by zero on S;. In view of (2), we have

. € L*(0,T; H' (Q)) nW2(0,T; LP(Q)) N T;[0, T,

(8)
(te(-,2)) = 0,



and from (6),(7) the estimates follow

2! _ N B
le|lri@) < MYED, [ o) < CoM V@Y,

< .
el < €

(9)

The last estimates give a possibility to extract a subsequence (again denoted by index ¢)
for which the convergences are valid

e — @ weakly in L*(0,T; H* (Q)) N LP(Q),
ﬁ; — @ weakly in LP(Q), F(ﬂ/) — x weakly in L (Q).

£

(10)

For any function (¢, z) such that

W e W (0,7 L7 (0.)) N L2(0, T: H' (Q )N
NLP(Q:) N T,[0,T], (¢(,z)) =

we define the test function for the identity (3)

(11)

~ \

T
/ x)dr,
0

which satisfies the conditions (4). Substituting it into (3), we obtain

v(t,x) = /tw(T, x)dr —

Al

—(l, ") + (Vite, V¥)g + (F(ii) — for)o =0, (12)

where @/AJ(t x) is an _arbitrary function defined on R x (2, whose properties on @ are
analogous to (11), ¥(t,-)|s. = 0. We put ¢(t,z) = w.(x)v(t, x), where w, are the same
functions as in the hypothesis (A) and v(t,z) € C**(R x Q) NT[0,T] : v(t,")]|sq = 0,
(v(-,2)) = 0. After substitution of this function ¢ into (12), we have

0 = —(it, wv')g + (fie, —A(w.v))g + (F(i) — fo, wov)g =
= —(f1, w") g + (pte, vite) g — 2(ite, Vwe - 70)g—
—(ﬁe, weAv)Q + (F(ﬁ;) — fs, wgv)Q.

Here it has been taken into account that (v, (vii.))q = 0. We consider this expression
on the extracted subsequence ¢ — 0 taking into account (10) and the hypothesis (A) and
supposing that the entire sequence f. — f weakly in L” (Q). In the limit we come to the
identity

—(#,0)q + (uityv)q + (T T0)g + (X — fr0)g =0, (13)

which is valid for all v(¢,z) € L*(0,T; H (Q)) N LP(Q) N T;[0, T] such that v € L’ (Q),
<U<'7 Q?)> =0.

Further, we take into consideration that the generalized function u(z) € H=(Q), intro-
duced in the hypothesis (A), generates simultaneously the positive finite Radon measure

du(z) = p(x)dz on Q [2].



It follows from (8) and (10) that

w(0,z) = a(T, x)

as a function from C°([0, T7; L*(2)), (u(-, z)) = 0. (14)

Substituting v = @ into (13), we obtain

T

[ iz + 1| 7 @l Beyldt <
0

<1QIPP||@| | Zog) + IIf = Xl Il e
i.e. we have additionally to (14)

a(t,z) € L2(0, T; V) N W»(0,T; LP(Q)),

° (15)
V =H" ()N L*(, dp).

For the identification of a function y in (10), we use the equality (5) and consider on
the extracted subsequence the following inequality with an arbitrary v € LP(Q)

0<(F(a
!/

o . ) . (16)
= (foru)q — (F(u.),v)q — (F(v), t. = v)q-

In supposition that the entire sequence fa — f strongly in L” (Q), after passing to the
limit in (16) we get
0 < (f i) = (x,v)g = (F(v), @ —v)q. (17)
Taking into account (14),(15), we take in (13) the test function v = @'*6,%6,, € C*°(R; VN
LP(Q)) N T;]0,t]. As the result we obtain 0 = (f — x, @ %6, x60,)o = (f — x, ). From
this and (17) it follows (x — F(v), @' — v)g > 0Vv € LP(Q) signifying that y = F(a@').
From (13) Vv € D(Q) such that (v(-,z)) = 0, we have

(@ + pii — Al + F(&) — f,v)g =0, (18)

that is
o'+ pu— Au+ F(@') — f = g(z) in D'(Q). (19)
It is easy to see that in (19) g(x) € V' + LP(Q) and @" € L*(0,T;V') + L”(Q) C
LP(0,T; V' + LP(Q)), so in view of (15)
i e WH'(0,T; V' + L (Q)) € C°([0,T); V' + L¥'(Q)). (20)

Then we can write the identity (13) VoeH(0,T; V)N WLP(0,T; LP(Q))
N7:0, 7] : (v(-,x)) = 0 as follows

(ﬂ’(O, ) - fLI(T, ')7 U<07 ))Q+
(@ + pit — A+ F(&') — f,v)o = 0.



Herewith, for the functions v appointed (18) is valid as before now, therefore (@'(0,-) —
' (T,-),v(0,-))q = 0 where v(0,z) may be by any function from V N LP(Q2). In view of
(20), from this it follows that

'(0,z) = @'(T,x). (21)
On the base of (14),(20),(21) we make more precise an indefinite function g(x) in (19)
g(x) = (0" + pit — A+ F() — f) = (F(@) - f) € L"(Q). (22)

4. The convergence of the mean by time value. The mean value u.(x) =
(ue(+,x)) is defined by the following from (1),(2) linear problem

/

CAG(2) = go(2) = o(x) — F@@)(x), 7€ e (), (23)

in which, if € — 0 on the extracted subsequence, j. — —g weakly in L (). Starting with
this place let us assume that in (1)

2
2<p§nf2(n>2),2<p<oo(n:2). (24)
Herewith L” (Q) ¢ H~'(Q) and
|| . < |9ella-10) < Callgell o @) < CoMy Ve. (25)

Having extracted a subsequence

U, — u weakly in H' (Q), (26)

we get as in [2]

—Au+ pu=—g, ueV, (27)
and u defined by the problem (27) is unique. Then the convergence (26) is valid for the
entire sequence {1, }.

5. Formulation of the result. Substituting the value of ¢ from (27) into (19) we
obtain for the function u(t,z) = u(x) + u(t, z) the problem

w — Au+ pu+ F(u') = fin Q,

(28)
uw(0,z) =u(T,x), v(0,2) =u(T,x), v € Q, u(t, )]y =0,

in which
we L20,7;V)nWhr(0,T; LP(Q)),
u" € LP(0,T; V"), ' € C°[0,T); V).
It being easily proved that the solution of the problem (28),(29) is unique. Thus the
following result has been established:

Theorem. Let Q2 be a bounded domain in R™ (n > 2), and S. be a sequence of its
closed subsets for which the hypothesis (A) is valid. Let p satisfies inequalities (24), the
sequence f. — f strongly in LP (Q). Then for the sequence of solutions of problems (1)
the following convergences take place:

(29)

i, — u weakly in L*(0,T; H' (Q)) N LP(Q),

4. — v weakly in LP(Q), |U.[P720. — |u'|P~%u’ weakly in LP (Q), where u is the unique
solution of the problem (28) satisfying the conditions (29).
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