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1 Green’s formula.

In the bounded domain G € R"™ with the boundary 0G € C* we consider the elliptic
boundary value problem for Douglis-Nirenberg elliptic (7', .S)-system of order (T',S) =

(tl, Ce ,tN,Sl, . ..SN):
l(x, D)u(x) = (Inj(x, D)), yulz) = f(z) (v €q), (1)

b(z, D)u(z) = (bnj(z, D))nt.mu(@) = ¢(z) (v € IG) (2)

Here ordl,; < s, +t; (t1,...,tn,S1,..., Sy are given integer), s; + --- + sy + 1 +
ety =2m, 6 > - >ty >0 =15 > - > sy, Li(z,D) =0 for s, +¢; < 0;
ordby; < oy +1t;, bpj(x,D) =0 for oy, +t; <0, 04,...,0, are given integer.

In the case of normal boundary conditions Green’s formula was deduced in [1] for Petro-
vskii elliptic systems. Without assumption of normality Green’s formula was obtained in
[2] for one equation and in [3] for Petrovskii elliptic systems. For general systems of equa-
tions Green’s formula was obtained in [4]; but there the scalar product was considered in
Sobolev space WX with suffisiently large k in place of the scalar product in L.

In the present work Green’s formula is obtained for the general elliptic boundary valye
problem (1)-(2) for the system of Douglis-Nirenberg structure; furthermore, the formally
adjoint problem with respect to the Green’s formula is studied too, and the solvability
conditions for the problem (1)-(2) are written more presisely. Green’s formula holds also
for parameter elliptic problems and, therefore, for general parabolic problems for general
systems of equations. For general parabolic boundary value problems for one equation
Green’s formula was deduced in [5].

Let kK = max{0,01 + 1,...,0, + 1}.

The function u; is differentiated 7; :=t; + x(j = 1,..., N) times in the system and in
the boundary conditions. Thus, if u; € H'%*?(G) then Lu = 33, lju; € H T r(G).
Therefore there exist the traces

DE ), (k=1,...,—8. +K)

of the function /,u on 0G.
Hence, if l,u = f,., bu = ¢, then the equalities

bu= fp(z) (2 €Gr=1... N)
Di M hu(w) g = fru(x) (B =1,...,=s, + K frx = Dot frl o)

bpu(z)|se =n (R=1,...,m)

must be valid automatically.



It turns out that the boundary conditions (2) may be complemented by the matrix
c(x, D) = (cp;(z, D)) h=tm of boundary differential expressions of orders ord cp; < t; +

yeees

ay,, (07, < 0) so that the system

DE N ou(@) ]y = frr(x) (r=1,...Nk=1,...,—s, +K);
bulye = ¢
culye =1

that is equivalent to the system

N Tj

> D Anjs(z, D)njs = @y
j=1s=1
(h=1,... |t =t + k|t =1+ ..., 7805 = D5 uglo0)

or to the system
An=2>
is a Douglis-Nirenberg elliptic system on 0G.
For simplicity, now let the defect of A be equal to {0}. Then

I7|
n=A"'® or D) 'uil,e = Lsn(z,D)Py.
h=1

It permit us to obtain Green’s formula.
If some additional condition holds (this condition will be given later) then the follow-
ing theorem is true.

Theorem 1. Green’s formula

m N —s-+kK m
(lu,v) + > by, o)y + > > (DE L, el (z, D)) = (u,ITv) + > (epu, o) (3)
h=1 r=1 k=1 h=1

(u,v € (C=(G)")

holds.
Here D,, = i0/0v, v is an interior normal to G, (-,-) and (-, ) denote the scalar products

in (Ly(G))N and Ly(0G), respectively.
Definition. The problem

fo=yg (in G), by|sg=1vn (h=1,...,m) (4)
is called a formally adjoint to the problem (1)-(2) with respect to Green’s formula (3).
They are proved the following theorems.
Theorem 2. The problem (4) is elliptic if the problem (1), (2) is elliptic.
Theorem 3. The problem (1), (2) is solvable if and only if the equality

—Sr+kK

o)+ 3 lem ) +3° 52 (sl D)) =0 (v € A) (5)
h=1

r=1 k=1



holds. _
Here N* = {C € (C*(G)V : [TC =, [\Clyg = 1({ = o00,..., 1)} denotes the kernel of

the problem (4); fo = flg, fkDE ' frlse (r=1,...,N, k=1,...,—s, +K).

In order to precise Theorem 3 we introduce corresponding functional spaces.
For every s > 0 and p € (1,00) we denote by H*P(G) the space of Bessel potentials

(Liouville classes); H=*?(G) = (H** (G))* (1/p+1/p' = 1); || - ||sp denotes the norm in
H*?(G) (s € R).

By B*?(0G) (s € R) denote the Besov space with the norm ((-));,; B~*P(0G) =
(B*¥ (0G))*.

For every positive integer 7 and s € R (s # k+1/p, k =0,...,r—1) denote by Hew:(r)

the completion of C*°(G) in the norm

el sy := (el 2, + D CDmad " a))? oy, )7 (6)
j=1
For s = k+1/p (k = 0,...,r — 1) the space H*») and the norm I||w|||s,p,r) (6) are
defined by method of complex interpolation. Finally, if 7 = 0 then H*?() = H*P(G);
- Msp = 1= s
Let 7= (m,...77), |T| =71 +...78, ;, =t + K (1 =1,...,N).
For any s € R, p € (1,00) the closure A = A, of the mapping
uw— ((Lulg:j=1,...,N), (DljflljubG:j: 1,...,N, k=1,...,—s;+ k),
(bjulyg : 7 =1,...m)) = Au
acts continuously in the pair of spaces
N N N m
HT+sp,(1) . H Hlitsp(m) _ K,, = H 58P (R=si) o H Bs—ah—l/p,p@(;)_
j=1 ’ j=1 h=1
Definition. The element v € HT 57" such that
Au=F = (fvgola' . 'a(pm)v f = (fla s 7fN)7 fj = (ija s 7fj,f'i—8j) (7)
is called a generalized solution of the problem (1), (2).

It turns out (see, for example, [6]) that for any s € R, p € (1,4+00) the operator
A = A, is Noetherian, the kernel N and the cokernel N* are finitedimentional and do
not depend on s and p and consist of infinitely smooth functions.
This theorem on complete collection of isomorphisms gives us the more precise
formulation of Theorem 3.

Theorem 3. The problem (6) A,pyu=F = (f,¢) € K., is solvable in H +577) if
and only if relation (5) holds.
It was above mentioned that the Theorem 1 is true if the some additional condition

is valid. Now we write this condition.
Consider the equalities

bhu]aG =y € COO((?G) (hI 1,...,m)
DiNulyg = fik €C®OG) (j=1,....,N, k=1,...,—s+K) (8)

chttlye = xn € C°(0G) (h=1,...,m)



We will find the elements D¥ ;| , = njx € C®(0G) (j =1,...,N, k=1,...,7))
from these relations (8). Thus, we construct the system of |7| = 71 + -+ - + 7 equations
with |7| variables n;; (we will call this system as (8')).

This system (8’) is elliptic in the sense of Douglis-Nirenberg on the manifold 0G

without border. _ L .
The Theorem 1 is true if the next condition is valid: the problem (8°) must be uniquely

solvable for any smooth right-hand sides; in orther words, the defect of this problem must
be equal to {0}.

If the problem (1), (2) is parameter elliptic or if it is a Dirichlet system then this
condition is always taking place.

If this condition does not hold then Green’s formula has additional terms with pro-
jective operators. Newetheless, the statements of the Theorem 1 (And Theorem 2, and
Theorem 3) remain true.

2 Theorems on complete collection of isomorphisms.

For simplisity, again let N' = N* = {r}. Recall that in these case the operator A = A;,,
realizes an isomorphism

A HTH00) o, (9)

Green’s formula permit us to obtain a number of different theorems on complete collection
of isomorphisms from the theorem on isomorphisms (9).
To obtain them we need the following too simple statements.

”Pasting” (or factorization) method. Let B; and By be Banach spaces, and let
T be a linear operator isomorphically mapping the space B; onto the space B,. Let F;
be a subspace of the space By, and let E5 = T'E;. Then it is clear that the operator T" by
the natural way defines the linear operator 77 isomorphically mapping the factor space
B,/ E; onto the factor space By/Es.

Graph method. Let Q); be a Banach space, and let Q2 C B, (this imbedding is
algebraic and topological). Then Q; = T~'(Q, is a linear (generally speaking, nonclosed)
subset of By. However, the space (J; becams the Banach space denoted by Q.7 with
respect to the graph norm

2llQur = [lzllz, +[|T[lq, (2 € Q).
The restriction of the operator T" onto ), establishes an isomorphism Q17 — Qs.
Different elements u € HZ 57 may have the same components
(uo, c1ulag, - - -, Cmt]ag)-

"Pasting” tham and doing the corresponding factorization in the space of images, we ob-
tain new statement on isomorphisms from isomorphism (9).

Theorem 4. The closure Ay = A, 5, of the mapping
u i (lu, {bpulog : s — 0 — 1/p > 0}) (ue (C=(G))N)
which is considered acting in the pair of spaces

Hj-v:1 HY5 5P () % Hh:s—aﬁ—1/p<0 B PP(9G) —
(10)
(TLL, Ho5P(G) x [1 Bs~o»=HP2(9@)) /M.,



(here the subspace Ms{p dascribed by Greens formula), realizes an isomorphism (10).

Corollary. There holds the next estimate

N m
JZI HujHHtﬁSvp(G) + jzl«cju»BS”?l/p’p(aG) < CI(HZUHHy:lHS*SM(G)"'
al N
+ Z <<bhu>>BS—0h—1/p7p(ag) + Z HujHHtj‘*‘Sk’p(G)) (u = (COO(G)) )7
h:s—op—1/p>0 j=1

where £ > 0 may be choosen arbitrary large.

Different elements u € HZ 57 may have the same components

(uo, rutlog, - - -, cmtt|ag, bitlag, - - - bntlag)-

We "paste” them and make a corresponding factorization in the space of images. The

obtained space of preimages, denoted by H_, " ™) is the completion of (C**(G))" in the

morm
m m 1
Hulllrssp ey = (el + ;<<CjU>>§_az—1/p,p + Zl<<bjU>>§_gj_1/p,p) .
j= j=
The obtained space of images is:

N m
(H Hsfsj,p(G) % H Bsfdhfl/p:p(ﬁG))/Mip = K2

$,p?
j=1 h=1
where M? ,» described by means of the Green’s formula (3).

Theorem 5. The closure Ay = As 5, of the mapping

u— (lu,bu) (u € (C=(G))N)
which 1s considered acting in the pair of spaces

7L +s,p,(T
qr0 K2 (11)

c

is an isomorphism between the spaces (13).

Corollary. The following estimate is true:

el topery < ex(lliulls—sp + D (b)) s—o,=1/pp + [[ll7e-kp)

(u € (C=(G)"),

where £ > 0 may be choosen arbitrary large.
Different elements u € HZ 7 may have the same components
(1o, b1ulag, - - -, bmtt]ag).

Using the ”pasting” method we obtain new Theorem 6 on complete collection of iso-
morphisms:
H,)T“’p’(ﬂ . Kg,p‘



Here H; ™) denotes a completion of of (C**(G))" in the morm

- 1
el 17450y = (el + D B2 )7
J
=1

and the space of images is

N m
(H HS—Sj,p(G) % H BS_Oh_l/p’p(aG))/sz — K3
j=1

$,p?
h=1
where M ip described by means of Green’s formula (3). The corresponding estimate is
also true.

Let _
CF ={ue (COO(G))N s bulpg = 0}

and let .
HE = {ue H™P0) byl = 0} =

= {u€ H'™*(G) : bpulag = 0/, (Vh s — oy — 1/p > 0)} € H, =",
The Theorem 6 implies the following theorem on isomorphisms.

Theorem 7. The closure A3y of the mapping
u—lu (u € Cag))
which we consider acting in the pair of spaces

HE'S — [s=5° /Mt (12)

s?p’

where

M= {(JeHS?:(fo)+ Y (D) =0 (Ve
k,ris—sr—k+1—1/p>0
(C(GNY s €}, v|og =0k, 75— 8. —k+1—1/p<0),bv]se=0)} C H5F
realizes an isomorphism between the spaces (12).

In the special case of one equation with normal boundary conditions the isomorphism
(12) was obtained by Yu. Berezanskii - S. Krein - Ya. Roitberg (1963).

One can obtain a number of the theorems on complete collection of isomorphisms by
means of "graph method”. In the special case of one equation with normal boundary
conditions by using this method one can obtain the isomorphism of Lions - Magenes.

3 Generalizations.

All these results remain true for elliptic with a parameter systems. But now instead of
Noetherity the unique solvability is taking place for sufficiently large parameter. It implies
that the results remain true for parabolic problems. In addition, one can consider the
multy-times parabolic problems.
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