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TEOPUA BAPUAIIMOHHOTI'O METOJA
OJ1d YPABHEHUN BEJIBTPAMU

IlocTpoensr Bapuaiuu Jij1s KJ1aCCOB PEryJISIPHBIX PEIIeHUi BBIPOXKIEHHBIX YpaBHeH Bebrpamu ¢ orpa-
HUYEHUSIMU TEOPETUKO-MHOYKECTBEHHOTO TUIIA HA KOMILJIEKCHBIN Koddduriment. /loka3zan BapuanoOHHbII
[IPUHITII MAKCAMyMa U IPyrre HeOOXOIMMble yCJIOBUS SKCTPEMYMA.

Karouesvie crosa: ypasrernus Beavmpamu, dusamayua, apuayua, peeyaaphovie peuenus, xaacco, Co-
6osesa, HeOOTLOAUMbBLE YCAOBUS FKCTPEMYMOA,

1. Beeaenwue. [Tycts D — o6macts B C, C = C U {oco}. Vpasrernuamu Beavmpamu
B D Ha3bIBalOTCsI ypaBHEHUs BUJIA

fE:N(z) “fzs (1)

re pu(z) : D — C — mamepumas dyukuus ¢ |u(z)] < 1 ws., fr=0f = (fo+ify) /2,
f-=0f = (fs —ify) /2, z=x+iy, fy u f, — 9acTHBIEe MPOU3BOIHBIE OTOOPaKeHUs f 1O
x ¥y, cooTBeTCTBeHHO. DYHKIMS (i HABIBACTCS KOMNACKCHOM KoIPPuyuenmom u

_ 1+ u=)|
1—|p(2)]
— JUAGMAYUOHHDIM OTMHOWEHUEM AT TIPOCTO duaamayuet; ypasaerns: (1).

Hanomuum, aro orobpaxkenue f : D — C HasplBaeTcst pezyaaprvim 6 mouke zo € D,
ecin f B 3T0il TOUKe MMeeT onHblil auddepentman u ero skobuan Jy(z) = | f.[2—| fz]* #

Ku(2) (2)

0 (em., manp., 1.1.6 B [1]). B naabreiiniem romeomopdusm f Kiiacca VVZ})’C1 HA3BIBAETCST pe-
eyaapmoim, ecin J¢(z) > 0 8. Hakowner, pezyaaprvim pewenuem ypasaennst Benbrpamvn
(1) B obsmactu D Ha3bIBaeTCs peryisipHbIii romeoMopdusM, KOTOPbIi yaoBiaeTBopsier (1)
.. B D. IloHsiTre peryJisipHOro pelleHust BIIepBbIe BBEJIEHO B pabore [2].

Oyuknust f : D — C nazwbiBaeTcst abCOMOMHO HENPEPLIGHOT HA AUHUAL, TTUAILYT
f € ACL, eciim mjisg 1106010 3aMKHYTOTO MPSIMOYTOIbHUKA R B D, CTOPOHBI KOTOPOTO
HnapaJuIeIbHbl KOOPANHATHBIM ocsiM, f|R siBiasieTcst abCOMIOTHO HEMPEPLIBHON Ha HOYTH
BCEX JIMHEHHBbIX cerMenTax B R, napasuiesbHbix cropoHam R (cm., amp., [3], ¢. 27).

[Iycrs Q(2) : D — I = [1,00] — npoussoibHast GyHkiusa. COXpaHSIONMHA OpUeH-
raruo romeomopdusm f i D — C kinacca ACL naswviBaercs Q(z)—Kk6a3ukon@opmmvim
(Q(z)—k.K.) oTOOparkeHueM, ecju II.B.

Ky, (2) = Lt by Gl <Q(2), (3)

L= (2)]

rae iy = fz/f., ecmn f, #0n py =0, ecnn f, = 0. DyHKIUIO fif IPUHATO HA3BIBATD
KOMILJIEKCHOI XapaKTepucTukoii, a K, ; — Awaraipei orobpaxkeHus f.
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Berony nanee D := {v € C: |v| < 1}. Ilycrs G rpynna Bcex JIpoGHO-IMHEHHBIX 0T06-
paxkennit D na cebst. MuoxkecrBo M u3 D Ha3bIBAETCT UHBAPUAGHMMHO-BHNYKADIM, €CITHA
Bce muOkecTBa g(M), g € G, SIBASIOTCsI BBILYKJIBIME, CM., HAIID., [4], ¢. 636. B wacrHocTu,
TaKue MHOYKECTBA SBJISIOTCS BBITYKJILIMEA. By/ieM roBopuTh, 9TO ceMeiicTBO KOMIAKTHBIX
muOokecTB B M (2) C D, z € C, usmepumo no napamempy z, eciau Jjisi JHOOOIO 3aMKHY-
toro muoxkecrBa My C C muoxkectBo Tovek Ey = {z € C: M(z) C My} usmepumo 1o
Jlebery (cp. [5], c. 27). B masbHeiieM MBI HCIIOJIB3yeM CJIeLyIONIHE 00O3HATEHI:

1+ qm(2)
= — = . 4
= (o)’ qm (z) Jmax v (4)

Qu(z) :

[Tycts M(z), z € C, — cemeiicTBO KOMIAKTHBIX MHOXkKecTB B 1D, m3Mepumoe 1o ma-
pamerpy. Oboznaunm depe3 My; Kaacc BCEX U3MEPUMBIX (DYHKIHI, YOBIETBOPSIONINX
ycaoBuio (1(z) € M(z) m.B., a depe3 Hy, — COBOKYIIHOCTb BCEX DETrYJISIPHBIX TOMEOMOP-
duzmo f : C — C, coXpaHSIOMUX OPHEHTAIMIO, ¢ KOMILUICKCHBIMU XapPaKTePUCTHKAMIE
u3 My, u wopmuposkamu f(0) = 0, f(1) = 1, f(oco) = oco. B npenpraymeit pabore
[6] u 7] 6bL1 HOKa3aH HeIbIl psij KpUTEPUEB KOMIIAKTHOCTH Ki1acco Hy 1pu cooTBer-
CTBYIOIIUX yCJoBUSAX Ha GyHKIuo @, cp. Takxke (8], u MHBAPUAHTHON BBIILYKJIOCTH
muoxkecTB M (2), z € C. 3amerum, 4To HOCJIE/IHEE YCJIOBUE BJIEYET BBIINYKJIOCTH MHOYKE-
CTBa KOMILJIEKCHBIX XapakTepuctuk M, Kak Mbl yBuguMm, mocienmee 006CTOSATEIHLCTBO
3HAYNTEJILHO YIPOIIaeT OCTPOeHNE Bapualmili B Kinaccax Hy ;.

OﬂHI/IM N3 BaKHBIX HpI/IﬂO}I(eHI/IIU/I TeopeM KOMITaKTHOCTU ABJIACTCA TEOpUsd BapUallud-
OHHOTO MeTofa. Jleslo B TOM, 9TO B KOMIIAKTHBIX KJIACCaX BCErJa TapaHTHPYeTcs Cy-
[IIECTBOBAHUE IKCTPEMAJILHBIX OTOOPAKEHUH J1jisi JIFOObIX HEIPEPBIBHBIX, B TOM YHCJIE,
HEJTMHEHHBIX (DYHKITMOHAJTOB. BapuarmoHHbIi METOJT NCCIEIOBAHNST IKCTPEMATBHBIX 3a-
Jad JUid KBa3UKOHMOPMHBIX OTOOpakeHwuit 6bL1 BiiepBble npumenen Bemunckum I1.IT.
DTOT MeTOoJ MOy In/I CBoe JaJibHelinmee pasputue B pabortax ['yrasmckoro B.4., Kpym-
kaust C.J1., Kronay P., Pszanosa B.U., [lluddepa M., [llobepa I'. u MHOTEX ApYyTUX.

Hamomuanm, aro orobpazkenne [ : X — Y MexXay METPUIECKUME IPOCTPAHCTBAMEI X
n Y naszwiBaercs aunwuyesvim, ecaun dist(f(x1), f(x2)) < M -dist(z1, x2) mis HeKOTOPO-
ro M < oo u Beex x1, 2 € X, rae dist (x1, x2) obo3HATACT PACCTOSHNAE B METPHICCKUX
npocrpancrBax X u Y (cm., Hanp., [9], c. 75). Orobpaxkenue f HasbiBaeTcs Guaunwuye-
6viMm, ecau B jtonosinenne M* - dist(zq, x2) < dist(f(x1), f(x2)) anst Hekoroporo M* > 0
" Bcex x1, o € X.

2. ITpeaBapuresibHble 3aMedanusd. [IpusegeM HEOOXOIUMbBIE CBEICHUSA U3 TEOPUN
KOMITO3UITHOHHBIX OMEpaTopoB B mpoctpancTBax Cobosesa. [lycrs D — obiacts B €B-
KJmgoBoM mpoctpaHcTBe R™. HamomuuMm, uro mpocrpancTteo CobosieBa L}D(D), p > 1,
€CTh TIPOCTPAHCTBO JIOKAJHLHO WHTErpUpyeMbIX GyHKImE ¢ : D — R ¢ 0600ImeHnbMn
IIPOU3BOJIHBIMU U C MOJLYHOPMOIi

1/p
Ielegior =19 el = | [196pdm | (5)
D
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Teopust BapHaIHOHHOTO MeToJa JJIsT ypaBHEHUH berbrpaMu

rae x = (1, .. ,l‘ ), m — mepa Jlebera B R™, /¢ — obobwennvili epaduenm pyHKIuu p,

Ve = (37“’ ) orpeJiesieMblii YCIOBUSIME
on Op '
. d = — . d V G COO D 5 = ]_’ 2’ ceny . 6
/ 4 Oz " / Ox; ram K 0 (D), 1 n (6)
D D

Kak o6sr41n0, 31€ch 1epes3 C5° (D) o6o3na4aeTCs IPOCTPAHCTBO BCEX OECKOHETHO IVIAIKIX
dbyHKIWiT ¢ KOMIAKTHBIM HOCHTeJeM B D). AHAJIOrHYHO TOBOPST, YTO BEKTOP-(hyHKIMS
npunaaexur knaccy Cobonesa Ly (D), ecimn xaxaas ee Koopiunarnas bpyHKIus mpu-
nazexut L (D). Ussecren crenyommii daxr, en. [10] u [11].

JIemma 1. IIycmo f — 2omeomoppusm mescdy obaracmamu D u D' 6 R™. Tozda
cAedyrowue Ymeepocoenus IKEUBAAECHIMHDL:
1) xomnosuyuornoe npasuno f*o = @ o f noposwcdaem ozparurernvili onepamop

f*iLy(D") = Ly(D), 1< ¢<p<oo, (7)

1,1
2) omobpasicenue f npunadaescum waaccy W, (D) u dyrryusa

Ky, f) i=inf {k(z) : |Df|(2) < k()| Jp(2)]? } (8)

npunadaestcum L.(D), 2de wucao v onpedeasemes usz coommowenusn 1/r =1/q —1/p.
Orcrona, B 4acTHOCTH, IPU N = 2, p = 2 U ¢ = 1 BBITEKAET CJAEIYIONIEE BarKHOE st
HaC yTBepK/IeHNUE.

Hpe,qu)KeHI/Ie 1. llycmo f : C — C - coxpaﬁﬁmmuu OPUEHMAYUUIO 20MEOMOPPUIM

KAGCCQ I/VloC K,, € Lloc Toeda go f € T/Vl Y daa ao6oeo omobpascenus g : C — C

KAGCCA I/Vl 2,
oc
Kak xoporrio nzBectHo, Jt060e KBasukoHbopmHoe orobpazkernue g : C — C npuna-
1,2
nexkut Kiaaccy W7, em., Hanp., reopemy IV.1.2 8 [1]. Takum o6pasoM, MbI IPHXOIUM K

ciaeayrronemMy 3aKJII09CHATO.

CaenctBue 1. /las a106020 xeasukorgopmmozo omobpascerus g : C — C u arwbozo

. 1,1
coxpansouiezo opuenmavyuro zomeomoppusma f: C — C waacca Wy, ¢ Ky, € Lloc’

1,1
Komnosuyus g o f npunadaesicum xaaccy W, ..

CosepuierHo anasjornduo teopeme 5.4.6 B [12], ¢. 244, nokasbiBaeTcsi ciieiyroniee
yTBepKienne o nudHepeHInpoOBaHUN CYIEPIIO3UIINN.

JIemMma 2. ITycmo f — 2omeomopdpusm mesicdy obracmamu D u D' 6 R™, xomnosu-
yuornoili onepamop f* : L;(D’) — L}I(D), 1 <q<p< o0, ogpanuner u f obradaem
N1 ceoticmeom. Tozda, drsn a0boti pyrryuu @ € L;)(D’), n.6.

(w@) = g;z (f(z)) - gﬁ’f (), i=1,..,n. (9)
J k=1 ’
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Kom6unupyst semmbr 1 u 2, anasoruyano 1C(1) B (3], nomyuaem.

Ilpennoxkenune 2. I[fycmov f : C — C - coxpanarowutl opuenmayuto pe2ysspHuiil

1,2
eomeomoppusm ¢ Ky, € Llloc. Tozda, daa mobozo omobpasicerus g : C — C waacca W7,
n.6.

(o f)z=(gwoNf:+ (9o flfzs (90f)z=(9wof)fz+(gmo /)f:-  (10)

CuaencrBue 2. B wacmmuocmu, gopmyave (10) umerom mecmo 0aa K6a3uKoHGOpmMHbIT
omobpasicenuti g : C — C.

3. IlocTpoenne Bapuamnuii. JlaHHbiif TyHKT MOCBAIIEH MOCTPOCHUIO BAPUAINI B
Kyaccax Hj; MeTosioM, njes KoToporo Oblia Brepsble npejiozkena I'yrianckum B.51. B
paborax [13]-[15] aust anamuTnueckux HYHKIMA ¢ KBA3UKOH(MDOPMHBIM [IPOJIOJIZKEHUEM.
BrocsieicrBun 910T 10AX0/ HCONB30Basics B [16] mpu orpanuuenusx Ha (Qpy MO Mepe
9KCITOHEHITHAIBLHOTO THUTIA.

Teopema 1. Ilycmv M(z), z € C, — npoudsosvroe cemelicmeo SunykAvL MHO-
aorcecms 6 D. Jlaree, nycmo p € My — KoMnaeKCHAA TAPAKMEPUCTIUKG 0MOOPAHCEHUA
f € Hy; maxaa, wmo K, € L} . ave My maxosa, wmo dyrryus

loc’
= (v —p)/(1—|u) (11)

npunadaestcum omrpoimomy edunuvnomy wapy 6 L°(C). Tozda cywecmsyem sapuayus
fes € €10, 1/2], omobpasicenua f 6 waacce Hy; ¢ komnaexcnol xapaxmepucmurod

he—pdew—p) =(—utev, cel0,1/2, (12)
QO =0~ = [0) = ) o7 e), Q) 2 dma+ole, ), (13
/
20 o(e ,C) /e — 0 aowaasho pasromepno ommocumeanio ¢ € C u
ol )= L L (1)

Jlokasameavcmeo. O6osnaunm yepe3s B (6opesieBo) MHOMXKECTBO BCEX TeX TOYEK Z
mwiockoctu C, rie orobpazkenue f umeer nosubiit guddepentman u J¢(z) # 0. Torna mo
onpezesennio kiacca Hy, n mo reopeme I'epunra-Jlexro-Menbmosa |C\ B| = 0 (cMm. [17],
cM. Takake Teopemy 42.3 B [18], cp. Teopemy I11.3.1 B [1]). Kpome Toro, mo semme 3.2.2 B [9]
MHOXKeCTBO B MOXKHO pa3buTh Ha cueTHoe Inucsio (6OpesieBCKUX) MHOXKECTB B, Ha KaxK-
JIOM U3 KOTOPBIX oToOpaxKkenue f sipjsiercst ouymnmmmumiessiM. 1o Teopeme Kupcbpayna-
MaxIIleiina, cm., nanp., reopemy 2.10.43 B [9], cyzkenust f|p, ZOIMyCKAIOT IPOIOJIZKEHIE JIO
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sanmmneBbix orobpaxkenuit C. Takum obpaszom, f obsajgaer (IN)-CBOCTBOM HA MHOMKE-
cTBe B U MBI MOYKEM JIeJIaTh 3aMeHy IIePEMEHHBIX 110/ HHTErPAJIOM, CM., HAIIP., TEOPEMY
3.2.5 B [9]. ITycrn

Ex
He

oo

:mIE%Z(E%ﬁ)n,EG[O,l]. (15)
n=0

[TockousbKy 110 ycsioBuio |||l = k < 1, To ipu € € [0, 1/2]

ek k
elloo < < = 1. 1
oo < 500 < 20 =g < (16)

Harmee, mycTb

w) = %s'é Of_l(w)a wEf(B),
& )'_{ ( f) 0, we f(C\B). a7)

[Tepeomnpe/iesisisi, B CIydae HEOOXOAMMOCTH, » Ha MHOXKECTBE HYJIEBOH Mepbl, 6e3 orpanu-
YeHnst OOIHOCTH MOXKEM CUUTaTh, 410 #(2) < k n s.(2) < g js Beex z € C u, Takum
obpaszoM, Y:(z) < ¢q Takxke jys Beex z € C. Kpowme Toro, nockomsky |C\ B| =0,
S
Yeo f == 1B (18)
Iz
Pacemorpum cemedictBo Q—kBasukordopmubix (Q = (1+ ¢)/(1 — q)) orobparkenmuii
ge : C — C, e €[0, 1/2], c KOMILIEKCHBIMI XapaKTePUCTHKAMH Yz, € € [0, 1/2], n nopmu-
poskamit g:(0) =0, g-(1) =1 u g-(00) = 00, CM. TeopeMy CyIIEeCTBOBAHNUA J1JIs KBA3HKOH-
dbopmubIX oTO6paXkenuit, Hanp., B Kuure [3], ¢. 90. ITo Teopeme o muddepenimpoBann
Q—x.k. orobpazkenuii 1o napamerpy (cm. [3], c. 94-96):

3

ge(w') = w' — - / y(w)p(w, w') dmy, + o(e, w'), (19)

f(B)

rae o(e, w') /e — 0 mpu € — 0 jokaaBHO pasHOMepHO OoTHOCHTENLHO W' € C n

w4 (e E) o), wef(B),
it >_{( 2 0, we f(C\B). 20)

Teneps paccmoTpuM cemeiicTBo oTobpakenuit fo = g.o f, € € [0, 1/2]. [Tokaxkem, uTo
fe € Hj;. Bo-nepsrIx, mo ciejacrsuio 1, fo € I/Vl})’cl JlaJtee, 3aMeTuM, UTO PEryJIsipHBIN
romeomopdusM f obaagaer N ~!-cpoiictsom 1o Teopenme Ilonomapena, cm. [19]. TTostowmy,
anasrorndno IC(6) B [3|, mockombky Jf(z) # 0 m.B. u f, # 0 11.B., HOJy9aeM, 9TO ILB.

P S O St (21)
fo =g py.
3/ech MBI BOCIHOJIB30BaJIUCh TpaBuioM jauddepernuposanuem cyneprnosunuu (10), cm.
ciescrre 2. Pazpemntast (21) OTHOCHTENBHO fif, , 3AK/TIOYAEM, UTO ILB.

MgsOer%'Mf pt o f
,U,f&_:f: =

z

fz+ﬂ7f"ugsof 1+H'}%'7€Of

(22)
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[Tojcrasisis B (22) Boipaxkenust u3 (15) u (18), mmeem 1.B.

EX
M e Bt T—esn 2
= = =pu—+ex(l-— . 23
e T e 1 o (1= 1) 23)

13 (23) u (11) mosywaem, 9To fuf. = fie, D€ fie 3aaH0 B (12). Takum obpasom, pp. € My,
e € [0, 1/2], BBuay Boimykaocta M.

Bamernm, 9T0 roMeoMopdu3M f- SBISETCS PEryJsipHbIM Ipu JiroboMm € € [0, 1/2].
HelicTBUTEIbHO, JIOIYCTUM, 9TO f: He peryisped upu nekoropoM € € [0, 1/2]. [Tockosbky
|ps.| < 11mB., 510 OBI O3HAUATO, 4TO (f:). = 0 = (f:)z Ha HekoTOpOM MHOXKecTBe F C C
[TOJIOYKUTEIBHOI MepHI, Tie orobparkenne f. muddepennupyemo, a f peryasipao. Torma
anasornano 1C(2) B [3], mosmyuaem, uro Bciogy Ha E

(0)wo f = — [(f)-F — ()= 5] =0, (24)

I

cM. npeioxkenne 2. Oxnako, MHOKecTBO € = f(F) uMeeT HyJEBYIO Mepy, MOCKOJIBKY
ge — KBa3suKoHGpOpMHOE oToOparkeHne. Takmm 0Opa3oM, Mbl IPUXOAUM K ITPOTUBOPEUHIO
¢ N~!-—cpoiicrBom oro6pazkenus f, cm. [19]. Cienosarensuo, f- € Hif, € € [0, 1/2).

Haxkower, mocsie 3amen nepemessbix B (19), nupuxonum k (13), nmockosbky |C\ B| = 0.
(]

4. BapuanuoHHBI TPpUHIUN MakcuMyMma. ['osopat, uro dynkmuonan € : Hy, —
R sasasiercs dudeperuyupyemoim no Iamo, eciu

O(f2) = Qf) +eRe / gdoe+ ofe) (25)
C
Juisg moboit Bapuanun f; = f 4+ e€g + o(e) B kimacce Hy,, rjie » = »f — HeKOTOpas

KOHEYHAasl KOMIUIEKCHAs OOPeJIeBCKast Mepa ¢ KOMIIAKTHBIM HocuTesteM u o(g)/e — 0 upn
e — 0 siokasbHo paBaomepro B C (em. [20], ¢. 138-139). Jdpyrumu cjioBaMu, CyIIeCTBYeT
HeIIPEPBIBHBIN 1 JIMHEHHBIH 110 nepBoii iepementoit dyukimonan L(g; f) Takoit, aro

Qfe) = Qf) + e Re L(g; f) + ofe) - (26)

Huzke npenostaraem, aro dbyuknus ¢(w, f(¢)) JlokajibHO HHTErpUpyeMa Jijisi JIH0O0ro
f € H}, orHOCHTENIBHO TIpOousBeaeHns Mep dmy, ® dx((), e ¢ — saupo u3 (14), m — mepa
Jlebera B C, u, aro

A(w) = % / o(w, F(O)) dse(¢C) £0  nast s, w € C. (27)

C

Torna rosopum, uto 2 nuddepennupyem 1o I'aro bes evipostcdenus na xKnacce Hy,.

Teopema 2. ITycmv M(z), z € C, — cemelicmeo KoMNAGKMHHE SONYKAGL MHO-

lloc’ U nycmv GyHKUUO-

nan 2 2 Hy, — R dugpdepenyupyem no I'amo bes evipostcdenus. Ecau na omobpasicenuu

oicecms 6 D, uamepumoe no napamempy z, maxoe wmo Qs € L
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f € Hj; docmueaemcsa max ) no waaccy Hyp, mo e2o xomnaexcraa vapaxmepucmuxa
ydosaemesopaem exmouernuto (u(z) € OM(z) daa n.e. z € C.

Hoxazameavemeso. Tlockombky 1 € My, 6e3 orpanudenusi OOIMTHOCTH CIUTAEM, ITO
w(z) € M(z) ans Beex z € C. Homycrum, aro muHokectBo E = {2 € C : u(z) &
OM (z)} nmmeer nosoxurensuyio mepy Jlebera. Ilycrs E,, = {z € C : Qu(z) < m},
m=12 ..., K(z,7) = {2 € C:|z—2| <71}, 20 € C, 7 >0, X, Xm» Xeor —
xapakrepucTuaeckue dbyHknn MaoxkecTB F, E,, K(29, 1), coorBercenno. lamee, mycrsb
ap, n=1,2, ..., — nepeHyMepanusi Bcex paruoHaibHbIX uncen u3 [0,27) u pp(z), n =
1,2, ..., — paccroguus oT ju(z) A0 ToWeK TepecedeHus jydeir p(z) + te'n t > 0, c
OM (2).

[Mokaxem, uro dbyHkuuu p,(z), n = 1,2, ... , ABIAOTCS U3MepUMbIMU 110 2. Jleii-
crBuTebHO, ycTh Ap(2) = {v € C : v = u(z) +tei, 0 <t < 2} — orpesok syda,
HCXOJIAIMEro U3 TOUKNM fi(2) B HampaByeHnn e jmHbt 2. 3MepuMocTh ceMeicTB MHO-
xkecTB Ay, (2) o z ciremyer, Hanp., n3 npeanoxkenns 3.1 B [7] n 00X CBOWCTB Sj1eMeHTAD-
HBIX OIlepaluii Ha [ u3MepuMbIMu byHKIUIMHA (CM., Hanp., [5], ¢. 29-31). CiemoBaresnbHo,
M3MEPHUMBI TakxKe ceMeiicTBa MHOKeCTB My (2) = M (2) N A, (2) n {n,(2)} = ODNA,(2),
rae 0D = {n € C : |n| = 1} — egunmunas okpyxkHOCTH (cM. gemmy 3.3 B [7]). Taxkum
obpazom, byHKIN 1, (2), n =1, 2, ..., ©U3MEPUMBI, HAID., B CIIIy KpuTepust 6) mpemio-
sxkerns 6 B [4]. ITo upemnoxennto 3.1 B 7| n3mepumbl Takzke yHKIMNA PACCTOSHES Ty (2) =

n]\141n( : |V —nn(2)| . Tocute aToro ocraercst 3aMeTUTb, 9TO pp(2) = |p(2) — N (2)| — rn(2) .
veMn(z

Paccmorpum Terieph byHKIHN fin, (2) = 1u(2) + pn(2)e’®. Tlo mocTpoenuto oHn mpu-
Hagyiexkar kiaaccy Myy. [ockonbky muoxkecrBa M (z) BBITYKJIBL, TO QyHKIMN

vn(2) i= p(2) + A(2)(un(2) — p(2)) = (1 = A(2))u(z) + AMz)pn(2)

TaKKe MpuHajexkar kiaccy My uist npousBobHOl usmepumoii dyukiuu A(z) : C —
[0,1]. B wacrHOCTH, Ki1accy Iy npuHaiekar QyHKIMNT

Vi (2) = w(2) + An(2) X0, (2) (i (2) — 11(2))

rae Ap(z) = Mx(z)xm(z). Bamerum, 910 |, (2) — u(z)| = pn(2) < 2qp(z)
ey o= r CL 1) i) ), (o) o2

1—|pu(z)? 2
IPUHAJJIEKAT 3aMKHYTOMY IIapy pajuyca ¢, := (m—1)/(m+1) <1 8 L>®(C).
[To sKeTpeMasibHOCTH f, IPUMeHsst BADHAIMIO TeopeMbl 1 ¢ v = v, TlojiydaeM, 9To

e[| [ ematndm | dx(c) 0. (28)

1€ @ (25 €) = Ama(2) (10 (2) — 1(2)) F20(F (), F(Q)). Pacentorpust dynscan

mg. ¢ = | (5 ) oI w) e 7)), we f(B),
o 0, we f(C\B),
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rje B obosnadaer (6opesieBo) MHOXKeCTBO Beex Touek miaockoctu C, rie orobpazkenue f
uMeet nosHbIi guddepentman n J¢(z) # 0. OHE HHTErpEPYeMbl OTHOCHTEIBHO IPOU3BE-
sennst Mep dmy, ® d(C) (em. [21], c. 215). Bamerum, aro Jy-1(w) = [Jf (ffl(w))]f1 =
[(1- |/¢|2)f122]_1 (f~*(w)) B xaxmoii Touke w € f(B), cp. IC(3) B [3]. Kpome roro,
TIOCKOJIBKY Pery/IspHbIii ToMeoMopdusM f obmagaer N~ 1-cBoiicTBOM, moc/ie 3aMeHb! Tie-
pemennoii (cm. gemmsr 111.2.1 u I11.3.2 B [1]) mommyuaem, aro dyHKIWs O 5 (2, ) Takxke
UHTErpUpyeMa OTHOCUTEIBHO IpousseseHust Mep dm, @ dx((), u no teopeme JleGera-
Dy6unu (cm. [21], c. 353) u3 (28) 3aki0gaeM, 4To

[ |re [omtz ax( | dm. = 0.

|z—z0|<r C

ITo reopeme Jlebera o puddepeHnnpoBannn HeOIpeIeJeHHOro uHTerpaaa (cm. [5),
c. 180) umeem nepaBeHCcTBa A (2)Re(pin(2) — u(2))B(z) > 0 musg ws. z € C, m, n =
1,2, ..., e B(z) = A(f(2))f? n A(w) 3amano B (27). [lostomy, p,(2)Re B(z)el* > 0,
n=1,2 ..., yig u.B. z € EN E,,. [lockonbky ke E,,, m =1, 2, ..., obpa3yior uciep-
nanue mwiockoctu C mo Mepe, To nocsenree umeer Mecto jist .B. z € C. C apyroit cTo-
poHbl, pn(z) >0, n =1, 2, ..., na E u, rakum 06pa3om, 370 PaBHOCUIBHO HEPABEHCTBAM
ReB(z)e"® >0, n=1,2,..., ana mws. z € E. B cumy npoussona oy, n = 1,2, ...,
orcionia mveeM, uto Re B(2)e!® > 0 qyia n.s. 2z € F npu mobom « € [0, 27). B wacrrocTn,
upu @ = 0 u a = 7 noaygaem: £ReB(z) > 0, re. ReB(z) = 0, a upu o = 7/2 n
a=3r/2: £ImB(z) > 0, re. ImB(z) = 0. Takum obpasom, B(z) =0 mng u.B. z € E.
OjiHako 310 HeBO3MOXKHO, T.K. A(w) # 0 .., f obranaer N~ —cpoitcteom u f, # 0 10.B.
[TostyuenHoe nporuBopeune u nokaswisaer, 4ro mesk = 0, te. p(z) € OM(z) n.e. O

5. Heobxoaumebie ycioBusi skcTpemyma. Jis hopMymmpoBKr HEOOXOIUMBIX yCJIO-
BHil 3KcTpeMyMa HaM mnorpebdyercs eire oxuo nouarue. Mmenno, mycts p € My, To-
riaa depes wy,(z) obosHauMM Konyc donycmumsir nanpasaerut (M., Hanp., [22], c. 12)
Juist MHOYKecTBa M (z) B Touke p(z), T.e. MHOXKecTBO Beex w € C, w # 0, Takux, 4ro
w(z)+ew € M(z) npu Beex € € [0, gg] mist Hekoroporo £y > 0. OTmerum, 4TO JIJIsi CTPOro
BBIIIYKJIBIX MHOYKeCTB M (z), KAKOBBIMU SIBJISIFOTCSI MHBAPUAHTHO-BBIILYKJIbIE MHOYKECTBA,
KOHYC JIOIIyCTHMBIX HAIIPaBJICHHI w),(2) IPH KaXK/OM 2 SBJIS€TCA OTKPBITBIM BbIILYK/IBIM
KOHycOoM. [TouTn J10CJIOBHO TOBTOPsIst JJOKA3aTEIbCTBO TEOPEMbI 2, MOJIydaeM:

Teopema 3. IIpu ycaosusx meopemuv, 2, axcmpemans f 6 3adave o max ) na xaacce
H3, ydosaemsopaem nepasencmeam

RewB(z) >0 (29)

dnsn n.e. z € C npu scex w us wonyca donycmumor nanpasienuti wy(z), 2de B(z) =
A(f(2)f2, A(w) sadaemcsa coommowenuem (27).

CaencrBue 3. Ecau donoanumenvno npu n.e. z € C epanuya OM(z) peeyaapna,
m.e. 6 kascdotll ceoetll mouke umeem Kacamesvryro, mo (29) neperodum 6 nepasercmeo

n(z)B(z) >0 n.s., (30)
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2de n(z) — edunuunoti sexkmop enympennet nopmaau x OM(z) 6 mouke pu(z).
B uacrroctu, ecaiu M (z) — ceMeiicTBO Kpyros,

M(z)={xe€C:|x—c(z)| <k(2)}, (31)
rie dynrxkimun ¢(z) u k(z) msmepumel, To 1O npuHIHMIy Makcumyma n(z) = (c(z) —
w(2))/k(z), n coornomenne (30) I.B. SKBUBAJIEHTHO TOMY, UTO C(Zl)c(_z‘;(z) = éggl, T.e.

w(z) =c(z) — k(z) ‘@‘ . Takum 06paszom, umeeM:

CaenctBue 4. [lyemv M(z), z € C, — cemeticmso xpyzos (31), a dyrnxyuonas € :
Hjy; — R duggeperyupyem no I'amo 6es svipoosrcdernus. Tozda npu Q(z) := % €

Ll . sxcmpemans 3adawu o max$) na kaacce Hjy, ydosaemesopsaem ypasnenuio

loc?
A(f(2))

fr=c2)f: — k(z)mﬁ (32)
B wacmmocmu, npu c(z) =0 u K(z) := i:gg € L. noayuaem ypasrenue
Alf(2) +
7= —k(2) ——F——5 f-- 33
= O agen ! o
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T.V. Lomako, V.I. Ryazanov
Theory of variational method for Beltrami equations.

Variations are constructed for classes of regular solutions of the degenerate Beltrami equations with
constraints of the set-theoretic type for the complex coefficient. A variational principle of maximum and
other necessary extremum conditions are proved.

Keywords: Beltrami equations, dilatation, variations, regular solutions, Sobolev classes, necessary

extremum conditions.
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