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9BOJIIOIINS BHICTPOTO BPAIIIEHU A
TMHAMIYECKN CIMMETPUYHOI'O CITYTHUKA
101 JEVICTBUEM I'PABUTAIIMOHHOTO MOMEHTA
B COITPOTUBJISIOIIIENCS CPEE

Uccaenyerca OpicTpoe BpalaTe/ibHOE [IBUKEHHE OTHOCUTEJHHO HEHTPA MACC JUHAMUYECKH CUMMETPUIHOIO
CIYTHUKQ, TOJ, AefiCTBUEM TPABUTAIMOHHOIO MOMEHTA W MOMEHTA CHUJI cOnpoTusjienusi. OpburaabHbE IBU-
JKEHUS C MPOU3BOJIBHBIM KCIIEHTPUCUTETOM TPE/ITIOIAraloTCa 33 JaHHBIMU. MOMEHT CHJI COTPOTUBJIEHUS TIO-
JlaraeTcs JUHeHHON (pyHKIMeH yriaoBoi CKOpOCTU. AHAIU3UPYETCS CUCTEMA, IOJTYYEeHHA IOCTe YCPEeIHEHUS
o jaBukennto Jditnepa—Ilyanco. [IpoBeseHbl aHATUTHYIECKOE HCCTIEIOBAHUE W YUCJICHHBIN aHAIN3. YCTAHOB-
sieH 3 dekT yObIBanust MOILYJIsi KHHETHIECKOro MoMenTa. QupeesieHa OpueHTallus BEKTOPa, KHHETHIECKOIO
MOMEHTA B OPOUTAJILHON CHCTEME KOOPIMHAT.

PaccMoTpuM jiBUKEHIE TUHAMUYECKH CUMMETPUIHOTO CIyTHUKA OTHOCHTEIBHO HEHTPA
MACC € y9eTOM MOMEHTOB CHJI IPABUTANMOHHOIO MPUTAZKEHUsI W CONPOTHUBJeHUs. Bparra-
TeJILHOE JBUYKEHUE M3y9aeTCsl B PAMKaX MOJENN JUHAMUKH TBEPIOTO TeJia, MEHTP MACC KO-
TOPOT'O JIBUZKETCH 110 SJUIMITHYECKOil opbuTe BOKpyr 3emuin. 3aJaqu JUHAMUKH, 00OOIIEH-
HbIE€ U OCJOYKHEHHBIE YUeTOM Pa3JHUUYHBIX BO3MYIIAIONIUX (aKTOPOB, B B HACTOSIINEE BpeMs
OCTAIOTCS JOCTATOYHO aKTya bHbIMU. VcciieoBaHMIO BpaIaTe/ IbHbIX JIBUKEHUN T€JT OTHO-
CUTEbHO HEMOBUKHON TOUYKH IO AefiCTBUEM BO3MYIIAKINX MOMEHTOB CHJI PA3JIUTHON
PUPOJH (PPABUTAIMOHHBIX, A9POJMHAMUYIECKHX, 3JEKTPOMAIHUTHBIX ¥ Jp.), OIU3KOMY K
IPUBOJUMOMY HUZKe, TOCBsIIeHbl paborsr [1 — §].

Jlna peleHus 3a1a9u BBeJIeM TPH JEKAapTOBBIE CHCTEMbl KOOPJIMHAT, HAYAJI0 KOTOPBIX
COBMECTUM ¢ TleHTpoM uHeprun cuyTauka |1, 2|. Cucrema koopauuar Ox;(i = 1,2,3) nBu-
JKeTCs MOCTYIATETHHO BMECTE C IEHTPOM HHepiui: 0ch x| mapasiieabHa pauycy — BEKTOPY
nepures opouTe, 0cb Oy — BEKTOPY CKOPOCTH IEHTPA MacC COyTHUKA B mepuree, och Ors
— HOpMaJIH K miockoctu opbutkl. Cucrema koopaunar Oy;(i = 1,2, 3) cBa3aHa €O CIyTHH-
KOM H OpPHEHTHPOBaHa IO BeKTOpy KmHeTmdeckoro MoMmenta G. Ocpk Oy HampapieHa 1o
BEKTOPY KHHETHUECKOTO MOMeHTa G, ocb Oy JIEXKUT B IJIOCKOCTH OPOUTHI (T.€. B ILIOCKO-
cru Ox123), ocb Oy aexut B miaockoctu OT3ys W HAIPABIEHA TaK, 9TO BEKTODBI Y1,y2,Y3
obpaszytor npasyio Tpoiiky [1-3|. Ocu cucrembr xoopaunar Oz;(i = 1,2, 3) cBsa3aHbl ¢ TIaB-
HBIMU TEHTPAJBHBIME OCSIMH WHEPIIMHA TBEPIOTO TeJsa. [0/10KeHne TJIaBHBIX MEeHTPATbHBIX
oceil MHePIUU OTHOCUTEBHO oceil Oy; onpeaenuM yriaamu Jiiepa. [Ipu sToM Hampasisio-
mue KOCUHYCHI ¢;; oceit Oz; oTHOCHTEIbHO cucTeMbl Oy, BBIpakaloTcs depes YIVIBL Diljepa
©,1,0 no uzsecrubim dopmysam [1]. Tlomoxkenne Bekropa kuneTHdeckoro momenra G or-
HOCUTEJILHO €r0 TEHTPa Macc B cucreme koopamaar Ox; OMpPeesioTcs yrjiaMu A i 0, Kak
nokaszamo B [1-3].

YpaBHeHUs IBUZKEHHs TeJla OTHOCHTEIBHO IeHTpa Mace 3amuiieM B dhopme [3]:

E_L d_é_& @__LQ
a7 G’ dt ~ Gsind’
df  Lycost — Lysing
dt G ’
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d—SOZGcos9<i_i) Ly cost + Lysiny

dt A3 Al Gsinf ’ (1)
@_E_L1C05w+Lgsmet H—Ed 5
it A, G SR

8nech L; — MOMEHTBHI BHEIIHUX CHJI OTHOCHTEIbHO oceil Oy;, G - BeJMUNHA KUHETHYe-
ckoro momenta, A;(i = 1,2,3) — TIaBHBIE TEHTPATbHbBIE MOMEHTHI WHEPITHHA OTHOCUTEIHHO
oceit Oz;, A] = Ay # As.

HpOGKHI/II/I Ll MOMEHTa BHCHIHUX CHJ CKJJIaAbIBAaIlOTCA M3 HpOGKHI/IfI I'PaBUTAIITOHHOI'O
mMomeHTa LY m MomMeHTa cuil BHentHero conporusienust LT, Ha ocn Oy; OHUM 3alHCHIBAIOTCS
B BuJe |2, 6]. 31ecy npusenena npoexius Ha och Oyp, HA JIPYyTHe OCH MPOEKIUH UMEIOT
AHAJOTHYHBIA BH]

3w2 (1 4 ecosh)®

3
> (328)S5; — B33 82;)—

L, = L? + LT = 3
(1— e2) —
3
Ty Tisoyiaiso [z'3041z‘0433)
-G + + , 2
S (P e ey g

3
Smj = Z Ap0ipQmp, b1 = cos (v — A)cosd, [ =sin(v — \), 3 = cos (v — A)sind,

p=1

Wp — YIJIOBasg CKOPOCTH OPOUTAJIBLHOIO JIBUKEHUS, € — FKCIEHTPUCUTET OPOUTHI.
[HenTp Macc CIyTHHUKA JBUZKETCH MO KEIJIEPOBCKOMY 3JIJIMIICY C SKCIEHTPUCHUTETOM € U
nepuojioM obpainenust (). 3aBUCUMOCTDh UCTUHHON aHOMAJIMK V OT BpeMeHHU t JIaeTCst COOTHO-

IeHUueM y (1 )2 5
v woll +ecosv ™
dt — (1—e2p2 =g (3)

Q

PaccmaTpuBaeTcss TMHAMHYECKN CUMMETPUUYHBIA CIYyTHHUK B HMPEINOJOXKEHHH, UTO YI-
JIOBasi CKOPOCTb W JIBUZKEHHS CIIYTHHKA OTHOCHUTEIBHO IMEHTPA MACC CYIIECTBEHHO OOJIbIIe
YTJIOBOH CKOPOCTH OPOHTAJIBLHOTO IBHKEHHUS Wy, T.e. € = wy/w ~ Ajwy/G << 1.

B pabore Tak:ke IpemoJaraercs, 9T0 MOMEHT COnpoTuBieHnsa L’ MoxkeT OBITH Ipe/I-
crasiied B Buge L = Jw, rie Tenzop / umeeT IOCTOAHHBIe KOMIOHEHTH [;; B cucreMe Oz,
cBsi3aHHOl ¢ TenoMm |1, 6]. CompoTuBIeHHe CPeIbl MPeIIoNaraeM cJaabbiM MOPSIKA MATOCTH
e2||I)| /Gy ~ €* << 1, rue ||I]| — nopma marpuus kosdduiuenros conporusienus, Gy —
KUHETHIEeCKUiT MOMEHT CIHYTHHKA B HAYaJIbHBI MOMEHT BpPEMEHH.

Uccaenyem perenne cucteMsl (1) — (3) npu MasoMm € Ha GOIBIIOM IPOMEKYTKE BPEMEHH
t ~ &2, Jlna pemenns 3agadu OyaeM IPEMEHATH METOJ yepeanenus [9).

B ciiydae HeBO3MyIIeHHOTO JBuzKenus Ditnepa — [lyanco (npu € = 0 ), KOrjIa 3/UIHICO-
U, MHEPIUU SIBJISIETCS SJUTUICOUIOM BPAIIEHUS, 0, 1) ABAAIOTCS JUHEHHBIMU (DYHKIUSIMHE, 2
yron 6 — Bennunna nocrostaHas [10]. Bennunusr G, 0, A\, v B HEBO3MYIIEHHOM IBHKEHUH 00-
paIanTcsa B MOCTOsHABIE. JI/11 BOSMYIIIEHHOTO JBUKEHUS] YTJIbI (0, 1) SIBISIIOTCS OBICTPHIMU
nepeMeHHBIME, a nepemerubie (7,0, A\, v, — MemeHHBIME. [l09TOMY mpOBOAMM ycpenHeHHe
CHCTeMbI YpaBHEHHH /11 MeIJIeHHBIX mepeMeHHBIX (7, A, §, 0 110 OBICTPBIM HepeMeHHBIM: CHa-
yaJjia 1o 1, a 3arem 1o . [locje ycpeanenus 1o ¢ u ¢ umeem:

dG sin® I3

— == 1 1.
I G 2A1(11+ 22)+A3

cos’ 0|,
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d@ [11 [22 [33 .
G| BB G heos 6
di |: 5 ) 3:| Sine cosdo,

2 3
do _ 3% (1+ecosv) sin(v — A) cos(v — A)sind(A; — As) (1 — gsin2 9) ;o (4)

dt G(1—e2)’
d\ _ 3wd (1 ’ 3
i wOGE (1—|—_e((;2o)ssl/) cos?(v — ) cos (A} — As) (1 ~3 sin? 9) .
Unrerpupyst BTopoe ypaBHeHHE CHCTeMbI (4) Uit yIyIa IMPENeccu, MOy TiM:
I+ 1y | Iz
tgt = tgb ——+ ]t 5

riae fy — HavaJabHOE 3HAYCHHUE YITIA IPEIECChN.
YuauThIBast paBeHCTBO (5), MOYKHO MOJIYIUTh AHAJTUTHIECKOE PEIIeHNUe JIJIs TePBOroO yPaB-
HeHHsI cucTeMbl (4) B IBHOM Buje:

I I I I
G = Gy cos Oy exp (—%t) \/1 + tg20 exp (2 <_% + %) t). (6)
3 1 3

B,ZLer G() — 3Ha4YeHHe KMHETHIECCKOI'O MOMEHTa CIIYTHHKA B Ha4vaJIbHBIA MOMEHT BpeMeHu.

Pacemorpum jiBa oc/ieJHuX ypaBHeHHs cucTeMbl (4) W ypaBHeHUe Jijisi HCTHHHON aHO-
masanu (3).
. . . (0]
§ = waA(v,0,)), A= wiA(v, 6, ), U= Wo)(l + ecosv)?, h(e) = (1 — e?)*2.
e
3nech A, A —ko3bdUIMEHTH B IPABbIX 9acTIX TOCAETHUX JBYX ypaBHeHuii (4), 6, \ — me-
JIEHHBIE MepeMeHHbIe, a IV — noJyMe ieHHasd. [[puMensst MoanduIupOBaHHBIIT METO YCPe I-
Henust [11], mveem:

. 3wiN cosd

0=0 A= 9Ghe)

N = (Al - Ag)(l — gSiDZ 9) (7)

I/ICCJIe,ILyeM CHUCTEMY, COCTOANLYIO U3 IBYX II€PBbIX ypaBHeHI/Iﬁ CHUCTEeMbI (4) " JIBYX ypaB-
HEeHHil CHCTeMBI (7), IpOU3BeId €€ 06e3pa3Mep1/1BaH1/1e. XapaKTeprIMI/I IIapaMeTpaMH 3aJa9K1
6y,ZLyTZ GO — KUHETHYECKHIA MOMEHT CIIYTHHKQ IIPpHU t= O, QQ — BeJIMYHUHA yI‘JIOBOfI CKOpOCTH W
ABUZKeHnd CIIYTHUKa OTHOCHUTEJILHO IEeHTPa MaCC B HAaYaJIbHBIA MOMEHT BpeMeHu. HOJIy‘{I/IM
JJ1d 663p&3MeprIX IIepeMEHHbIX CUCTEMY BH/A:

e ~ [sin?20 , - - Iy 6 Ii+Ly I
—g:—€2G Sm~ (In—i-Igg) +$cos26 , = =¢? —LNZQ—Fﬁ sin 6 cos 0,
dt 24, As dt 24, A
. . 2 AT cosd N L
520, A= STNCOSO (A = Ag)(1— S sin20). (8)
2G h(e) 2

NurerpupoBanue cucrembl (8) IPOH3BOAUTCS] B MEJIEHHOM BDEMEHH T = 2 npu Ha-
qaapHbix yeaosusax G(0) = 1; §(0) = n/4 pax; A(0) = 7/4 paz; 0(0) = 7/6 pag u 3navenusx
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[JIABHBIX IEHTPAJIbHBIX MOMEHTOB uHepiuu tejaa A; = 4.175; Az = 1.67. Yucnennslit pacaer
BBITIOJTHSIIICS /17T PA3JIMIHBIX BHJIOB OPOUT ¢ IKCIeHTpucuTeToM: e = () — Kpyrobas opoOuTa;
e = 0.04473 — 1-it coBerckmit ciyTHuK; e = 0.0487 — 3-it coBerckuii cmyTHUK; e = (0.421 —
cuIbHO dunTHdeckas opoura [1]. st KoadbdumenToB CoNpOTHBICHNs PACCMATPHBAIICH
JIBa, BO3MOXKHBIX Bapuanta: [1; = 2.322; Ios = 1.31; I33 = 1.425 u [;; = 2.0; [, = 1.0;
I35 = 0.5. B mepBoM ciydae BeTMINHA B KBA/IPATHBIX CKOOKAX BTOPOTO YPABHEHUS CUCTEMBI
(8) Gyer MOJIOKUTENBHOl, a BO BTOPOM CJIy4ae — OTPUIATETHHOM.

JJist TpoBEpPKU KOPPEKTHOCTH YHCJIEHHOIO pacdera ypaBHeHWi cucreMbl (8) mpou3Bo-
JIMJICS CPABHUTEJIbHBIN aHau3 I'papuKOB YUCJAECHHOTO U AHAJIUTUYECKOIO pacyeToB B 0€3-
Pa3MepHOM BH/IE JIJI KHHETHIECKOTO MOMeHTa (G U yrJia HyTaruu 6, 1/isi KOTOPBIX M3BECTHBI
anagnTaeckue perternst (5) u (6). HucaeHHbIH pacdeT COBNAIALT ¢ AHAJIUTHIECKHM Derle-
HUEM B 00OHX CIydasdxX ¢ TOUYHOCTBIO /IO TMecTOro 3Haka. ['pacduku mpuBeneHsl Ha puc. 1, 2
B JIByX BO3MOYKHBIX PACUYETHBIX CIyYasdX KO3I(DDUIUEeHTOB cONpPOTUBIeHUd, T1ae 1 — mepBas
koMOuHanus koddduiuenros, a 2 — Bropas.

G &

0 5 10 15 1 0 5 10 15

-

Puc. 1 Puc. 2

[oncrasnstst (5) u (6) B mocaennee ypapuenne cucreMsl (4), moayuaum muddepenu-
aJbHOe YpaBHEHHe JIsl YIJIa A\, KOTOPOE MOYKHO PEIMUTh TOJHKO UHCIEHHO HE3aBUCHMO OT
cucrembl (4):

1
@_3wgcos5(A1—A3)( g6 v0e )6 k__111+122+@ 6_@ (9)
dt 2G cos Oy (1 +tg29062kt)3/2 ; = —2A1 Ay A,

CpaBHuBa/IMCh rpaduKK 3aBUCUMOCTH YIJIa A JUIS PEHICHUsT CUcTeMbl Juddepenimaib-
HBIX ypaBHeHuii (4) u perreHnst aBTOHOMHOTO ypaBHenusi (9) B Ge3pazmepHOM BuJe B 060MX
pacueTHuIX caydasx. Mmeem B aByX ciaydastx Ha puc. 3, 4 cOBHaJeHue ¢ TOYHOCTHIO 110 TIe-
CTOTO 3HAKA.

YerBeproe ypaBHeHHe cUCTEMBI (8) TpeOyeT JOMOTHATESHLHOTO UCCIETOBAHNS, TAK KaK

dyuimg N gBIgeTcd 3HAKONEPEMEHHON U 3aBUCUT OT 3HAKA BBHIPAXKEHUS (1 —-3/2 sin? 9).
HeobxoauMo ompeaenTb, NpH KAKAX 3HAYCHUAX YIJa 6 9TO BbIpakKeHHE SBJIAETCH I10JI0-
KureabHbIM. VMeem, aro yroua 6 € [0;~ 54.74°]. TlosToMy BO BTOPOM PACUETHOM CJIydae
BBIpasKeHUE (1 —3/2 sin? 0) OCTAETCH MOJOXKUTETBHBIM HA BCEM WHTEPBaJe BpeMeHHU, a 3Ha-
9T DYHKIMS A COTJIACHO YeTBEPTOMY YDABHEHUIO CHCTeMBbI (8), sBJIsieTcss MOHOTOHHO BO3-
pacratorieii. B mepBom pacuerHoM ciydae yros  yBeIUInBaeTCS W MPOXOIUT KPUTUIECKOE
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snadenue 54.74°, mod3ToMy 3HaK Bbiparkenus Mensiercs. [loapobnoe ducennoe ucciegoBanue
MOKA3BIBAET, UTO (DYHKIUs A(t) B IEPBOM PACIETHOM BApUAHTE UMEET BHJI, IPEICTABICHHBIN
Ha PHUC. d.

Puc. 5

meer CMBICJ TIPOBECTH YUCJIEHHBIH pacder s
byHKIEE A npu pasMYHBIX HAYAIBHBIX 3HAYEHHAX
yria Hytaiun 0. YncjienHblit aHAIN3 TPUBOJUT K KPH-
BBIM BHIA (CM. puc. 6, 7).

Kpusbie 1 cOOTBETCTBYIOT HAYAJILHOMY YTy HY-
ranuu 0y = 7/6 pax, a xkpusble 2 — w/3 pazn. s
IIEPBOTO PACYETHOIO CJydas KBaJpaTHas CKOOKa BO
BTOPOM YDABHEHUHU CHCTEMbI (8) ABIACTCS BETHIHHOMN
MOOXKUTENbHON, a dynkuus 0 = 0(t) sBasgercs Mo-
HOTOHHO Bo3pacratomeit. Jljisa kpuoit 1 B Hava/bHbIT

MoMeHT Bpemenu N > 0 , caemoBaTesbHO, (DyHKIIS
A = A(t) Bospacraer. C reyenuneMm BpemeHu yroJi 0

YBEJTHIUBACTCS, TIPOXOJI KPUTHICCKOE 3HAUCHUE, & 3HAYAT N CTAHOBUTCS BEJUIUHON OTPH-
nareapHoit u dbyuknus yriaa A yossaer. CorracHo Kpusoit 2 dyukius A = A(t) aBasercs

MOHOTOHHO yOBIBaloOIe#l, TaK KaK BCEria BhINOJIHSAeTCsS paBeHcTBo N > 0 .
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Bo BTopom pacdernoMm ciydae KOIMDDUIUEHTOB CONPOTHBICHAA XapaKTep KPUBBIX Me-

HAETCs ¢ TOYHOCTBIO 10 HA00OPOT, TaK KBaJpaTHasl CKOOKa BO BTOPOM YPaBHEHHHU CHCTEMBI
(8) sBAsIeTCs BeIMUMHOI OTpHIATEBHOM, a dbynkus 6 = 0(t) MmoHoTOHHO yOBIBatOIIEi. Bee
npuseeHabie rpadbukn (puc. 1-7) coorBercTBYIOT KpyroBoii opbure (e = 0) meHTpa Macc
CIIyTHHUKA BO BPAIATEJHHOM JIBUYKEHHH BOKPYT 3emun. Buj ¢pyHKIui, XapakTepu3yoiux
JIBUYKEHUsI, He H3MeHsIeTCs JIJI SJIIHNTHYeCKHX OPOUT, M03TOMY I'padUKH He IPUBOIATCS.

Takum o6pa30M7 HCCJIEJ0BaHO ABHZKEHHME JHHAMHUYIECKHM CUMMETPHYHOI'O CIIYTHHKa OT-

HOCUTEJILHO IEHTPa MAaCC MOJ AefiCTBUEM COBMECTHOTO BJAUAHUSA IPABUTAIILIOHHOTO HPUTHZKe-
HUSI M BA3KOTO COIPOTUBJIEHUS. AHAJUTUICCKHA ¥ YUCIEHO YyCTAHOBJIEHBI OCHOBHBIE CBOMCTBA,
BpAaIleHAT.
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