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ÍÎÂÎÅ ÐÅØÅÍÈÅ ÇÀÄÀ×È
Î ÄÂÈÆÅÍÈÈ ÄÂÓÕ ÃÈÐÎÑÊÎÏÎÂ ËÀÃÐÀÍÆÀ,
ÑÎÅÄÈÍÅÍÍÛÕ ÍÅÃÎËÎÍÎÌÍÛÌ ØÀÐÍÈÐÎÌ

Çàäà÷à î äâèæåíèè äâóõ ãèðîñêîïîâ Ëàãðàíæà, ñî÷ëåíåííûõ èäåàëüíûì óïðóãèì øàðíèðîì, ïîñòàâ-
ëåííàÿ â [1] è ïîçæå îáîáùåííàÿ â [2, 3], ïîëó÷èëà äàëüíåéøåå îáîáùåíèå ïðè ââåäåíèè íåãîëîíîìíîãî
øàðíèðà, ââåäåííîãî â ðàáîòå [4]. Â ðàáîòàõ [5, 6] óêàçàíû äâà ñëó÷àÿ èíòåãðèðóåìîñòè îáîáùåííîé
çàäà÷è. Â ñòàòüå íàéäåíî íîâîå ðåøåíèå ñ èíâàðèàíòíûì ñîîòíîøåíèåì ñïåöèàëüíîãî âèäà.

1. Óðàâíåíèÿ äâèæåíèÿ. Ïðè ïîñòðîåíèè ðåøåíèÿ çàäà÷è áóäåì èñïîëüçîâàòü
óðàâíåíèÿ, ïîëó÷åííûå â ðàáîòå1 [5]. Âûïèøåì óðàâíåíèÿ äâèæåíèÿ (2)*, (3)*, (10)*�
(12)*, (28)*, (31)*, (40)*

n = J(ω3 + ϕ̇), (1)

n0 = J0(Ω3 + Φ̇), (2)

ω3 = (Ω2 − ω2 cos θ)/ sin θ, (3)

Ω3 = (Ω2 cos θ − ω2)/ sin θ, (4)

Φ̇ = ϕ̇ cos θ, (5)

ω1 = (ξ + 1)κ, Ω1 = (ξ − 1)κ, (6)

θ̇ = −2κ(θ), (7)

ξ =
A0k −Nk0 − 2A0k

′
0 sin θ + ω2ctgθ + 2ω′2 − Ω2/ sin θ

−ω2ctgθ − A0k −Nk0 + Ω2/ sin θ
. (8)

Â òîé æå ðàáîòå [5] âûïîëíåíà ðåäóêöèÿ çàäà÷è ê îäíîìó óðàâíåíèþ Àáåëÿ âòîðîãî
ðîäà (42)*

η′(θ)η(θ) = F1(θ)η(θ) + F0(θ), (9)

â êîòîðîì
η(θ) = {Ω2(θ)− ω2 cos θ − [A0k(θ) + Nk0(θ)] sin θ} sin θ, (10)

F1(θ, ω2) = [2ω2(θ) sin θ − 2A0k(θ) cos θ + (A− 3N cos θ)k0(θ)] sin θ, (11)

F0(θ, ω2) = [ω2(θ) sin θ − (A0 cos θ −N)k(θ) + (A−N cos θ)k0(θ)]×
×[−ω′2(θ) + Nk0(θ) + A0k

′
0(θ) sin θ ]sin3θ (12)

(øòðèõîì îáîçíà÷åíî äèôôåðåíöèðîâàíèå ïî θ).
Â ýòèõ óðàâíåíèÿõ ω1, ω2, ω3 è Ω1, Ω2, Ω3 � êîìïîíåíòû óãëîâûõ ñêîðîñòåé ïîëóïî-

äâèæíûõ áàçèñîâ e1, e2, e3 è e1, e0
2, e0

3.
Íåèçìåííî ñâÿçàííûå ñ òåëàìè S è S0 áàçèñû e∗1, e∗2, e3 è e0∗

1 , e0∗
2 , e0

3 ñâÿçàíû ñ óïî-
ìÿíóòûìè áàçèñàìè òàê

e∗1 = e1 cos ϕ + e2 sin ϕ, e∗2 = −e1 sin ϕ + e2 cos ϕ, (13)

1Ïðè ññûëêå íà ôîðìóëû ðàáîòû [5] áóäåì ñíàáæàòü èõ íîìåðà çâåçäî÷êîé.
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e0∗
1 = e1 cos Φ + e0

2 sin Φ, e0∗
2 = −e1 sin Φ + e0

2 cos Φ. (14)

Ïîñòðîåíèå ðåøåíèÿ. Â ðàáîòå [5] ïîñòðîåíî ðåøåíèå ïðè íóëåâîì ìîìåíòå êî-
ëè÷åñòâà äâèæåíèÿ ñèñòåìû, à â ðàáîòå [6] äëÿ ïîñòðîåíèÿ ðåøåíèÿ èñïîëüçóåòñÿ óðàâ-
íåíèå Àáåëÿ (9). Ïðè ýòîì ω2(θ) êîíêðåòèçèðîâàíà òàêèì îáðàçîì, ÷òîáû F0(θ, ω2) îá-
ðàòèëàñü â íóëü. Òàêèõ âîçìîæíîñòåé, êàê ñëåäóåò èç (12), äâå. Îäíà èç íèõ

ω2(θ) = [(A0 cos θ −N)k(θ)− (A−N cos θ)k0(θ)]/ sin θ

ðàññìîòðåíà â ðàáîòå [6].
Ðàññìîòðèì âòîðóþ âîçìîæíîñòü îáðàùåíèÿ F0(θ, ω2) â íóëü. Äëÿ ýòîãî çàäàäèì

èíâàðèàíòíîå ñîîòíîøåíèå â âèäå

ω′2(θ) = A0k
′
0(θ) sin θ + Nk0(θ), (15)

ãäå k0(θ) = n0(θ)/H, k(θ) = n(θ)/H, H = AA0 −N2 > 0.
Â ðàáîòå [5] òàê æå ïîëó÷åíû óðàâíåíèÿ (19)*, (34)*

ω2(θ) sin θ = −n0(θ)/J0 + (n(θ) cos θ)/J, (16)

n′(θ) = −n′0(θ) cos θ. (17)

Óðàâíåíèÿ (15)�(17) îáðàçóþò ñèñòåìó òðåõ óðàâíåíèé äëÿ îïðåäåëåíèÿ òðåõ ôóíê-
öèé n(θ), n0(θ), ω2(θ). Òàê êàê óðàâíåíèå (16) êîíå÷íîå, òî ìîæíî âûïîëíèòü ðåäóêöèþ
ê îäíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà.

Ïðîäèôôåðåíöèðîâàâ ñîîòíîøåíèå (16), ïîëó÷èì

ω′2(θ) =
−J [n′0(θ) sin θ − n0(θ) cos θ] + J0[n

′(θ) sin θ cos θ − n(θ)]

JJ0 sin2 θ
. (18)

Ïðèðàâíèâàÿ ïðàâûå ÷àñòè óðàâíåíèé (15) è (18), íàõîäèì

JJ0(A0n
′
0 sin θ + Nn0) sin2 θ + HJ(n′0 sin θ − n0 cos θ)− J0H(n′ sin θ cos θ − n) = 0. (19)

Ïðîäèôôåðåíöèðîâàâ óðàâíåíèå (19) è ïîäñòàâèâ â íåãî âûðàæåíèå äëÿ n′(θ) èç
(17), ïîëó÷èì óðàâíåíèå âòîðîãî ïîðÿäêà äëÿ ïåðåìåííîé n0(θ)

[(H − A0J)J0 cos2 θ + (H + A0J0)J ]n′′0(θ)+

+[−3(H − A0J)J0 cos θ + NJJ0]n
′
0(θ) sin θ + [2NJJ0 cos θ + HJ ]n0(θ) = 0. (20)

Ðàññìîòðèì âíà÷àëå ñëó÷àé
H − A0J 6= 0.

Ââåäåì íîâûå ïàðàìåòðû

C =
(H + A0J0)J

(H − A0J)J0

, E =
NJJ0

(H − A0J)J0

, D =
HJ

(H − A0J)J0

è ïðåäñòàâèì óðàâíåíèå (20) â âèäå

(cos2 θ + C)n′′0(θ) + (−3 cos θ + E)n′0(θ) sin θ + (2E cos θ + D)n0(θ) = 0. (21)
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Ââîäÿ ôóíêöèè

g∗(θ) =
(E − 3 cos θ) sin θ

cos2 θ + C
, h∗(θ) =

2E cos θ + D

cos2 θ + C
(22)

è ïîëàãàÿ
n0(θ) = ζ(θ)e−

1
2

∫
g∗(θ)dθ,

ïîëó÷àåì íîðìàëüíóþ ôîðìó óðàâíåíèÿ (21)

ζ ′′(θ) + I(θ)ζ(θ) = 0. (23)

Çäåñü
I(θ) = h∗(θ) +

g∗2(θ)
4

− g
′∗(θ)
2

(24)

èíâàðèàíò óðàâíåíèÿ (21) [7, ñ.139].
Ââåäåì íîâóþ ïåðåìåííóþ u = cos θ, ïîäñòàâèâ (22) â (24), äëÿ èíâàðèàíòà I∗(u)

ïîëó÷èì âûðàæåíèå

I∗(u) =
9

4
+

1

4(u2 + C)2
[4Eu3 +(4D− 6C +E2− 3)u2 +2E(2C +1)u+(4CD− 9C2−E2)].

Òàê êàê I∗(u) � ïåðèîäè÷åñêàÿ ôóíêöèÿ, òî óðàâíåíèå (23) ïðåäñòàâëÿåò ñîáîé óðàâíå-
íèå Õèëëà [7, ñ.374].

Åñëè æå H − A0J = 0, òî óðàâíåíèå (20) ñóùåñòâåííî óïðîùàåòñÿ:

A0(J + J0)n
′′
0(θ) + J0Nn′0(θ) sin θ + (A0J + 2J0N cos θ)n0(θ) = 0, (25)

N2 = A0(A− J) > 0. (26)

Ðàññìîòðèì ïðåäñòàâëÿþùèé ñàìîñòîÿòåëüíûé èíòåðåñ ÷àñòíûé ñëó÷àé

N = 0, (27)

êîòîðûé, âñëåäñòâèå (26), âëå÷åò çà ñîáîé è ðàâåíñòâî

A = J. (28)

Óñëîâèÿ (27), (28) ñîîòâåòñòâåííî îçíà÷àþò, ÷òî îäíî èç òåë ñèñòåìû çàêðåïëåíî â
öåíòðå ìàññ, à òåëî S ñôåðè÷åñêè ñèììåòðè÷íî.

Ïðè ýòèõ îãðàíè÷åíèÿõ óðàâíåíèå (25) ïðèíèìàåò âèä

n′′0(θ) + λ2n0(θ) = 0, (29)

ãäå
λ2 =

J

J + J0

. (30)

Îáùåå ðåøåíèå óðàâíåíèÿ (29) òàêîâî

n0(θ) = J0(C1 cos λθ + C2 sin λθ). (31)

53



Ì.Å. Ëåñèíà, Í.Ô. Ãîãîëåâà

Âìåñòî ïîñòîÿííûõ èíòåãðèðîâàíèÿ C1, C2 ââåäåì C∗, β òàê:

C1 = C∗ sin β, C2 = C∗ cos β,

è ðåøåíèå (31) çàïèøåì â âèäå

n0(θ) = C∗J0 sin(λθ + β).

Èñïîëüçóÿ îáîçíà÷åíèå (30), ââåäåì íîâûé ïàðàìåòð B òàê, ÷òî

J = Bλ2, J0 = B(1− λ2),

à ðåøåíèå (31) òàêîâî
n0(θ) = C∗B(1− λ2) sin(λθ + β). (32)

Ïîäñòàâèâ (32) â (17), ïîñëå èíòåãðèðîâàíèÿ îïðåäåëÿåì

n(θ) = −1

2
C∗λB{(1− λ) sin[(1 + λ)θ + β]− (1 + λ) sin[(λ− 1)θ + β]}. (33)

Èç êîíå÷íîãî ñîîòíîøåíèÿ (16) ñ ó÷åòîì (32), (33) íàõîäèì

ω2(θ) sin θ = −C∗
2

sin(λθ+β)− C∗
4λ
{(1−λ) sin[(2+λ)θ+β]− (1+λ) sin[(λ−2)θ+β]}. (34)

Òàêèì îáðàçîì, çàäàâ èíâàðèàíòíîå ñîîòíîøåíèå â âèäå (15), íàøëè ïðè óñëîâèÿõ
(27), (28) çàâèñèìîñòü îò θ òðåõ ïåðåìåííûõ ω2, n(θ), n0(θ).

Ïîäñòàâèâ çíà÷åíèÿ (32)�(34), (11) â óðàâíåíèå (9), èíòåãðèðîâàíèåì íàõîäèì çà-
âèñèìîñòü ïåðåìåííîé η îò θ

η(θ) = η0 +

(
J0

A0

− 2

)
C∗
2

{
1

λ− 1
sin[(λ− 1)θ + β]− 1

λ + 1
sin[(λ + 1)θ + β]

}
.

Ïîñëå ýòîãî èç (10) îïðåäåëèì

Ω2(θ) sin θ = η0 +
C∗
2

[(
J0

A0

− 2

)
1

λ− 1
+

1

λ

]
sin[(λ− 1)θ + β]−

−C∗
2

[
1

λ
+

(
J0

A0

− 2

)
1

λ + 1

]
sin[(λ + 1)θ + β]. (35)

Èç ñîîòíîøåíèÿ (8) ñ ó÷åòîì (32)�(35) è óñëîâèé (27), (28) ïîëó÷èì

ξ = −1. (36)

Èç (6) ñ ó÷åòîì (36) ñëåäóåò, ÷òî

ω1(θ) = 0, (37)

Ω1(θ) = −2κ(θ). (38)
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Äëÿ îïðåäåëåíèÿ κ(θ) âîñïîëüçóåìñÿ èíòåãðàëîì (13)*, (14)*, âûðàæàþùèì ñîõðà-
íåíèå ìîìåíòà êîëè÷åñòâà äâèæåíèÿ ñèñòåìû îòíîñèòåëüíî åå öåíòðà ìàññ

G2
1 + G2

2 + G2
3 = g2, (39)

G1 = (A−N cos θ)ω1 + (A0 −N cos θ)Ω1, (40)

G2 = (A−N cos θ)ω2 + (A0 cos θ −N)Ω2 − n0 sin θ, (41)

G3 = (A0Ω2 −Nω2) sin θ + n0 + n. (42)

Îòìåòèì, ÷òî

Ω2(θ) sin θ =

(
1

J0

− 1

A0

)
n0(θ) cos θ +

(
2

J0

− 1

A0

+
1

J

)
n(θ). (43)

Ïîäñòàâèâ (37), (38) â (40), íàõîäèì

G1 = −2A0κ(θ).

Ñ ó÷åòîì (16), (43) ïðåäñòàâèì (41), (42) â âèäå

G2(θ) sin θ =

(
2A0

J0

+
A0

J

)
n(θ) cos θ +

(
− J

J0

− 1 +
A0

J0

cos2 θ

)
n0(θ),

G3(θ) =
A0

J0

n0(θ) cos θ +

(
2A0

J0

+
A0

J

)
n(θ).

Âíîñèì ýòè ñîîòíîøåíèÿ â (39) è ïîëó÷àåì âûðàæåíèå äëÿ κ2(θ) â âèäå

κ2(θ) =
g2

4A2
0

− 1

4

(
2

J0

+
1

J

)2
n2(θ)

sin2(θ)
−

−1

2

(
2

J0

+
1

J

)(
1

J0

− J

A0J0

− 1

A0

)
n(θ)n0(θ)

cos θ

sin2(θ)
− (44)

− 1

4A2
0

[(
J

J0

+ 1

)2

+
A0

J0

(
A0

J0

− 2J

J0

− 2

)
cos2 θ

]
n2

0(θ)

sin2 θ
,

ãäå n(θ), n0(θ) îïðåäåëåíû â (32), (33).
Çàâèñèìîñòü t(θ) íàõîäèì êâàäðàòóðîé èç óðàâíåíèÿ (7)

t− t0 = −
∫

dθ

2κ(θ)
. (45)

Êîìïîíåíòû óãëîâûõ ñêîðîñòåé òåë S è S0 â íåèçìåííî ñâÿçàííûõ ñ òåëàìè áàçèñàõ
íàõîäèì, èñïîëüçóÿ ñîîòíîøåíèÿ (13), (14),

ω∗ = ω∗1e∗1 + ω∗2e∗2 + (ω3 + ϕ̇)e3, (46)

Ω∗ = Ω∗
1e0∗

1 + Ω∗
2e0∗

2 + (Ω3 + Φ̇)e0
3, (47)
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ãäå
ω∗1 = ω1 cos ϕ + ω2 sin ϕ, ω∗2 = −ω1 sin ϕ + ω2 cos ϕ, (48)

Ω∗
1 = Ω1 cos Φ + Ω2 sin Φ, Ω∗

2 = −Ω1 sin Φ + Ω2 cos Φ. (49)

Èç (1), (5) âûðàçèì ϕ̇, Φ̇

ϕ̇ =
n(θ)

J
− ω3(θ), (50)

Φ̇ =

(
n(θ)

J
− ω3(θ)

)
cos θ. (51)

Çàâèñèìîñòü ϕ̇(θ) è Φ̇(θ) íàõîäèì èç (50), (51) ñ ó÷åòîì (32), (33), (3), (4), (34),(43).
Äëÿ çàâåðøåíèÿ ïîñòðîåíèÿ ðåøåíèÿ íåîáõîäèìî íàéòè ïîòåíöèàëüíóþ ýíåðãèþ

Π(θ) óïðóãîãî ýëåìåíòà. Äëÿ ýòîãî âîñïîëüçóåìñÿ èíòåãðàëîì ýíåðãèè (15)*.

A(ω2
1 + ω2

2) + A0(Ω
2
1 + Ω2

2)− 2N(Ω1ω1 cos θ + ω2Ω2) + n2/J + n2
0/J0 + 2Π(θ) = 2h.

Ïðè îãðàíè÷åíèÿõ (27), (28) è çíà÷åíèÿõ (37), (38), (16), (43) îïðåäåëÿåì

A0[2h− 2Π(θ)] sin2 θ = g2 sin2 θ + (2A0J/J2
0 − A0/J0 + 1)[n(θ) + n0(θ) cos θ]2−

(52)

−
[
2A0J

J2
0

+
3A0

J0

+
A0

J

]
n2(θ) +

(
J

J0

+ 1

)(
A0

J0

− J

J0

− 1

)
n2

0(θ).

Ïîäñòàâèâ â (52) ñîîòíîøåíèÿ (32), (33), íàõîäèì âûðàæåíèå äëÿ Π(θ) â âèäå

A0[2h− 2Π(θ)] sin2 θ = g2 sin2 θ +
C2
∗

4
B

[
B + A0

3λ2 − 1

(1− λ2)2

]
×

×{(1− λ) sin[(λ + 1)θ + β] + (1 + λ) sin[(λ− 1)θ + β]}2− (53)

−A0
λ2 + 1

(1− λ2)2

C2
∗

4
B{(1− λ) sin[(λ + 1)θ + β]− (1 + λ) sin[(λ− 1)θ + β]}2+

+(A0 −B)C2
∗B sin2(λθ + β).

Âûäåëèì ÷àñòíûé ñëó÷àé
A0 = B. (54)

Âûðàæåíèå (53) äëÿ ïîòåíöèàëüíîé ýíåðãèè ïðèìåò âèä

2h− 2Π(θ) = g2/B + BC2
∗
1 + λ2

λ2 − 1

{
1 + λ2

2
[1 + cos 2(λθ + β)]− λctgθ sin 2(λθ + β)

}
.

Òàê êàê ñîîòíîøåíèÿ (32)�(34) íå çàâèñÿò îò A0, òî îíè îñòàþòñÿ áåç èçìåíåíèé. Ñî-
îòíîøåíèÿ (43), (44) è (50) ïðè óñëîâèè (54) ñòàíîâÿòñÿ òàêèìè:

Ω2(θ) = C∗λ2ctgθ sin(λθ + β)+

+
C∗(λ4 + 1)

2λ(1− λ2) sin θ
{−(1− λ) sin(λ + 1)θ + β] + (1 + λ) sin[(λ− 1)θ + β]} , (55)
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κ2(θ) =
g2

4B2
− C2

∗
4

sin(λθ + β)−

− C2
∗(λ

2 + 1)2

16λ2(1− λ2)2 sin2 θ
{(1− λ) sin[(λ + 1)θ + β]− (1 + λ) sin[(λ− 1)θ + β]}2, (56)

ϕ̇(θ) = − C∗(1 + λ2)

2(1− λ2) sin2 θ
{(λ + 1) sin[(λ− 1)θ + β] + (λ− 1) sin[(λ + 1)θ + β]}. (57)

Ïîäñòàâèâ íàéäåííîå èç (56) âûðàæåíèå äëÿ κ(θ) â (45), ïîëó÷èì t êàê ôóíêöèþ θ.
Ïîñëå ýòîãî èç (57) è (51) ïîëó÷èì çàâèñèìîñòè óãëîâ ñîáñòâåííîãî âðàùåíèÿ ϕ è

Φ îò θ â âèäå

ϕ = ϕ0 +
C∗(1 + λ2)

4(1− λ2)

∫
(λ + 1) sin[(λ− 1)θ + β] + (λ− 1) sin[(λ + 1)θ + β]

κ(θ) sin2 θ
dθ, (58)

Φ = Φ0+
C∗(1 + λ2)

4(1− λ2)

∫ {(λ + 1) sin[(λ− 1)θ + β] + (λ− 1) sin[(λ + 1)θ + β]} cos θ

κ(θ) sin2 θ
dθ. (59)

Êîìïîíåíòû (46), (47) óãëîâûõ ñêîðîñòåé òåë â íåèçìåííî ñâÿçàííûõ ñ íèìè áàçèñàõ
ïîëó÷èì èç (48), (49) ñ ó÷åòîì (34), (55), (37), (38), (56), (1), (2), (58), (59).
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