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A system of functional differential equations with delay dz/dt = Z(t, z,), where
Z is the vector-valued functional is considered. It is supposed that this system has a
zero solution z = 0. Definitions of its partial stability, partial asymptotical stability,
and partial equiasymptotical stability are given. Theorems on the partial equiasymp-
totical stability are formulated and proved. 0 2002 Elsevier Science (USA)
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1. INTRODUCTION

Let t € R, = [0;00), x = (x!,...,x") € R", |x|:\/(x1)2+~-~+(x”)2,

2
y=04 ...y, Iyl =\/(yl) +o k(Y z=(xy)=(2, ..., 2" €
R"™_For a given h > 0, C denotes the space of continuous functions map-
ping [—#, 0] into R*™. Let ¢ = (@1, ©2, -+ > @pem) = (¥351) € C, where
=, ..., 0,), A =(A,..., \,). Denote
Il = sup(|¢;(6)| under —h <6 <0,1=<1i

[All = sup(]A;(6)] under —h <6<0,1<
|l = max([||, [A]]),
By ={¢eC:|e| =< H},

Cu={e e C: |yl < H, [|All <+oc}.

If z is a continuous function of u defined on -4 < u < A, A > 0, and if
t is a fixed number satisfying 0 < ¢ < A, then z, denotes the restriction of z
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616 ALEXANDER IGNATYEV
to the segment [¢ — &, t] so that z, = (2}, ..., z/*™) = (x,;,) is an element
of C defined by z,(0) = z(¢t + 0) for —h < 6 < 0.

Consider a system of functional differential equations

dz
- =2 z). (1.1)

In this system dz/dt denotes the right-hand derivative of z at ¢, ¢ is
time, and Z(t, ¢) = (X (¢, ¢), Y (¢, ¢)) € R"™ is defined on R, x Cy; X €
R Y e R", Z(;0) = 0.

According to T. Burton [4], we denote by z(#y, ¢) = (x(t, ¢), ¥(%, ¢)) a
solution of (1.1) with initial condition ¢ € Cy, where z, (4, ¢) = ¢ and we
denote by z(t, t), ¢) the value of z(¢), ¢) at t and z,(¢y, ¢) = z(t + 0, £, ¢),
—-h<6=<0.

It is assumed that the vector-valued functional Z(t, ¢) is continuous on
[0;00) x Cy so that a solution will exist for each continuous initial condi-
tion. We suppose that each solution z(#j, ¢) is defined for those ¢ > ¢, that
(0, @) < H.

Let V (¢, ¢) be a continuous functional defined for ¢ > 0, ¢ € Cy. The
upper right-hand derivative of V7 along solutions of (1.1) is defined to be
[4, 8, 10, 11]

dv (1, z,(t, ¢))

Vit 2t ) =

- 1
= lim O{V(t + Atz 0 (1, @) =V (2, 2,(1y, QD))}E

At—+|

If V' satisfies a Lipschitz condition in the second argument, then this limit
is uniquely determined.

In [15, 16, 18] the partial stability results were obtained for ordinary
differential equations. The goal of this paper is to prove analogous results
for functional differential equations (1.1).

2. DEFINITIONS AND PRELIMINARY RESULTS

DEFINITION 2.1. The trivial solution
z(t)=0 (2.1)

of system (1.1) is called partially stable with respect to x (x-stable) if for
every ¢ > 0 and #, € R, there exists 6 = 8(¢, £) > 0 such that inequality
|x(t, ty, ¢)| < € holds for ¢t > ¢, if ¢ € Bs.

DEerINITION 2.2. If 6 does not depend on f, in Definition 2.1 (i.e., § =
8(¢€)), then solution (2.1) is called partially uniformly stable with respect to
x (or uniformly x-stable).
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We shall consider various kinds of attraction by analogy to ordinary dif-
ferential equations [13].

DEFINITION 2.3.  Solution (2.1) of Egs. (1.1) is called partially attractive
with respect to x (or x-attractive), if for every f, € R, there exists n =
n(f%) > 0 and for every & > 0 and ¢ € B, there exists o = a(e, fj, ¢) > 0
such that |x(¢, 1), ¢)| < € for any ¢ > ¢, + . In this case we shall say that
the domain of x-attraction at £, contains the set B, .

DEFINITION 2.4.  Solution (2.1) of system (1.1) is called x-equiattractive
(or equiattractive with respect to variable x), if for every #, > 0 there exists
n = n(t) > 0, and for any & > 0 there is o0 = o(e, fj) > 0 such that
|x(t, ty, ¢)| < & for all ¢ € B, and ¢ > {; + 0.

DErFINITION 2.5. The zero solution of Egs. (1.1) is called uniformly x-
attractive if for some 7 > 0 and any ¢ > 0 there exists o = o(¢) > 0 such
that [x(, #), ¢)| < e forall p € B,, ) > 0, and t > {;, + 0.

DEFINITION 2.6. The trivial solution (2.1) of system (1.1) is called:

—asymptotically x-stable if it is x-stable and x-attractive;
—equiasymptotically x-stable (or partially equiasymptotically stable
with respect to the variable x) if it is x-stable and x-equiattractive;

—uniformly asymptotically x-stable if it is uniformly x-stable and uni-
formly x-attractive.

DEFINITION 2.7. A functional W (i), independent on ¢, is called x-
positive definite, if W (i) > 0, and also W (i) = 0 iff ||| = 0. A functional
V(t, ¢) is called x-positive definite, if there exists x-positive definite func-
tional W (i) such that V' (t, ¢) = W(¢), V' (¢,0) = 0. A functional V (¢, ¢)
is called x-negative definite, if —V'(¢, ¢) is an x-positive one.

By analogy to ordinary differential equations [13, 15], one can show that
V (¢, ¢) is x-positive definite iff there exists a function a € K such that
V(t, ) > a(]|y|). Here K is the class of Hahn functions [7, 13].

DEFINITION 2.8. A solution z(#,, ¢) of functional differential equations
(1.1) is called y-bounded if |x(¢, &), ¢)| < { < H for t > t, implies that
there exists a number N, > 0 such that |y(¢, 1, ¢)| < N, for t > ¢,

Consider some sufficient conditions of partial equiasymptotic stability.

THEOREM 2.1. Let the right-hand side of system (1.1) be bounded on
R, x Cy, and any solution z(ty, ¢) be y-bounded. If a continuous functional
V(t, ), such that V (t,0) = 0, satisfies the condition

V(t, ¢) =z a(lp(0)]), ack, 22
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and for every ty > 0 there exists q(t)) > 0 such that ¢ € B, implies that
V(t, z,(ty, ¢)) does not increase monotonically and tends to zero as t — 400,
then solution (2.1) of system (1.1) is equiasymptotically x-stable.

Proof. The conditions of the theorem imply the x-stability of solu-
tion (2.1) [18]. Let us prove its x-equiattraction. Let #, > 0 be an arbitrary
initial moment of time, and 0 < ¢ < H. Choose some positive 7, satisfying
the condition |x(¢, {), ¢)| < { < H if ¢ € B, and n = n(4) < q(4). For
any ) > 0, ¢ > 0, ¢ € B, there exists T = T(e, ), ¢) > 0 such that

I
Vit + T, 21(t0, 9)) < 307 (o),

where a~! is the function, inverse to the function a. The solution z(%, ¢)
continuously depends on initial data, and the functional V' (¢, ¢) is continu-
ous in its arguments. Hence, there is a neighborhood Q(¢) of the function ¢
in B, such that for each ¢, € O(¢) the inequality V(1) + T, z, .7 (fy, ¢)) <
a~!(&) is valid. Since V' does not increase along solutions of system (1.1),
then

V(t, 2,1y, @9)) < a”'(e) for any t > 1o+ T(e, ty, @), ¢o € Q).

From the choice of the number % one can infer that |x(z, #), ¢y)| < { < H,
ly( t, ¢o)| < N;, and from the boundedness of Z(t, ¢) it follows that
the set of functions {z,(%, ¢9)} (¢ > t, + h, ¢y € B,) is the family of uni-
formly bounded and equicontinuous functions [11]; i.e., this set is a compact
one. Thus, the compact set of functions is covered by the class of neighbor-
hoods Q(¢). Hence, by the Heine-Borel theorem [14], there exists a finite

subcovering Q;, Q,, ..., O, of this covering with corresponding numbers
I, = T(87 lo, ¢1)’ I, = T(87 fo» @2)7 N S T(8> fo, (pk)’
where ¢; € B, (i =1, ..., k) are some fixed functions. Denote o (%, &) =

max{ty+ h, Ty, T», ..., Ty }. Then V' (¢, z,(ty, ¢)) < a~'(&) for any ¢ € B,,
t >ty + o(e, ty). This relation and the inequality (2.2) imply

|x(t, t(], (P)| < ¢ under ¢ > t(] + (7(8, t()).
This completes the proof.

THEOREM 2.2. Let system (1.1) be such that

(1) there exists a functional V(t, ¢), satisfying inequality (2.2), and
V(t,0)=0,

() dvydt <0,
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(3) forany { > 0, inequalities V (¢, z,) > ¢, ||x,|| < H imply

) @3)
[ meydt = +o. (2.4)

)
Then solution (2.1) of Egs. (1.1) is equiasymptotically x-stable.
Proof.  From the conditions of the theorem it follows that for any #, > 0,
& > 0 there exists such § = 8(e, f)) > 0 that ¢ € By implies |x(¢, ty, ¢)| < &
for all t > ¢,. Let us show that V' (¢, z,(#), ¢)) is a monotone nonincreasing
function, and

[lim V(t, z,(ty, ¢)) =0 for any ¢ € Bs. (2.5)

The condition dV/dt < 0 implies a lack of increase of V' (¢, z,(¢), ¢)). Let
us prove relation (2.5). Suppose that this is not true; i.e., there exists { > 0
such that V (¢, z,(ty, ¢)) > {. The inequalities

tdv T, 2; 1y, 1)
V(t, 2,15, @) < V (4, ¢)+/t %Ch

and (2.3) imply
t
0 <V (8.2t ©)) < V(1. ¢) = [ my(r)dr.
0

But this inequality is not true for ¢ large enough because of condition (2.4).
The contradiction proves relation (2.5). In view of Theorem 2.1 we conclude
solution (2.1) of system (1.1) to be equiasymptotically x-stable.

THEOREM 2.3. If the functional V (¢, ¢) is such that V' (t,0) =0,
V(L @) = EDa(|¢(0)]), a€KkK, (2.6)

where &(t) is a monotonically increasing function such that £(0) = 1,
lim;_, . é(t) = +o0, and dV/dt < 0, then solution (2.1) of system (1.1) is
equiasymptotically x-stable.

Proof.  Pick any ¢, € (0, H). From the partial stability of the zero solu-

tion of Egs. (1.1) it follows that for every £, > 0 there exists 6 = 6(¢)) > 0
such that for any ¢ € B;, we have |x(¢, £y, ¢)| < & for ¢ > ¢,. Denote

p(ty) = sup V (19, ¢).
¢eB;
From inequalities dV/dt < 0 and (2.6) we derive
V(t’ Zt(tO’ @)) < V(t(]a QD) .
&(1) &)

a(|x(z, 1, @)|) < (2.7)
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For any positive ¢ there exists o = o (e, ;) > 0 such that &(¢) > % for
all t > t) + o. Hence, from inequalities (2.7) we get a(|x(t, &, ¢)])) < a(e);
therefore, |x(¢, t), ¢)| < € for all ¢ € Bs, t > t, + o(e, ty). This completes

the proof.

ExAmPLE 2.1. Consider the system of functional differential equations

d’;_(tt) = y(t)sin(x(t — h) + y(t — h)) — %’ (2.8)
%§2=—Anﬂmur—M+Yﬁ‘hn

which has a zero solution. Let
V= 3050+ P 0) + 1+ h+ D) = E0al(0)),

where &(t) = (t+ h+1)/(h + 1), a(|x(¢)]) = (h + 1)|x(¢)|*. Then dV/
dt = 0. Hence, by Theorem 2.3, the zero solution of (2.8) is equiasymptot-
ically x-stable.

3. PARTTIAL EQUIASYMPTOTIC STABILITY IN
AILMOST PERIODIC SYSTEMS

DEeriNITION 3.1 [1-3, 5, 6, 12, 17, 19]. A continuous function F(¢): R —
R™™ is called almost periodic if for every & > 0 there exists [ = I(g) > 0
such that any segment [a, @ + ], « € R, contains at least one number 7
such that |F(¢ + 7) — F(t)| < & for every ¢t € R. A number 7 is called an
g-almost period of F.

DEFINITION 3.2 [9]. A continuous functional F(t, ¢): R x C, — R"™"
(0 < r < 00) is called uniformly almost periodic in ¢ if for every ¢ > 0 there
exists / = I(e,r) > 0 such that any segment [«, @ + /], @ € R, contains at
least one number 7 such that |F(t + 7, ¢) — F(t, ¢)| < ¢ for every ¢t € R,
¢ €C,.

Remark. A continuous function F(¢), which satisfies Definition 3.1 is
called uniformly almost periodic in [2, 3], so Definitions 3.1 and 3.2 are
somewhat different from their corresponding definitions in [2, 3].

LEmMA 3.1 [9]. Let Fi(t),...,Fy(t): R — R"™™ be almost periodic
functions. Then for every ¢ > 0 there exists | = l(g) > 0 such that any
segment [, @ + 1], @ € R, contains a number T such that

|Fi(t+7)—Fi(t)|<e, i=1,2,...,N; teR.
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We denote

Cry={¢ € Cy : le(6;) — @(6,)] < L|6; — 6,
for each 01, 02 € [—h, 0]} C CH‘

LEMMA 3.2 [9].  If the functional F(t, ¢): R x Cy(y — R"™" is Lips-
chitzian in ¢ and almost periodic in t for every fixed ¢ € Cyyy), then it is
uniformly almost periodic in t.

We consider the system of functional differential equations (1.1) under
the assumptions above. We also assume that the functional Z(¢, ¢) is Lip-
schitzian in ¢ and almost periodic in ¢ for every fixed ¢ € Cy.

LemMA 3.3 [9].  Consider the solution z(t,, ¢,) of system (1.1). We sup-
pose that z,(t,, ¢y) belongs to C, (0 < r < H) for t > 0. Let {&, } be a mono-
tonically approaching zero sequence of positive numbers and {7} a sequence
of ei-almost periods of Z(t, ¢) (for every g there corresponds an ej-almost
period 7). Then the limit relation

Jim 1z (1, @4) = 201, (10, 90)| = 0 (3.1

holds, where ¢ = z, .. (4, ) and t* is a fixed moment of time which is
more than t, (t* > t,).

THEOREM 3.1. Let functional differential equations (1.1) satisfy the above
conditions; let any solution z(t,, ¢) be y-bounded, and there exists a continu-
ous functional V (t, ¢): R x Cy — R, which is locally Lipschitz in ¢, such that
the following conditions are fulfilled on the set R x Cy:

1) V(,0)=0, a(|y0)]) <V(t @), where a € K;
(ii) V (¢, @) is almost periodic in t for each fixed ¢ € Cy;
(iii) dV/dt <0, dV /dt # 0 on each solution of system (1.1).
Then the solution
z=0 32)
of functional differential equations (1.1) is equiasymptotically x-stable.

Proof. From conditions (i) and (iii) it follows that solution (3.2) is x-
stable [18]. Let € € (0, H) be any positive number. Denote by #, € R the
initial moment of time. By the x-stability of the zero solution there exists
8 > 0 such that if ¢ € B, then z,(4,, ¢) € C, for every ¢ > f,. Choose such
a 6 > 0 and show that any solution z(#j, ¢) with ¢ € By is x-equiattractive.

The function V() = V(¢ z,(%, ¢)) is monotonically nonincreasing
because dV/dt < 0. Hence there exists the limit

lim V(1) = lim V' (¢, 2,(t, ¢)) = Vp,
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and it is easy to see that V' (¢, z,(¢), ¢)) > V; > 0 for ¢ € [£), 0). Let us
show that 1) = 0. Suppose that this is not true; i.e., assume that }, > 0.

Consider some monotonically approaching zero sequence {&;} of pos-
itive numbers, where & is sufficiently small. By Lemma 3.2 for every ¢;
there exists a sequence of g;-almost periods 7; 1, 7; 2, ..., Ti y, ... —> OO
for functionals Z(t, ¢) and V' (z, ¢) that inequalities

|V(t + Ti ns QD) - V(t’ ‘P)| < &

1Z(t + 710, ¢) = Z(1, 0)| < &
hold for each ¢ € R, ¢ € Cp(;. Note that, if ¢ is large enough, then z, €
Chry [11]. Without loss of generality one can suppose 7; , < 7 , for
every i, n. Designate 7, = 74 ;.

Consider the sequence of functions ¢, = z, . ({4, ¢) (k = 1,2,...).
It is a bounded sequence of equicontinuous functions because ¢, € C,,
|y(t, ty, )| < N,; therefore there is a limit function ¢* of this sequence.
Without loss of generality one can assume the sequence ¢, itself converges

to ¢*. Because of continuity and almost periodicity of the functional V' (z, ¢)
we obtain

Vit ¢) = lim V(1 9,)

= lim lim V(ty+ 74, ¢,)

k— o0 n—>0o0

= lim V(t) + 7, ¢,)

n—o00
= Jim V(ty + 7,5 2,11, (0, 00) = Vi

Now consider the solution z(%,, ¢*). From condition (iii) of the theo-
rem, the existence of such moment of time #* (t* > f,) follows when the
inequality

V(t", zp(ty, ")) = V1 < W)

holds.
Solutions of functional differential equations (1.1) are continuous in ini-
tial data, so one can write

lim |[z- (%, ¢x) — 2+ (8, ™) =0
k—o0
because
lim [, — ¢*|| = 0.
k—o0
Hence it follows

lim V(" 2 (1, 00)) = V. (33)
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Using the uniform almost periodicity property of Z(t, ¢) and limit rela-
tion (3.1), we obtain the inequality

z-(tos @x) = Zi4er, (105 PO = Vi (34)

where y;, — 0 as k — oo. Because of uniform almost periodicity property
of V (¢, ¢) we have

V(' ) = V(& + 71, )| < & (3.5)
for every ¢ € Cy and from conditions (3.3) and (3.4) it follows that
WV, 217, (10, 0)) = Vi < M (3.6)

where 1, — 0 as k — oo.
From (3.5) we obtain

V(T 27, (10, @) = V(& + Tis 217, (B, 9))] < 8- (3.7)
From (3.6) and (3.7) we have

V(& + 7, 2 g7, (l0, 0)) = Vi < i + &5 (3-8)

where 1, + g, — 0 as k — oo.
On the other hand
Jim V(e 7y, 20, (1)) = Vi (39)
The relations (3.8) and (3.9) are in contradiction to the inequality V] < V4.
The obtained contradiction proves that I, = 0.

Thus, we have proved that for any ¢, € [0, co) there exists a § = 6(¢)) >
0, such that ¢ € Bs implies that V (¢, z,(), ¢)) is monotonically nonincreas-
ing and lim,_, ., V' (¢, z,(%), ¢)) = 0. Hence, from Theorem 2.1 it follows that
solution (3.2) of functional differential equations (1.1) is equiasymptotically
x-stable. The proof is complete.

ExaMPLE 3.1. Consider the nonlinear system of functional differential
equations

d);(tt) = —f(t, x,, y,)y(t) + (sin® t + sin® 7t — 4)x3(1) + 4x>(¢)x(t — h)
—6x(1)x%(t — h) 4+ 4x3(t — h), (3.10)
DO _ 145030200,

where f(¢, i, ) is a continuous bounded functional, which is almost peri-
odic in ¢ for any fixed functions ¢ and A. This system has a zero solution

x(1)=0, y(t)=0. (3.11)
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The derivative of the x-positive definite functional

V=300 + [ Ky ds

along the solutions of (3.10) is
dv
= (sin® 1 + sin® 7t — 4)x* (1) + 4x3()x(t — h) — 6x*(£)x> (¢ — h)

+4x(t)x*(t — h) + x*(¢) — x*(t — h)
= —[x(t) — x(t = )] + (sin® ¢ 4 sin® 1 — 2)x*(¢).
This derivative is not negative definite, but it is negative for any fixed ¢

for every nonzero solution of Egs. (3.10). Therefore, by Theorem 3.1, zero
solution (3.11) of system (3.10) is equiasymptotically x-stable.

4. EQUIASYMPTOTICAL STABILITY CRITERIA
WITH TWO FUNCTIONS

THEOREM 4.1. Let there exist continuous functionals V (¢, ¢) and W (¢, ¢)
satisfying the following conditions:

(i) forevery ty € R, there exists A = A(ty), such that for each ¢ € By
there is a constant A = A(t,, ¢) > 0 for which
—A<V(t, z,(ty, ) forall >ty 4.1
(i) G < -W(tz), W(t0) =0, and W(t.¢) = c(|($(0))).
ceKk;
(iii) ) <o,
Then solution (2.1) of system (1.1) is equiasymptotically x-stable.

Proof. The functional W (t, ¢) is x-positive definite, and its derivative
is nonpositive along solutions of system (1.1), so solution (2.1) is x-
stable [18]. Hence, for every #, € R, there exists 6 = 8(f)) (0 < 6 < A),
such that ¢ € By implies |x(¢, ty, ¢)| < H for all ¢ > #,. Condition (iii)
of the theorem implies that the function W(t) = W (¢, z,(t,, ¢)) does not
increase. Show that

lim W (1) =0, (4.2)

if ¢ € B;. Assume the opposite: let W(¢) > [ > 0 for all ¢ > #. Hence,
V(t, z,(ty, ¢)) < —I for t > t,, and from (4.1) we get

—A < V(1 z,(ty, ¢)) <V (l, @) = I(1 = 1y),
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which is impossible for sufficiently large ¢. This contradiction proves
limit relation (4.2). From Theorem 2.1 it follows that solution (2.1) of
system (1.1) is equiasymptotically x-stable.

In this particular case, when IV = —W, we have the following corollary.

COROLLARY 4.1.  If there exists a functional V (t, ¢) satisfying condition (i)
of Theorem 4.1 and conditions

(i) V(0)=0, V(1e)<—c(pO)), cek;

(i) V' (t, ¢) = 0, then solution (2.1) of Egs. (1.1) is equiasymptotically
x-stable.

Let V' (¢, ¢) and W (¢, ¢) be continuous functionals on the set R, x Cy.
Suppose that V' satisfies Lipschitz condition in ¢ and ¢: [V (4, ¢) —

V(t, )l < Lty = |, V(5 1) =V (8, @2) < Llthy = dhol.

DEFINITION 4.1. A derivative 2% = W

o satisfies condition (B) if
there exists ¢ > 0 (¢ < H), such that for any sufficiently small « («¢ < q)
there are a positive number r = r(«) and a continuous function &,(¢), that

forany t € R,

+00
£ <0, [ £(s)ds=—o0, (4.3)
t
and the inequality dW/dt < £,(¢) holds on G, where
G={ecCy:|¥|l<qV(e)>adV/dt> —r}.

THEOREM 4.2. Let the functional X (¢, ¢) in system (1.1) be bounded in
Cy(|X (2, @)| < M). If there exist continuous functionals V (t, ¢) and W (¢, ¢)
satisfying the following conditions:

(1) V(©0)=0, V(1 ¢) = a([§(0)]), a € K;
(2) dVyde <0;

(3) [W(t, ¢)| <N < +o0;

(4) dWydt satisfies condition (B),

then solution (2.1) of system (1.1) is equiasymptotically x-stable.

Proof. A functional V' is x-positive definite, so solution (2.1) of Egs. (1.1)
is x-stable. Let us show that it is equiasymptotically x-stable. Choose arbi-
trary positive g (0 < g < H).

For every t, € R, there exists 6 = 6(f, q), such that for any ¢ > 1, ¢ €
B; the inequality ||x,(¢), ¢)|| < g is valid. Since g € (0, H) is fixed, then
6 depends only on ¢ ie., 6 = 6(4). Consider the trajectory z(y, ¢),
where ¢ € B;. We choose § in such way that z,(4), ¢) € C, for all 1 > &,
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From the condition (2) of the theorem, it follows that the function V' (¢) =
V (¢, z,(ty, ¢)) is monotonically nonincreasing. Let us show that

lim V(1) = 0. (4.4)

If (4.4) holds, then in view of Theorem 2.1 we derive that solution (2.1) is
equiasymptotically x-stable.
Suppose that (4.4) is false; i.e., there exists « > 0, such that

V(t)=V(t, z,(t, ¢)) > a for t > t,. (4.5)
Let us state some properties of the solution z(#,, ¢).

Property 1. For any #; and t, the conditions V (¢, z, (t), ¢)) = r/2,
V(tZa th(t(]a ()D) =r lmply

r
H—b|>————. 4.6
4~ 4l 2 3T T (46)
In reality,
r
L=t 2,) = V(6 2,)
= V(t,2,) =V, 2, )+ V(6 2,) = V(t, 2,,)]
< Lty = 6|+ Llx, —x,]. (4.7)
By the finite increments formula, for any i =1, ..., n and ¢, t, we have
dx;(t, + 0)
|x(t + 6) — x;(1; + 0)| = IT |, — 1] < M|ty — 1,]. (4.8)

Combining (4.7) and (4.8), we get r/2 < L(1+ M)|t; — t,|. This inequality
implies (4.6).

Property 2. The set G does not include z, for all ¢ > t,.

Let z, € G. Assume that z, € G for all ¢ > 7. For ¢ > 7 the inequalities

Wt z,)—W(r, z,) < / Wis, z,)ds < / "e(s)ds (4.9)

are valid. From relations (4.3) and (4.9) we get lim,_, W(t, z;) = —oo0,
which is in contradiction to the boundness of the functional W (¢, ¢).

Property 3. If conditions ||x,| < ¢, V(7,2,) < —r/2 hold for 7 > t,,
then the inequality

V(ty, z;,) < V(1,2,) — o(a), (4.10)

()

where w(a) = m,

is valid for a moment 7, such that V' (7, z, ) = —r.
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In fact, under the above conditions, there is a moment of time 7, (7 <
7, < 71) such that V' (7,, z,,) = —r/2, and for all ¢ € [r,, 7] we have —r <
V(t, z,) < —r/2. Properties 1 and 2 imply

r

- < —
M1y - T

whence it follows
T2 . 1. 1o
V(ty, z,,) = V(7,2,) < f V(s, zs)ds—i—/ Vs, z)ds < / V (s, z,)ds
T T Ty

r’(a)

~(r =) <
ST T =T M+

= —w(a).
This completes the proof of Property 3.

Consider the sequence of moments of time ¢, = #,_; + T, k =
1,2, ..., where numbers T, = T;(a, t;) are defined as follows

T (S)ds= —(aN+1), T, = T 4
/IH o(8)ds =—(2N +1), T, =max CALM )

Property 4. The inequality
Vit 2y,,) <Vt z,) — (4.11)

holds for every natural number k. .
If for all ¢ € [#, t;,,] the inequality V' (¢, z,) < —r/2 holds, then

e .
V(tk+27 Ztkﬂ) - V(tka Ztk) = /t V(Sa Zs) ds < —o.

k

If there exists 7 € [#, ;4] such that V(r,z,) > —r/2, then there is such
7, (T < T, < lyy,), that V(7,, z, ) = —r. According to Property 3, we have

V(tk-‘rZ’ Z’k+2) = V(T*’ ZT*) = V(Ta Z’T) —0= V(tk’ Zlk) - w.

Property 4 is proved.

From (4.11) we obtain V(ty, z5;) <V (), ¢) — kw. This inequality con-
tradicts conjecture (1) for sufficiently large k. This completes the proof of
the theorem.
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