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Abstract. In this paper, we introduce the notions of bi-ideal, quasi-
ideal and residual quotient sets in terms of fuzzy subsets and have studied
their related properties. Also, we have characterized residual quotient
fuzzy subsets in gamma-nearrings.
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Introduction

Gamma-nearrings were defined by Satyanarayana [10] and Booth [2]
studied the ideal theory in gamma-nearring. The notion of fuzzy subset
in set was introduced by Zadeh [14], and this concept has been applied
to various algebraic structures. Rosenfeld [9] defined the fuzzy subgroup
and gave some of its properties. Since then, the study of fuzzy algebraic
structure has been pursued in many directions such as groups, rings,
modules, vector space and so on. Das [3] introduced the notion of fuzzy
level set and explained the interrelationship between the fuzzy subgroup
and their level subsets. Subsequently, many authors [1,5,7, 12| have
studied several basic concepts pertaining to fuzzy ideals in rings. Jun
et al. [6] introduced the notion of fuzzy ideals in gamma-nearrings and
studied some of their results. Further, Satyanarayana [11] studied the
fuzzy cosets in gamma-nearrings.

In [8] Liu, introduced residual quotient fuzzy subset (A : p) for any
two fuzzy ideals in rings. Then, Dheena et al. [4] introduced the notion
of residual quotient fuzzy subset (A : p) for any two fuzzy subset in near-
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ring, which is different from [8]. In this paper we introduce the notions of
bi-ideals, quasi-ideals in terms of fuzzy sets and residual quotient fuzzy
subset (A : p) for any two fuzzy subsets in gamma-nearring,.

For convenience of readers, in Section 2, we list the basic definitions
of gamma-nearrings, fuzzy set theory, ideal theory. In Section 3, we
introduce the notions bi-ideal and quasi-ideal in terms of fuzzy subsets
and studied their related properties. In Section 4, we introduce the notion
of residual quotient fuzzy subsets and have studied some of their results.

1. Preliminary

In this section, we cite the fundamental definitions that will be used
in the sequel:

Definition 1.1. A near-ring N is a system with two binary operations
+ and - such that

N1. (N,+) is a group, not necessarily abelian,

N2. (N,-) is a semigroup,

N3. (z+4vy)-z=x-2z+4y-z forall x,y,z € N.

Definition 1.2. A gamma-nearring M is a triple (M, +,T") where
G1l. (M,+) is a group, not necessarily abelian,

G2. T is a non-empty set of binary operators on M such that for each
a el (M,+,«a) is a nearring,

G3. za(ypz) = (zay)Bz , z,y,z € M and o, €T

Definition 1.3. Let (M,+,I') be a gamma-nearring. A subset I of M
1s said to be an ideal if

I1. (I,4) is a normal divisor of (M,+),
I12. zaue€l, forallzel,acel',ue M,
I3. wa(v+z)—uaw €I, forallx € I,a € T u,v € M.

If I satisfies I1 and 12, then it is called a right ideal of M. If I satisfies
I1 and I3, then it is called a left ideal of M. Let M be a gamma-nearring.
Given two subsets A and B of M, AT'B = {aybla € M, be M, v €TI'} as
defined by [10] and AT« B = {ay(a’ +b) —avyd'|a, ' € A, be B,y €T}
as defined by [13].
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From now on, throughout this paper M will denote right distributive
gamma-nearring, unless otherwise specified.

Definition 1.4. A subgroup Q of (M,+) is said to be a quasi-ideal of
M if (QUM) A (MTQ) N (MT + Q) € Q.

Definition 1.5. A subgroup Q of (M, +) is said to be a bi-ideal of M if
(QTMTQ) N (QTM)T +Q € Q.

Definition 1.6. A mapping p: M — [0,1] is called a fuzzy subset of M.

A fuzzy subset p is non-empty if g is not the constant map which
assumes the value 0, For any two fuzzy subsets A and p of M, A < pu
means that A(a) < u(a) for all @ € M. The characteristic function of M
is denoted by M and, of its subset A is denoted by f4. The image of a
fuzzy subset p is denoted by I'm(u) = {u(m)|m € M}.

Hereafter, we consider only non-empty fuzzy subset of M.

Definition 1.7. Let p be a fuzzy subset of M. For anyt € [0, 1], the set
pe = {z € Mlp(zx) = t}
1s called a level subset of p.

Definition 1.8. Let f and g be any fuzzy subset of M. Then
fng, fUg, [f+g, fg and fxg
are fuzzy subsets of M defined by
(f Ng)(x) = min{f(z),g(z)},
(fUg)(x) = max {f(z),g(x)},

(f+9)(2)
sup {min{f(y),g(2)}}, if z is expressed as x =y + z,
= r=y+z
0, otherwise.
(fTg) (z)

sup {min{f(y),9(2)}}, ifx is expressed as v = yvyz,
= { z=yyz

0, otherwise.
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(f*g) ()

sup  {min{f(a),g(c)}}, #fz=ay(b+c)—ard,
= { z=avy(b+c)—avb

0, otherwise.

for all x,y,z,a,b,c € M and vy € T.

Definition 1.9. Let u be a non-empty fuzzy subset of M, if

FI1. pu(z—y) > min{u(z), u(y)} ,

FI2. ply+z-—y) > p(z),

FI3. p(zay) > p(z),

FI4. p(ua(v+ ) —uav) > p(x), for all x,y,u,v € M,a €T.

If o satisfies FI1, FI2, and FI3, then it is called a fuzzy right ideal
of M. If u satisfies FI1, FI2, and FI4, then it is called a fuzzy left ideal
of M. If i is both fuzzy right and left ideal of M, then u is called a fuzzy
ideal of M.

2. Bi-ideal and quasi-ideal in terms of fuzzy subsets

In this section, we introduce the notions of fuzzy bi-ideal and fuzzy
quasi-ideal of M, and investigate related properties.

Definition 2.1. A fuzzy subgroup v of M is said to be a fuzzy quasi-ideal
of M if (uI'M) N (MI'pe) N (ML 5 1) < .

Example 2.1. Let M = {0, a,b, c} and ' be the non-empty set of binary
operations such that «, 8 € I' are defined below:

+10 a b c al0 a b c 610 a b c
00 a b ¢ 0|0 0 0 O 0|0 0 0 O
ala 0 c b a0 b 0 b a|0 a 0 O
b |b ¢ 0 a b0 0 0 O b0 0 b O
clc b a 0 c|0 b 0 b c|0 0 0 ¢

Clearly (M, +,T) is a I'-nearring.

Define a fuzzy subset p : M — [0,1] by u(0) = 0.9, p(a) = 0.7,
p(b) = 0.5 and p(c) = 0.3. By usual calculations, it is clear that p is a
fuzzy subgroup of M and hence p is a fuzzy quasi-ideal of M.
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Definition 2.2. A fuzzy subgroup p of M is called a fuzzy bi-ideal of M
if (WITMT'p) N (WML 5 p < .

Note that

(ML * p)(w) = sup {min {(pyM) (x), pu (c)}}
w=z(y+c)—zvy

= s {min{ suwp p(er),u(0)})
w=ry(y+c)—zyy T=T1YT2

- sup fmin po(1), 1 ()}
w=(z1722)7(y+c)—(T1722)7Y
= 0, otherwise.

It is very clear that if M is a zero-symmetric gamma-nearring, then
uI'MTu < p for every fuzzy bi-ideal p.

Example 2.2. Let M = {0, a, b, c} and I" be the non-empty set of binary
operations such that «, 8 € I' are defined below:

+10 a b c al0 a b ¢ 610 a b ¢
0|10 a b ¢ 0/0 0 0 O 00 0 0 O
a la 0 ¢ b al|l0 b 0 b al0 a 0 O
b |b ¢ 0 a b |0 0 0 O b0 0 b O
c|lc b a 0 c|0 b 0 b cl|0 0 0 ¢

Clearly (M,+,T") is a I'-near ring.

Define a fuzzy subset p: M — [0,1] by p(0) = 0.8 and u(x) = 0.5
for all z # 0. By usual calculations, it is clear that p is a fuzzy subgroup
of M.

Now
(WML 5 p)(b) = . (S‘jp) {min{(pyM)(z), u(2)}}
=xy(y+2)—zyy
(WIM)(b) = sup {min{u(x), M(y)}},

b=zvy

— sup { min{yu(a), M(a)}, min{u(a), M(c)},
min{p(c), M(a)}, min{u(c), M(c)}, min{u(b), M(b)}},
(since b = acva = aac = caa = cac = bb)

= sup { min{0.5,1}, min{0.5,1}, min{0.5,1}, min{0.5,1},
min{0.5,1}},

— sup{0.5,0.5,0.5,0.5,0.5},

= 0.5.
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Similarly

(WIM) (0) = (uIM) (a) = (M) (¢) = 0.5

((uCMT # 42) (0)

Thus

sup  {min {(pyM) (z), 1 (2)}}
b=zv(y+z)—zvy

0.5.

((WCMLw) O (EM)D * @) (6) = min{(uPMIp)(b), (WUM)T * ) (5)}

= min{0.5,0.5}
= 0.5
< ()

Hence p is a fuzzy bi-ideal of M.

Lemma 2.1. Let p be a fuzzy subset of M. If p is a fuzzy left ideal
(fuzzy right ideal) of M, then u is a fuzzy quasi-ideal of M.

Proof. Let u be a fuzzy left ideal of M. Let x € M and

x =uyv = ay(b+ ¢) — avb,

where u,v,a,b,c € M and v € I'. Consider

(WPM N Mg MM # p) (z) = min{ (uI'M) (z), (MI'p) (),

(M 1) ()}

= min{ sup {u(u)}, sup {u(v)},

T=uyv T=vyu

sup  {u(e)} }

z=avy(b+c)—avyb

IN

z=ay(b+c)—ayb

min{l,l7 sup {u(avy(b+c)

—avb)}}

as [ is a fuzzy left ideal,
{p(ay (b+c) —arb)} = p(c)
< p(z)

Suppose that if = is not expressed as x = uyv = ay(b+ ¢) — ayb, then
(LM NMLp N MTI % p) () =0 < p(z). Thus uI'MNMIpNAMI % p <
w. Hence p is a fuzzy quasi-ideal of M.

O
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However, the following example shows that the converse of the above
Lemma 2.1 is not true.

Example 2.3. From Example 2.1, it is clear that p is not a fuzzy ideal
of M. Since p(aaa) = pu(b) = 0.5 < 0.7 = u(a).

Lemma 2.2. For any non-empty subset A and B of M,
L. fal'fp = fars,
2. fanfe = fanp,
3. fax*fB= fasB.
The proof is simple and straight forward.
Theorem 2.1. Let Q be a subgroup of M.
(i) Q is a quasi-ideal of M if and only if fq is a fuzzy quasi-ideal of M,
(17) @ is a bi-ideal of M if and only if fg is a fuzzy bi-ideal of M.

Proof. (i) Assume that @ is a quasi-ideal of M. Then fq is fuzzy sub-
group of M.

JoUfu 0 ful fo N fuT * fo = forunmronmrsq < fo-

Hence fg is a fuzzy quasi-ideal of M.
Conversely, let us assume that fg is a fuzzy quasi-ideal of M. Let
x € QLM NMI'Q N MTI Q. Then we have

fo(@) > (foUfu N fuT fo N fuT * fo)(x) = formnmronursq(z) = 1.

Thus z € @Q and QT'M N MT'Q N MT *Q C Q. Hence Q is a quasi-ideal
of M.

1) Assume that @ is a bi-ideal of M. Then fg is fuzzy subgroup
Q
of M.

Jol' ful fo N fol' ful * fo = formrongrvrsg < fo-

Hence fq is a fuzzy bi-ideal of M.
Conversely, let us assume that fg is a fuzzy bi-ideal of M. Let x €
QIMTQ N MTI'QL « M. Then we have have

fo(z) > (foUful fo N fQU ful * f@)(x) = foruronermr«(r) = 1.

Thus z € @ and QI'MI'Q N QT'MT x Q C (). Hence @ is a bi-ideal
of M. O
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Theorem 2.2. Any fuzzy quasi-ideal of M is a fuzzy bi-ideal of M.
Proof. Let p be any fuzzy quasi-ideal of M. Then, we have
uI'MTy C pI'(MI'M) C uI'M
puI'MI'y € (MI'M)T'p € MI'p
plMT sy © (MIM)T % € MT %
ML N pI’MI s« p C pITMAMIp N M *p C
Hence p is a fuzzy bi-ideal of M. O

However, the following example shows that the converse of the above
Theorem 2.2 is not true.

Example 2.4. Let M = {0, a,b,c} and I' be the non-empty set of binary
operations such that a, 8 € I' is defined below:

+]10 a b ¢ al0 a b ¢ 610 a b ¢
00 a b c 0/]0 0 0 O 00 0 0 O
ala 0 ¢ b a0 b 0 0 al|l0 a 0 O
b |b ¢ 0 a b0 0 0 O b0 0 b O
c|lc b a 0 c|0 b 0 b c|0 0 0 ¢

Clearly (M, +,T) is a [-nearring.
Define a fuzzy subset u: M — [0, 1] by

1, ifz=0,a
M(@Z{

0, otherwise

For any t € [0, 1], s = {0,a} or {0,a,b, c}. Since {0,a} and {0, a, b, c}
are bi-ideal in M, u; is the bi-ideal in M for all t. Hence p is a fuzzy
bi-ideal of M. Now

(LTM)(b) = bszligy{min{u(ﬁ),l\/l(y)}},

= sup { min{u(a), M(a)}, min{u(a), M(c)},
min{y(c), M(a)}, min{p(c), M(c)}, min{u(b),M(b)}},
(since b = aca = aac = caa = cac = bfb)

= sup {min{1,1}, min{1,1}, min{0,1}, min{0, 1},
min{0, 1}},

= sup{1,1,0,0,0},

= 1
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Similarly, we can get (MI'u)(b) = 1 and this implies
(P 1 MTp) (b) = min { (uTM) (b) , (M) (b)) = min {1,1} = 1.

But, we have pu(b) =0 and so (uI'M NMTI'u) (b) =1 > u(b) = 0. Hence
1 is not a fuzzy quasi-ideal of M.

Lemma 2.3. Let u be a fuzzy subset of M. If p is a fuzzy left ideal
(right ideal) of M, then u is a fuzzy bi-ideal of M.

Proof. If u is a fuzzy left ideal of M. Then by Lemma 3.5, we have y is
a fuzzy quasi-ideal of M. Hence, by Theorem 2.2, i is a fuzzy bi-ideal
of M. O

However, the following example shows that the converse of the above
Lemma 2.3 is not true.

Example 2.5. Let M = {0, a,b,c} and I' be the non-empty set of binary
operations such that «, 8 € I' are defined below:

+10 a b c — 10 a b ¢
00 a b c 0/]0 0 0 O
ala 0 ¢ b a |la a a a
bbb ¢ 0 a b 10 a b c
c|lec b a 0 cla 0 ¢ b
al0 a b ¢ 810 a b ¢
0/]0 0 0 O 0/{0 0 O O
al0 b 0 b al0 a 0 O
b0 0 0 O b0 0 b O
c|0 b 0 b c|0 0 0 ¢

Clearly (M, +,T) is a ['-near ring.

Define a fuzzy subset p : M — [0,1] by ©(0) = 0.8 and u(xz) = 0.5
for all z # 0. From Example 2.2, it is clear that u is a fuzzy bi-ideal of
M. But p is not a fuzzy ideal of M. Since p(ac(a +0) —aca) = p(b) =
0.5 < 0.8 = u(0).

Theorem 2.3. Let p be a fuzzy subset of M. Then u is a fuzzy quasi-
ideal of M if and only if s is a quasi-ideal of M, for all t € Im(u)

Proof. Let p be a fuzzy quasi-ideal of M. Let t € Im(u). Suppose z,y €
M such that z,y € py. Then, p(x) > t, u(y) >t and min{u(x), u(y)} >
t. As p is a fuzzy quasi-ideal, u(x —y) > ¢ and this implies * — y € .
Let x € M. Suppose z € u,I'M N MT'p N MT % ;. Then there exist
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a,b,c € ug, mi,mg,msg,mg € M and v € T" such that x = aym; =
mayb = mgy(my4 + ¢) — mzymy. Then

(WPM N M WM # p)(z) = min {( MI‘M (), (MIp)(x),

(MT = p)( }
= mln{ sup pi(a), sup p(mo),
r=aym1 T=mayb
s p(o)}
z=m37y(m4+c)
—mzyma

v

t.

As p is the fuzzy quasi-ideal of M, p(z) > t implies € u;. Hence
Wt is a quasi-ideal of M.
Conversely, let us assume that u; is a quasi-ideal of M, for all t €

Im(p).
Let x € M. Consider

(WPM N M WM * p)(z) = min {(pIM)(z), (MIy)(z),
(M * p) () }

= min { ms:L}l[;b {min {u(a), M(b)}},

sup {min {M(a), u(b)}},

r=avyb

sup {min {M(ml)aﬂ(c)}}}

x=m1vy(ma+c)
—m1yma

= min{ sup p(a), sup u(b).

r=avb r=avb
s pu(e)}
z=m1v(ma+c)
—miyma2
Let
sup {p(a)} =t1,  sup {u(b)} = t2, sup {u(c)} =ts,
r=a~b r=avyb z=m1v(ma+c)—miyma

for any a,b,c,mi,ms € M and v €T
Assume that min{¢y,te,t3} = t1. Then a,b,c € uy. Since py, is a
quasi-ideal of M, then

x =avbe MT py,,
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x =avbe u,I'M,
x =myy(ma + ¢) — miyma € MT % py, .

This implies
e pu'M N MT N MD * p C iy,
Thus

p(x) >ty = min{ty, to, t3}.

Hence
(LM N M WM * p)(2) < t1 < p(a).

Similarly, if we take min{tq,to,t3} = to or t3, we can prove that
(UM N ML N MT x p)(x) <ty or t3< u(x).
Thus
(LM N M N MT * p)(z) < p(z).
for all x € M. Hence p is a fuzzy quasi-ideal of M. ]

Theorem 2.4. Let p be a fuzzy subset of M. Then u is a fuzzy bi-ideal
of M if and only if p; is a bi-ideal of M, for all t € Im(pu)

Proof. Let u be a fuzzy bi-ideal of M. Let t € Im(u). Suppose z,y € M
such that x,y € p;. Then, p(z) > ¢, p(y) > ¢t and min{pu(x), u(y)} > t.
As p is a fuzzy bi-ideal, pu(z — y) > t and this implies © — y € py.
Let z € M. Suppose z € uI'MTuy N pyI'MT % py. Then there exist
x,y,a,b,c € ug, mi,mao,mg € M and v € I' such that z = zymivyy =
aymay(byms + ¢) — aymaybyms. Then

(UMD 'y O pIMT 5 ) (2) - = min{ (uI'MIp)(z2), (WM p)(2) }

Also, we have

(WIMIp)(z) = sw {min {u(z), u(y)}} = ¢

(WIMTp)(z) = sup {min{u(a), p(0)}} > .

z=aymay(byms+c)
—aymaybyms

Thus, we obtain

min{ (uI'MT 1) (2), (WIMI 5 p)(2)} > t

and
(uI'MT'p N pI'MTI % p)(2) > .
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As u is bi-ideal of M, p(z) > t implies z € ;. Hence p; is a bi-ideal of
M. Conversely, let us assume that p; is a bi-ideal of M, t € I'm(u).
Let uw € M. Consider

(uIMD 0 pIME % p) () = min { (uI'MTp)(u), (uIMI % p)(u)}

= min{ sup {min{/ﬁ(ﬁ),ﬂ(y)}}a
u=ayy

sup {min {pu(a), u(c)}} }

u=aym1vy(b+c)

—aymivyb
= sup {min{n(z), u(y), u(a),
u=zyy=aymiy(b+c)
—aymiyc
pn(e)}}
Let
p(@) =t1 < ply) =tz < pla) =ts < p(c) =t4.
Then

Kty 2 Hty 2 Htz 2 Hity-
If x,y,a,¢ € pyy, u=a2vy € py, I’MT 1y, , and u = ayny(b+¢) —aynyb €
pe, TMTI % iy, . Thus w € pyy and (pg, TMT gy, O g, TMT % 1y, ) € gy, -
This implies p(u) > ¢; and hence (uI'MTI'p N pI'MI % ) < p. Hence
w is a fuzzy bi-ideal of M. O

3. Residual quotient fuzzy subset

In this section, we introduce the notion of residual quotient fuzzy
subset in M and we have characterized residual quotient fuzzy subsets
in M.

Definition 3.1. Let A and u be any two fuzzy subsets of M. The residual
quotient fuzzy subset (X : p) of M is defined as

V {t:ze (N : i), where o =sup{Im(u)}},
(s () =  retmy

0, otherwise.
where (A¢ : o) = {x € Mand~y € T|zyua C au}.

It is clear that, for any ¢1,to € Im()\) and a = sup{Im(n)} with
t1 < ta, we have(Ay, : pia) € (Mg, @ ). For @ € (Mg, @ po). Then, xyu, C
Aty € Ay, Thus, z € (A : o) and therefore (A, @ pta) € (A, : fa)-
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Lemma 3.1. If p is a fuzzy left ideal of M, then p(moyz) > wu(x) for
all x € M and mg € My

Proof. If p is a fuzzy left ideal of M, then we have u(avy(b+ ¢) — ayb >
u(c), for all a,b,c € M. Taking a = my € My and b = 0, we have
p(moye) = p(c). O

Lemma 3.2. M is a zero-symmetric gamma-nearring if and only if each
fuzzy left ideal of M is a fuzzy M -subgroup of M.

Proof. Assume that M = M. Let u be a fuzzy left ideal of M. As u is
a fuzzy left ideal of M, by Lemma 3.1, u(moyz) > pu(z), for all z € M
and mo € My = M. Hence p is a fuzzy M-subgroup of M.

Conversely, let us assume that each fuzzy ideal of M is a fuzzy M-
subgroup of M. Let L be a left ideal of M. Then, fr is a fuzzy M-
subgroup of M. This implies fr(myz) > fr(z), for all m,x € M. In
particular, z € L and m € M, then MT'L C L. Taking L as {0}, we
have MT'{0} C {0}. This implies M~0 = {0} and hence M = M,. O

Theorem 3.1. Let A and p be any two fuzzy subsets of M. If X\ is a
fuzzy left ideal of M if and only if (X : p) is a fuzzy left ideal of M.

Proof. Let z,y € M and a = sup{Im(u)}. Suppose (A : p)(z) = t;
and (A : p)(y) = to where t1,t2 # 0 € Im(X\). Assume that ¢ < to.
Then, (A, : pta) € (Myy : pa). For all xz;y € (N, : po) and b € pq,
we have (z — y)yb = xyb — yyb € A\y,. This implies (z — y)ypa C Ay, .
Hence (r —y) € (Ay : fo) which implies that (A : p)(xz —y) >
and (A : p)(z —y) > t1 = min{ty, ta}. Similarly, If ¢; > to then (X :
p)(x —y) > to > min{ty,ta}. This implies (A : p)(z — y) > min{(\ :
w)(z), (A : u)(y)}. For other choices of ¢; and ta, it can be verified that
(A p)(x —y) > min{(\: pu)(x), (A : pw)(y)}. Suppose (A : p)(x +y) = t.
Then = +y € (At : fto). As A\¢ is normal subgroup of M, (A : ) is also
normal subgroup of M. This implies y +x € (A : i) and so (A : p)(y +
x) >t=(\:p)(z+y). Similarly, (A : p)(z+y) >t = (A : p)(y+x) Hence
A:p)y+z)=A:p)(z+y). Let (A:p)(z) =t Now, z € (Mt : o).
Thus, for any a,b € M and v € I', ay(b+ z) — ayb € (At : po). This
implies (A : p)(ay(b+x) —ayb) >t = (A: u)(x). Hence (X : p) is a fuzzy
left ideal of M. O

The following example shows that, A and p be any two fuzzy subsets
of M. If X is a fuzzy left ideal of M, then (A : p) is not necessarily fuzzy
ideal of M.

Example 3.1. Let M = {0, a,b, c} and " be the non-empty set of binary
operations such that a, 3 € I' is defined below:
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+10 a b ¢ al0 a b c 610 a b ¢
010 a b c 0|0 0 0 O 0j]0 0 0 O
ala 0 c b ala a a a al0 a 0 a
b |b ¢ 0 a b0 a b ¢ b0 b 0 ¢
clec b a 0 cla 0 ¢ b c|0 0 0 b

Clearly (M, +,T') is a gamma-nearring.
Define a fuzzy subset A : M — [0, 1] by

A0)=A(b)=1 and A(a)=A(c)=0.

For any ¢ € [0,1], ut = {0,b} or {0,a,b,c}. Clearly, X is a fuzzy left
ideal on M.
Define a fuzzy subset p: M — [0, 1] by

p(e)=1 and p(0)=A(a)=p(b)=0.

Now, we have (A: p)(0) =1, (A: p)(a) =0,(A: p)(d) =0,(A: u)(c) =1.
Thus

(i) (cac) = (A p) () =0 < (A ) () = 1.
Hence, (A : u) is not a fuzzy ideal of M.
Now we find the conditions under which (A : u) is a fuzzy ideal of M.

Theorem 3.2. Let A and u be any two fuzzy subsets of M. If \ is a
fuzzy left ideal of M and p is a fuzzy M-subgroup of M, then (X : p) is a
fuzzy ideal of M.

Proof. By Theorem 3.1, it is clear that (A : p) is a fuzzy left ideal of M.
Let (A : p)(x) =t. Then x € (A : pqo), where a = sup{Im(u)}. Now,
Yo C . Let m € M. Consider zym~yb = zy(m~vyb) € xyua C A
Since e is a M-subgroup of M, then m~yb € po. Thus, for all m €
M,y €T and b € pq, we have zym~yb C A;. This implies xym € (A : pa)
and so (A : p)(xzym) >t = (X : p)(xz). This shows that (A : p) is a fuzzy
right ideal of M. Hence (X : ) is a fuzzy ideal of M. O

The following example shows that, A and p are any two fuzzy subsets
of M. If X is not a fuzzy right ideal of M and p is a fuzzy M-subgroup
of M, then (X : p) is a fuzzy ideal of M.

Example 3.2. Let M = {0, a, b, c} and ' be the non-empty set of binary
operations such that a, 8 € I' is defined below:
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Clearly (M, +,T") is a gamma-nearring.
Define a fuzzy subset A : M — [0, 1] by

1, ifz=
)\(x):{’ if x =0,a,

0, otherwise

Clearly, A is a fuzzy left ideal of M. But A is not a fuzzy right ideal of
M, since 0 = X (aac) < A (a) = 1.
Define a fuzzy subset u: M — [0, 1] by

1, ifz=0,c,
u(x):{

0, otherwise
Clearly, p is a fuzzy M-subgroup of M. Now for any © € M,
A:p)(z)=1 & xz€ (M :w)

< z € ({0,a}:{0,c})
& xe€{0,b}

Thus
A0 = (B =1 and (A: p)(a) = (A: p)(e) = 0.
Hence (A : u) is a fuzzy ideal of M.

Theorem 3.3. Let \ and p be any two fuzzy subsets of M. If X and p
are fuzzy ideals of zero-symmetric gamma-nearring M, then (X : p) is a
fuzzy ideal of M.

Proof. By Theorem 3.1 , it is clear that (A : u) is a fuzzy left ideal of M.
Also, we have p is a fuzzy ideal of M, then by Lemma 3.2, u is a fuzzy
M-subgroup of M. Hence, by the Theorem 3.2, (A : u) is a fuzzy ideal
of M. O

Theorem 3.4. Let X be a fuzzy bi-ideal of M and let p is a fuzzy M-
subgroup of zero-symmetric gamma-nearring M, then (A : u) is a fuzzy

bi-ideal of M.
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Proof. Let A be a fuzzy bi-ideal of M and p be a fuzzy M-subgroup of
zero-symmetric gamma-nearring M. Clearly (A : p) is a fuzzy subgroup
of M. Next we need to prove that (A : u) is a fuzzy bi-ideal of M. Let
a,b,t,m € M and v € I such that ¢t = aym~yb. Consider

(A IME(A = p)) (@) = sup {min{(A: p)(a), M(m), (A p)(b)}}

t=aym-~yb

= sup {min{(A: p)(a),(A: pn)(b)}}
t=aymyb

Let min{(\ : u)(a), (A : p)(b)} = t. This implies that (A : u)(a) > ¢ and

(A:p)(b) >t. Thusa,b € (A : o). As Ais the fuzzy bi-ideal and p is the

fuzzy M-subgroup, (A\; : 1a) is a bi-ideal of M. Hence aym~yb € (A : fq).

This implies (A : ) (aymyb) >t = min{(\ : p)(a), (A : n)(b)}. Thus
min{(A : p)(a), (A : p)(b)} < (A: p)(aymyb}.

This shows that

sup  {min{(A : p)(a), (A : p)(0)} < (A= p)(aymb)}.
t=aym~yb

Thus, we have

(O )IMPON: )(8) < (3 ) (2).

Hence (A : p)IMI(X @ p)) < (A : p) and (X : p) is a fuzzy bi-ideal
of M. O

Theorem 3.5. Let A and u be a fuzzy subsets of M. If X is a fuzzy
ideal of M and p is a fuzzy M-subgroup of M, then (X : u) is a fuzzy
quasi-ideal of M.

Proof. Let A and p be a fuzzy subsets of M. If A is a fuzzy ideal of M
and p is a fuzzy M-subgroup of M then by Theorem 3.2, we have (A : u)
is a fuzzy ideal of M. Let t € M, we have

((: IM)(t) = sup {min{(A: p)(a),M(m)}} = sup {(A: z)(a)}.

t=aym t=aym

(ME(A: ) () = sup {min{M(m), (A : p)(a)}} = sup {(A: p)(a)}.

t=aym t=aym

(M (A= ))(t) = sup  {min{M(m), (A p)(a)}}

t=xy(m+a)—zym
- s {p@)
t=xy(m+a)—zym
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for all a,m,x € M and v €T’

Thus

(((A: ))TM) N (MI(A = 1)) 1 (M % (A 2))(8)
=m&%ﬁkmm¢%mmmmsw{uw@ﬁ

t=xy(m+a)
—zym
<min{L1, swp {(\:p)(@y(m+a) - zym)}}
t=xvy(m+a)
—zym

< (since (A : p)is a fuzzy ideal of M ) < (A : p)(t).

Hence,

(A )TM) O (M (A = ) 0 (M (A z ) < (A pa).

This completes the proof. O
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